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Abstract

The purpose of data fusion is to merge or synthesize multiple datasets into a
more complete and higher-performance dataset. Based on the generalized ex-
tension interpolation extrapolation method, this study proposes a mathematical
model for the fusion optimization of two or more sets of equation solutions and
data sequences, referred to as the generalized fusion method. This approach
can fully exploit the potential of data and measurement resources, employing
innovative integration and mutual calibration algorithms to address the chal-
lenges faced in data fusion. The main steps for establishing and solving the
generalized fusion mathematical model are introduced; the allocation principles
of weights in the model are analyzed; and finally, it is applied to the field of
satellite navigation data processing. Experimental results demonstrate that this
method exhibits good practicality, excellent data stability, and high extrapola-
tion stability, showing promise as a new universal solution method for data
fusion problems.
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Abstract

The purpose of data fusion is to merge or synthesize multiple datasets into a com-
plete dataset with improved performance. Based on the generalized extension
interpolation and extrapolation method, this paper proposes a mathematical
model that establishes and optimally fuses two or more sets of equation solu-
tions and data sequences, referred to as the generalized fusion method. This
approach can fully exploit the potential of data and measurement resources,
employing innovative integration and mutual calibration algorithms to solve
challenging problems in data fusion. The paper introduces the main steps for
establishing and solving the generalized fusion mathematical model, analyzes the
weight distribution principles within the model, and finally applies the method
to satellite navigation data processing. Experimental results demonstrate that
the method offers good practicality, stable data performance, and high extrap-
olation stability, showing promise as a new universal solution for data fusion
problems.

Keywords: Data fusion; Generalized fusion; Generalized extrapolation; Model
solving; Weight distribution; Satellite navigation data processing

2. Generalized Extension Interpolation and Extrapolation
Method

The generalized fusion method is built upon the foundation of generalized exten-
sion interpolation and extrapolation. The fundamental design concept of this
extrapolation method involves implementing piecewise least squares approxi-
mation, employing interpolation processing at segment endpoints and fitting
approximation within segments. During intrasegment fitting, data from neigh-
boring extension domains are utilized for auxiliary fitting, thereby enhancing the
approximation accuracy of the polynomial within the definition domain. When
segments are connected, the transition at connection endpoints is smooth, re-
sulting in relatively high approximation accuracy across the entire domain. The
extrapolation model of the generalized extension least squares approximation
method integrates both interpolation and fitting functions, achieving excellent
approximation precision.

Assuming the optimal estimate Z,, at epoch ¢, and the data values before ¢,
are known, the problem of solving for the next moment’ s value z,, represents
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a typical data extrapolation challenge. The following generalized extension in-
terpolation and extrapolation model can be established:

n—1
min E [ag + ait; + agt? — x,;]?
a =n—m

st. ag+ at, +agt? =7,

where a = [ag, a;,a,]” represents the coefficients to be determined. By optimiz-
ing the objective function of approximation residuals, the unknown coefficients
of the generalized extension approximation polynomial can be obtained. Sub-
sequently, the estimated value Z,, at epoch ¢,, can be extrapolated and solved
using:

z, = ag+ at, + axt?

[Figure 1: see original paper| shows the schematic diagram of generalized exten-
sion extrapolation.

3. Mathematical Model of Generalized Fusion Method and
Its Solution

3.1 Establishment of the Generalized Fusion Mathematical Model

The generalized fusion solution model draws on the generalized extension in-
terpolation and extrapolation formula. During approximation, data from a
segment of epochs are selected, where prior optimal estimates (which can be
replaced by measurement values initially) are used for fitting approximation
processing. The optimal weighted combination of the predicted value of the
generalized state variable at the current epoch to be solved and the measure-
ment value serves as the interpolation constraint locking point. The polynomial
coefficients a are used as optimization variables, and the feasible interval num-
bers of the variables serve as constraints, limiting the solution to a certain range
and thereby improving solution accuracy.

The generalized fusion optimization solution model is constructed as:

n—1

min Z [ag + ayt; + axt? — ;] + kylag + ayt,, +agt? — 7,
a i=n—m
+ kylag + agt, + asty —x, ]
s.t. ae )
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where 7 is the epoch index, x; is the measured state value, Z; is the optimal
estimate of the state value, Z,, is the predicted state value at epoch ¢,, obtained
through low-order state variable recursion, and a = [ay,a;,a,]T represents the
coefficients to be optimized. The objective function can be either linear or non-
linear. For nonlinear relationships, the generalized fusion method directly em-
ploys nonlinear solution algorithms. The model can incorporate nonlinear state
equations, nonlinear constraint equations, and other nonlinear measurement
equations, which expands its application scope, increases equation redundancy
and continuity, and improves solution accuracy.

3.2 Solution Steps for the Generalized Fusion Method

Step 1: Establish the residual minimization optimization model with
constraint equations. The method is not limited by the number of equations
during optimization and can be solved directly using nonlinear algorithms such
as the simplex method. This approach offers simplicity, intuitiveness, wide
applicability, and fast solution speed.

Step 2: Solve for the predicted state value Z,. When solving for the
predicted state value Z,, at epoch t,, the optimal estimate Z,, at epoch ¢,, has
already been obtained. The predicted value can be recursively obtained through:
Z, =2, 4 +1,At+ &, At?
where &, is the first derivative (velocity) at epoch t,,, &,, is the second derivative
(acceleration), and At is the time interval between adjacent epochs. Higher-
order state variables obtained through extrapolation can improve solution ac-
curacy and correlation. During initial fusion when the optimal initial state
estimate is unknown, measurement values from the first few moments can be
used.

Step 3: Solve for the optimal state estimate z,. After obtaining the
state value and predicted state value Z,, at epoch t,, along with the directly
measured state value x,, at epoch ¢, , these values are combined. Using direct
optimization algorithms, the optimal estimate Z,, at epoch ¢, can be obtained
from the generalized fusion optimization model.

Step 4: Iterate to obtain an optimized set of optimal estimates. By
continuously iterating through these steps, an optimized set of optimal estimates
Z; (1=1,2,3,...) can be obtained.

3.3 Weight Analysis in the Generalized Fusion Model

In the generalized fusion mathematical model, the term [ag + a;t,, + ast? — 7]
represents the residual between the approximation function and the predicted
state value, while [a, + ayt,, + ayt? — x,] represents the residual between the
approximation function and the measured state value. Their weight coefficients
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k, and k4 significantly affect the contribution of their respective residuals to the
objective function, making weight selection critically important.

The magnitude of these weights influences the proximity of the optimal estimate
to the measured or predicted values. Before determining the weight coefficients,
it is necessary to analyze the accuracy and error characteristics of the state
predicted values, measured values, and fusion data itself. During data fusion,
adjusting k; and k, can control the closeness of the generalized fusion optimal
estimate to either the measured or predicted values.

To verify the method’ s feasibility through simulation, two datasets were gener-
ated: one with large random errors but small bias (range: -3 to 3), and another
with small random errors but large offset (range: -1 to 1). After data generation,
different weight combinations were analyzed using the generalized fusion solu-
tion model. The results are shown in [Figure 2: see original paper|. The four
subplots (a), (b), (¢), and (d) demonstrate that as k; gradually decreases and k,
gradually increases, the optimal estimate of the state quantity moves away from
the measured value and approaches the predicted value. This effect becomes
more pronounced with larger weight differences. If certain measurements in a
data sequence experience sudden jumps causing data inaccuracy, adjusting the
weight combination can reduce the contribution of these anomalous data points
to the optimal estimate, yielding smoother results.

4. Application of Generalized Fusion Method in Satellite
Navigation and Simulation/Measured Data Analysis

4.1 Application of Generalized Fusion in Satellite Navigation

Using satellite positioning and navigation as an example, this section demon-
strates the practicality of the generalized fusion method. For simplicity, only
one directional component of user position is analyzed in detail; the other two
components can be corrected using the same method to obtain complete user
coordinates.

Step 1: Obtain the optimal position estimate z,, at time ¢, and the
corresponding velocity v,,. The receiver’ s position measurements from the
initial moment to epoch ¢,, are denoted as z, (i = 1,2,...,m). Position mea-
surements are processed using piecewise least squares fitting. After processing,
the value at time ¢,, obtained through the approximation polynomial serves as
the optimal position estimate Z,, at time ¢,,,. In navigation positioning, velocity
measurements have relatively high accuracy, so the optimal velocity values at
the initial moment and subsequent moments can directly use the corresponding
measured velocity values.

Step 2: Obtain the predicted position value Z,, at time ¢,,. Having ob-
tained the optimal position estimate Z,, and the corresponding optimal velocity
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0,, at time ¢,,, the predicted position value Z,, at time ¢, can be calculated
using formula (5), where the first derivative &,, represents velocity at epoch ¢,
and the second derivative &,, represents acceleration.

Step 3: Obtain the optimal estimate z,, at time ¢,,. Through the above
steps, the measured position value at time ¢,, and the predicted position value
Z,, at time ¢,, have been obtained. These values must now be combined to
obtain the optimal estimate Z,, at time ¢,,. A threshold is added between
the measured and predicted values. When their absolute difference exceeds
this threshold, the measured value is considered to have experienced a jump,
and the weight combination in the formula is adjusted to steer the optimal
estimate toward the predicted value. When the absolute difference does not
exceed the threshold, the measured data is considered within the error range,
and an appropriate weight combination is selected to obtain the optimal estimate

T+

Step 4: Iterate to obtain an optimized set of optimal estimates. By

continuously iterating through these steps, an optimized set of optimal estimates
Zpr> Tyt Typsa, --- CAN be obtained.

4.2 Simulation and Measured Data Analysis

4.2.1 Correction of Jump Data by Generalized Fusion The accuracy
of satellite positioning systems depends on two main factors: the spatial distri-
bution of observed satellites (commonly called Geometric Dilution of Precision,
GDOP) and the accuracy of each observation measurement. Residual errors
from tropospheric delay correction and multipath effects can cause measure-
ment data to develop biases or sudden jumps. The generalized fusion method
can effectively correct these erroneous data.

A dataset with random errors in the range of (-0.5, 0.5) was generated, with
larger offset values added at points 10, 20, 30, and 40 to create jump points. This
dataset was then processed using the generalized fusion method. The simulation
results in [Figure 3: see original paper] show that the method provides real-time
correction of jump data. The results not only faithfully follow the variation
pattern of the original measured values in non-jump sections but also effectively
eliminate the influence of jumps in anomalous sections.

4.2.2 Comparison Between Least Squares Fitting and Generalized
Fusion Method When the number of satellites exceeds four and each mea-
surement is independent and follows a Gaussian normal distribution, the least
squares algorithm is the most classical approach for solving the receiver’ s three-
dimensional coordinates. This algorithm minimizes the sum of squared residuals
among observed pseudoranges, thereby achieving optimal estimates. However,
in practice, measurements are not independent, and errors from multipath ef-
fects constantly affect positioning accuracy. In some cases, the data may not
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even follow a normal distribution, making it difficult for the least squares algo-
rithm to guarantee optimal estimates.

To verify the effectiveness of the generalized fusion method under such condi-
tions, a simulation experiment was conducted. The theoretical value of the
measurements was set, and noise was added to generate a dataset with random
errors. Both the generalized fusion method and the least squares algorithm were
applied to process this dataset. The correction effects are shown in [Figure 4:
see original paper]. The standard deviation of the least squares fitted values was
ors = 3.626396349003966, while the standard deviation of the generalized fu-
sion optimal estimates was o,p = 0.758068193045756. The generalized fusion
method improved stability by approximately 4.8 times compared to the least
squares method, with smaller bias as well, bringing the corrected error data
closer to the theoretical values.

4.2.3 Analysis of Measured Data On May 26, 2015, a dynamic test was
conducted at the National Astronomical Observatories, Chinese Academy of
Sciences, using a receiver with an ATGM332D satellite positioning chip. A
segment of raw positioning data with obvious jumps and corresponding raw
velocity values in the Y-direction was extracted from the final obtained receiver
three-dimensional coordinates. Both the generalized fusion method and the least
squares fitting method were applied to process this data. The comparison results
in [Figure 5: see original paper| show that the least squares fitting method did
not effectively repair certain jump points, and although it followed the variation
pattern of the original data at a few points, the overall data deviated from the
measured data. In contrast, the generalized fusion method can real-time correct
bad data in the original measurements and faithfully follow the trajectory of
the raw data in non-jump sections.

Modern society demands increasingly higher precision for time-frequency ref-
erences. While cesium atomic clocks and hydrogen atomic clocks have been
established as high-precision time-frequency standards, even higher precision
and stability can be achieved through combined processing and refined process-
ing of atomic clock ensemble data. This paper applies the generalized fusion
method to fuse the output data from hydrogen and cesium atomic clocks. [FIG-
URE:6(a)] shows the frequency data output from cesium and hydrogen atomic
clocks. Comparison reveals that the cesium clock has relatively large random er-
rors but excellent long-term stability, whereas the hydrogen clock exhibits small
random error amplitude but significant frequency drift over time. The general-
ized fusion method can combine the advantages of both atomic clocks’ frequency
characteristics to obtain a time-frequency reference with small random errors
and good long-term stability. This method was applied to fuse time-frequency
data from cesium and hydrogen atomic clocks at the National Time Service Cen-
ter, using the hydrogen clock’ s frequency variation rate to correct the cesium
clock’ s frequency output. The results are shown in [FIGURE:6(b)].
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Conclusion

This paper proposes a new data fusion method—the generalized fusion method
—based on the generalized extension interpolation and extrapolation method,
specifically addressing bad data, particularly jump data, in satellite navigation
positioning. Through simulation and measured data analysis, compared with
the least squares algorithm, the generalized fusion method demonstrates supe-
rior capability in repairing jump data generated during the positioning process,
offering higher reliability in data processing. The generalized fusion method
exhibits good practicality, stable data performance, and high extrapolation sta-
bility, and is expected to become a new universal solution for data fusion prob-
lems.
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