
AI translation ・View original & related papers at
chinarxiv.org/items/chinaxiv-201711.00680

Postprint: Design of a Reduced-Order Computa-
tional Model for Inverse Problems Based on POD
Technology
Authors: Sun Xianhang, Minghai Xu, Jin Shaoyong, Yang Laishun

Date: 2017-11-07T00:00:00+00:00

Abstract
A reduced-order computational model for inverse problems in engineering is
designed based on POD (Proper Orthogonal Decomposition) technology. Us-
ing limited collected output results, the model can be solved with only simple
nonlinear programming and interpolation methods, substantially reducing both
the solution difficulty and computational time for inverse problems in engineer-
ing. As the model solution process does not involve the governing equations of
the original physical problem, the model exhibits certain universality in prac-
tical applications. With forced convective heat transfer in a circular tube as
an application example, results demonstrate that based on temperature data
measured by several thermocouples, the reduced-order inverse problem com-
putational model can accurately retrieve the unknown fluid inlet temperature
and heat flux density on the outer wall of the circular tube, differing from the
true values by only approximately 1.0%. Moreover, compared with the classical
conjugate gradient method, the reduced-order inverse problem computational
model can achieve a computational speedup of over 1200 times.
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Abstract: This paper proposes a reduced-order computational model for in-
verse problems based on Proper Orthogonal Decomposition (POD). By utilizing
limited output data collected in advance, the model can be solved using only
simple nonlinear programming and interpolation methods, which substantially
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reduces both the difficulty and computational time for solving inverse prob-
lems in engineering applications. Since the solution process does not involve
the governing equations of the original physical problem, the model possesses a
certain degree of universality in practice. Using forced convection heat transfer
in a circular pipe as an application example, the results demonstrate that the
reduced-order inverse problem computational model can accurately determine
the unknown fluid inlet temperature and wall heat flux based on temperature
data measured by thermocouples, with errors of only about 1.0% compared to
the true values. Moreover, the computational speed can be improved by more
than 1200 times compared to the classical conjugate gradient method.
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Inverse problems in engineering, also known as ill-posed problems, fundamen-
tally aim to determine unknown model parameters based on partial information
from output results. The emergence of inverse problems stems from practical en-
gineering needs, particularly in situations where direct measurement of desired
parameters is difficult due to various constraints. Examples include predicting
material properties, rock properties in oil reservoirs, damage detection in struc-
tural engineering, and monitoring boundary temperatures or heat fluxes in heat
transfer problems. Among the various methods for solving inverse problems,
the conjugate gradient method [?] is the most widely used. This method re-
quires calculating the derivative of the objective function with respect to the
parameters to be determined (known as sensitivity coefficients) and gradually
approaches the solution by leveraging these sensitivity coefficients. However,
since the conjugate gradient method requires solving the governing equations
of the original problem repeatedly to obtain sensitivity coefficients, it consumes
substantial computational time and storage space, making it unsuitable for ap-
plications requiring real-time prediction of unknown parameters. Furthermore,
many engineering problems are governed by extremely complex systems of non-
linear partial differential equations, making it difficult or even impossible to
solve for sensitivity coefficients.

Proper Orthogonal Decomposition (POD) [?] is a technique that extracts a set
of orthogonal basis functions dependent only on spatial variables from known
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physical field samples (obtained through numerical simulation or experiments)
corresponding to several parameters (control parameters or physical properties).
These basis functions represent the dynamic characteristics of the original phys-
ical system. When combined with the Galerkin projection method [?], POD
can achieve reduction of the governing equations of the original physical system,
i.e., establish a reduced-order model. Here, “order”refers to the number of
variables to be solved at each time step. Such reduced-order models can rapidly
compute the physical field corresponding to any parameter within the variable
range. This represents the mainstream reduced-order method using POD as the
reduction tool and is its most typical application. Through this approach, POD
has been successfully applied in many scientific and engineering fields, includ-
ing signal analysis [?], fluid flow and heat transfer [?], structural dynamics [?],
optimal control [?], and inverse problems [?]. For inverse problems, references
[?] and [?] introduced reduced-order models into inverse problems of laminar
convection heat transfer in circular pipes and saturated groundwater flow, re-
spectively. The main solution method remained the conjugate gradient method,
with POD serving to reduce the order of the governing equations that needed to
be solved during each sensitivity coefficient calculation, thereby reducing com-
putational time. Although the final computational time was reduced by dozens
of times, this still belongs to the mainstream reduction category, where POD’
s role in reducing computational time is only realized in the step of solving
the governing equations, and its implementation difficulty increases with the
complexity of the governing equations. For instance, the reduced-order model
in reference [?] is only applicable to laminar flow and cannot handle turbulent
flow.

In view of the aforementioned issues, this paper employs an alternative POD-
based approach, namely POD interpolation, to design a new computational
model for inverse problems—the reduced-order inverse problem computational
model. Using forced convection heat transfer in a circular pipe as an appli-
cation example, the accuracy and computational efficiency of this method are
examined.

1. Introduction to POD Technology
Let w represent the parameter vector, where 𝑁 is the number of vector com-
ponents, and 𝜃(x, w) represents a state parameter sample at steady state under
parameter w, where x represents spatial variables. A set of orthogonal ba-
sis functions 𝜙𝑚(x) dependent only on spatial variables can be extracted from
𝑁 state parameter samples corresponding to parameters w𝑛 (𝑛 = 1, 2, ⋯ , 𝑁).
After obtaining these basis functions, the state parameter 𝜃(x, w) can be recon-
structed through:

𝜃(x, w) ≈
𝑀

∑
𝑚=1

𝛼𝑚(w)𝜙𝑚(x) (1)

chinarxiv.org/items/chinaxiv-201711.00680 Machine Translation

https://chinarxiv.org/items/chinaxiv-201711.00680


where 𝑀 is the truncation order, i.e., the number of basis functions employed;
𝛼𝑚(w) are coefficients corresponding to each basis function, representing the
contribution of the 𝑚-th POD basis function 𝜙𝑚(x) to reconstructing 𝜃(x, w).
For steady-state conditions, these coefficients depend only on the parameter w.

1.1 “Snapshot”Method

The POD basis functions can be obtained using the“snapshot”method proposed
by Sirovich [?]. Sirovich expressed POD basis functions as linear combinations
of the samples:

𝜙𝑚(x) =
𝑁

∑
𝑛=1

𝑏𝑚𝑛𝜃(x, w𝑛) (4)

where the coefficients 𝑏𝑚𝑛 represent the contribution of the 𝑛-th sample corre-
sponding to parameter w𝑛 in constructing the 𝑚-th POD basis function. These
coefficients can be obtained by solving the following eigenvalue problem:

Cb𝑛 = 𝜆𝑛b𝑛 (3)

where C is an 𝑁 -dimensional symmetric matrix; 𝜆𝑛 is the 𝑛-th eigenvalue of C,
and b𝑛 is the corresponding eigenvector whose elements are the coefficients 𝑏𝑚𝑛
in equation (4). The elements of matrix C are:

𝐶𝑖𝑗 = 1
𝑁 ∫

Ω
𝜃(x, w𝑖)𝜃(x, w𝑗)𝑑x (5)

1.2 Energy Optimality

The magnitude of eigenvalues 𝜆𝑛 in equation (3) represents the amount of energy
captured by the corresponding POD basis functions in the original physical field.
Define the parameter:

𝜉𝑀 = ∑𝑀
𝑛=1 𝜆𝑛

∑𝑁
𝑛=1 𝜆𝑛

(5)

It is evident that parameter 𝜉𝑀 represents the contribution of the first 𝑀 POD
basis functions to the total energy. According to the“energy optimality”principle
of POD basis functions [?], when eigenvalues are arranged in descending order,
only the first 𝑀 (𝑀 ≪ 𝑁) eigenvalues are needed to make 𝜉𝑀 approach 1. Due
to this energy optimality property of POD basis functions, the reconstruction
formula (1) can reconstruct the original state parameter with high accuracy
using only a very small number of POD basis functions.
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1.3 POD Interpolation

For design parameters w𝑛, the coefficients 𝛼𝑚(w𝑛) can be obtained through the
following projection formula:

𝛼𝑚(w𝑛) = ∫
Ω

𝜃(x, w𝑛)𝜙𝑚(x)𝑑x (6)

For non-design parameters w, the coefficients 𝛼𝑚(w) can be obtained by inter-
polating the coefficients 𝛼𝑚(w𝑛) corresponding to design parameters w𝑛 [?]:

𝛼𝑚(w) = 𝑓(w, w𝑛, 𝛼𝑚(w𝑛)) (7)

where the function 𝑓 is determined by the interpolation method employed.

2. Low-Order Inverse Problem Computational Model
2.1 Mathematical Model

Based on the POD interpolation method, the fundamental concept of the
reduced-order inverse problem computational model proposed in this paper is
as follows: according to the physical field information 𝜃0 measured at steady
state, solve for the corresponding POD coefficients 𝛼∗

𝑚 (𝑚 = 1, 2, ⋯ , 𝑀), and
then determine the optimal parameter w∗ from a series of design parameters.
The mathematical model can be expressed as:

Find 𝛼𝑚 (𝑚 = 1, 2, ⋯ , 𝑀) that minimizes:

‖𝜃0 −
𝑀

∑
𝑚=1

𝛼𝑚𝜙𝑚(x)‖2 (8)

subject to:
𝛼min

𝑚 ≤ 𝛼𝑚 ≤ 𝛼max
𝑚 (9)

where ‖ ⋅ ‖2 represents the vector 2-norm. Equations (8) and (9) are used to
calculate the optimal POD coefficients 𝛼∗

𝑚 (𝑚 = 1, 2, ⋯ , 𝑀) corresponding to
the known physical field 𝜃0, where 𝛼min

𝑚 and 𝛼max
𝑚 are the lower and upper

bounds of the POD coefficients, respectively, determined by the ranges of POD
coefficients corresponding to a series of design parameters w𝑛. It is evident
that the process of solving for 𝛼𝑚 (𝑚 = 1, 2, ⋯ , 𝑀) is simply a straightforward
nonlinear programming problem. Equations (10) and (11) constitute the com-
putational model for determining the optimal parameter w∗ from a series of
design parameters w𝑛 using interpolation. In the calculation, as long as the
parameter w corresponding to the POD coefficients 𝛼𝑚(w) satisfies a certain
accuracy requirement in equation (10), that parameter is the optimal parameter
being sought.
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2.2 Computational Steps

The computational steps of the reduced-order inverse problem computational
model based on POD technology can be summarized as follows:

1. Uniformly select 𝑁 design parameters w𝑛 within the parameter range,
compute the state parameters 𝜃(x, w𝑛) at certain measurement points at
steady state for each parameter value, and obtain 𝑁 samples.

2. Apply POD technology to the samples to obtain a set of orthogonal basis
functions 𝜙𝑚(x) (𝑚 = 1, 2, ⋯ , 𝑀).

3. Calculate the POD coefficients 𝛼𝑚(w𝑛) for all design parameters using
equation (6), and determine the minimum values 𝛼min

𝑚 and maximum val-
ues 𝛼max

𝑚 .

4. Use the nonlinear programming model of equations (8) and (9) to compute
the optimal POD coefficients 𝛼∗

𝑚 (𝑚 = 1, 2, ⋯ , 𝑀) corresponding to 𝜃0.

5. From a series of design parameters w𝑛, use the interpolation formula of
equation (11) to find the optimal parameter w∗ that satisfies a certain
accuracy requirement in equation (10). The specific solution steps are:

• � Set the solution accuracy 𝜀 for equation (10);
• � Double the number of parameter values w within the computational

domain, i.e., w𝑛 (𝑛 = 1, 2, ⋯ , 2𝑁);
• � Use equation (11) to compute the POD coefficients corresponding

to each newly added parameter value;
• � Substitute the POD coefficients corresponding to each parameter

into equation (10) one by one. If equation (10) satisfies the accuracy
𝜀, the computation converges, and the parameter corresponding to
the POD coefficients 𝛼𝑚(w) at this point is the optimal parameter
w∗ being sought. If not, restart the calculation from step � until
equation (10) satisfies the accuracy 𝜀.

It should be noted that within a certain neighborhood of the minimum point
of w, there may be multiple parameters whose corresponding POD coefficients
satisfy the accuracy 𝜀. In this case, simply select the parameter that yields the
minimum value of the objective function.

From the above solution steps, it can be seen that compared with the main-
stream POD reduction methods in references [?] and [?], the reduced-order
inverse problem computational model does not involve governing equations. In-
stead, it uses only a small number of POD coefficients as intermediate variables
and solves for the desired parameters using simple nonlinear programming and
interpolation methods, achieving direct reduction of the inverse problem. This
can significantly reduce both the difficulty and computational time for solving
inverse problems. Moreover, since the solution process does not involve govern-
ing equations—that is, it is independent of the complexity of the problem under
investigation—the proposed method possesses a certain degree of universality
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in practical engineering applications. Additionally, it is worth noting that the
reduced-order inverse problem computational model proposed in this paper is
only applicable to problems where the parameters to be solved are constant
values, i.e., they do not vary with time or space.

3. Application Example
3.1 Problem Description

This paper uses the steady-state forced convection heat transfer problem in a
circular pipe from reference [?] as an application example to illustrate the imple-
mentation process of the reduced-order inverse problem computational model.
The physical model is shown in [Figure 1: see original paper]. The fluid inlet
temperature 𝑇𝑖𝑛 and the heat flux density 𝑞 on the outer wall of the circular
pipe are the parameters to be determined, and they are constant values. The
pipe has a radius of 𝑟 = 0.025 m, length 𝑙 = 1 m, and wall conduction thermal
resistance is neglected. The fluid properties are: thermal conductivity 𝑘 = 0.599
W/(m・K), density 𝜌 = 1000 kg/m3, specific heat capacity 𝑐𝑝 = 4.183 kJ/(kg・
K), and dynamic viscosity 𝜇 = 1.0 × 10−3 Pa・s. The radial distribution of fluid
inlet velocity is:

𝑢(𝑟) = 2𝑢𝑚 [1 − ( 𝑟
𝑅 )

2
] (12)

where 𝑢𝑚 is the average flow velocity, 0.05 m/s.

The black dots in the circular pipe represent thermocouples. Assuming 25 ther-
mocouples are uniformly arranged along the axial direction to measure the fluid
temperature at steady state, 𝑟𝑚 is the radial distance from the measurement
point to the wall, and measurement errors are neglected. The goal is to deter-
mine the fluid inlet temperature 𝑇𝑖𝑛 and the heat flux density 𝑞 on the outer
wall of the circular pipe using the reduced-order inverse problem computational
model based on temperature measurements from the thermocouples. Gravity
effects are neglected, and the computational mesh is 2000 × 50.
It should be noted that although the solution process of the reduced-order in-
verse problem computational model proposed in this paper does not involve gov-
erning equations—meaning it is applicable to both laminar and turbulent flows
for this application example—laminar flow is adopted in this paper primarily for
the purpose of comparing the computational efficiency of the proposed method
with the classical conjugate gradient method. Reference [?] provides a detailed
implementation of the conjugate gradient method for solving this application
example. For turbulent flow, due to the extreme complexity of the governing
equations, the conjugate gradient method is almost impossible to implement,
and no relevant literature has been reported to date.
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3.2 Solution of POD Basis Functions

The ranges and values of the two parameters to be determined are shown in
. By arbitrarily combining the parameter values, a total of 48 parameter com-
binations are obtained. The temperature values at the grid points where the
thermocouples are located on the axis 𝑟 = 0 at steady state are collected for
each parameter combination, yielding 48 samples. POD technology is applied to
these samples. presents the first five eigenvalues and their corresponding energy
distributions.

As shown in , the first five basis functions capture almost the entire energy
fraction of the samples.

3.3 Accuracy Verification of POD Basis Functions

[Figure 2: see original paper] shows the reconstruction errors for partial sam-
ples. It can be observed that the reconstruction error 𝐸 decreases rapidly with
increasing truncation order 𝑀 and approaches a constant value. When 𝑀 = 5,
the value of 𝐸 has already dropped to approximately 0.05%. The definition of
𝐸 is:

𝐸 = ‖𝜃 − 𝜃𝑀‖2
‖𝜃‖2

× 100% (13)

where 𝜃 is the numerical solution result and 𝜃𝑀 is the reconstructed result.

[Figure 3: see original paper] and [Figure 4: see original paper] respectively
show the first and second groups of POD coefficients for each sample calculated
using the projection formula (equation (6)). In figure (a), samples within each
variation period are arranged with increasing outer wall heat flux density while
keeping the inlet temperature constant, whereas in figure (b), the outer wall heat
flux density remains constant while the inlet temperature increases continuously.
It can be seen that the POD coefficients of the samples vary almost linearly
with the parameters. The other three groups of POD coefficients exhibit similar
variation relationships, which are not presented here for brevity. Therefore, this
paper adopts linear interpolation to compute the POD coefficients corresponding
to non-design parameters.

To verify the accuracy of interpolation results using POD basis functions for
non-design parameters, [Figure 5: see original paper] compares the linear in-
terpolation results with direct numerical solution results on the axis 𝑟 = 0 for
partial non-design parameters, where the first five POD basis functions are se-
lected. The lines in the figures represent numerical solution results, while the
geometric symbols represent interpolation results. For [FIGURE:5(a)], the heat
flux density is 7500 W/m2; for [FIGURE:5(b)], the fluid inlet temperature is
305 K.
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As shown in [Figure 5: see original paper], the interpolation results are essen-
tially consistent with the numerical solution results. For [FIGURE:5(a)], the
average error 𝐸 is 0.367%; for [FIGURE:5(b)], 𝐸 is 0.413%. This indicates
that the obtained POD basis functions span the solution space across a wide
range of parameters in the original problem and can be repeatedly used through
interpolation within the allowable parameter variation range.

3.4 Computational Results

[Figure 6: see original paper] through [Figure 8: see original paper] respectively
show several sets of temperature data measured by thermocouples located at
𝑟 = 0 m, 𝑟 = 0.0125 m, and 𝑟 = 0.024 m on the axis. presents a comparison
between the computational results of the reduced-order inverse problem model
and the true results, where the solution accuracy is 𝜀 = 0.1%.

As shown in , the computational results are relatively close to the true values,
with an average relative error 𝑒 of only 1.069%. The formula for calculating the
average relative error 𝑒 is:

𝑒 = 1
2 (|𝑞𝑟 − 𝑞|

𝑞𝑟
+ |𝑇𝑖𝑛,𝑟 − 𝑇𝑖𝑛|

𝑇𝑖𝑛,𝑟
) × 100% (14)

where 𝑞𝑟 and 𝑇𝑖𝑛,𝑟 are the true results, and 𝑞 and 𝑇𝑖𝑛 are the computational
results.

To compare the computational efficiency of the reduced-order inverse problem
computational model, this paper also solved the aforementioned inverse problem
using the classical conjugate gradient method. Since the focus of this paper is
on the reduced-order inverse problem computational model, only the computa-
tional results of the conjugate gradient method are presented here; the specific
implementation process can be found in reference [?]. shows the iterative solu-
tion results of the conjugate gradient method, where the convergence accuracy
is 𝑐 = 0.1%, meaning that convergence is achieved when the difference between
the current iteration result and the previous iteration result is less than 𝑐.
The computational time comparison between the conjugate gradient method
and the reduced-order inverse problem computational model is also presented
in . The CPU frequency of the computer used for computation is 3.30 GHz
with 8.00 GB of memory. The advantages of the reduced-order inverse problem
model are evident: although there is a slight loss in computational accuracy, the
reduced-order inverse problem computational model can save more than 1200
times the computational time compared to the conjugate gradient method. It
should be noted that the computational time here does not include the sample
collection and POD basis function solution processes. Although these processes
consume considerable time, they are performed only once when rapid calculation
of the parameters to be determined is required due to changes in measured data,
and can therefore be categorized as preprocessing work.
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Conclusion
This paper proposes a reduced-order computational model for general engineer-
ing inverse problems using POD technology. Compared with the classical conju-
gate gradient method, the reduced-order inverse problem computational model
does not involve the governing equations of the original physical problem during
the solution process. Instead, it uses only a small number of POD coefficients
as intermediate solution variables, which greatly simplifies the computational
process and demonstrates the universality of the method. Using forced convec-
tion heat transfer in a circular pipe as an application example, the computa-
tional results show that the average relative error between the results of the
reduced-order inverse problem computational model and the true results is ap-
proximately 1.0%, and the computational speed is more than 1200 times faster
than the classical conjugate gradient method. This proves the correctness and
feasibility of the method and provides theoretical support for developing rapid
unknown parameter prediction technology in engineering applications.
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