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Abstract
Large Nc relations among baryonic Isgur-Wise functions appearing at the order
of 1/mQ areanalyzed. An application to b → c weak decays is given.
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ing at order 1/mQ and present an application to Ωb → Ωc weak decays.
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Introduction
Weak decays of heavy baryons are of considerable interest both experimentally
and theoretically. They are currently under investigation at the LHC experi-
ments, as well as in previous Tevatron and LEP experiments, and provide an
important testing ground for nonperturbative QCD methods. Heavy baryons
containing a single heavy quark are described by Heavy Quark Effective Theory
(HQET) \cite{1–4}, where relevant physical quantities can be factorized into a
calculable perturbative part and universal hadronic quantities. To compute the
latter, nonperturbative methods such as the large Nc approach [?] are required.
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Consider the heavy baryon weak transitions Λb → Λc and Σ()b → Σ()c. The
matrix elements of vector and axial currents (Vµ = c̄�µb and Aµ = c̄�µ�5b)
between Λb and Λc can be parametrized as:

Λc(v�, s�)|Vµ|Λb(v, s) = ūΛc(v�, s�)(F1(�)�µ + F2(�)vµ + F3(�)v�µ)uΛb(v, s),

Λc(v�, s�)|Aµ|Λb(v, s) = ūΛc(v�, s�)(G1(�)�µ + G2(�)vµ + G3(�)v�µ)�5uΛb(v, s),

and those between Σb and Σ(*)c are:

Σc(v�, s�)|Vµ|Σb(v, s) = ūΣc(v�, s�)(F�1�µ + F�2vµ + F�3v�µ)uΣb(v, s),

Σc(v�, s�)|Aµ|Σb(v, s) = ūΣc(v�, s�)(G�1�µ + G�2vµ + G�3v�µ)�5uΣb(v, s),

Σc(v�, s�)|Vµ|Σ*b(v, s) = ūΣc(v�, s�)(N�1v��µ + N�2v�vµ + N�3v�v�µ +
N�4g�µ)�5uΣb(v, s),

Σc(v�, s�)|Aµ|Σ*b(v, s) = ūΣc(v�, s�)(K�1v��µ + K�2v�vµ + K�3v�v�µ +
K�4g�µ)uΣb(v, s),

where � = v・v� and Fi(�)(�), Gi(�)(�), Ni(�)� and Ki(�)� are general form factors.
As is well known, in HQET these form factors can be expressed in terms of
several independent universal form factors known as Isgur-Wise functions.

The Isgur-Wise functions are defined as follows. Note that in HQET, heavy
quark fields and baryon fields have their own definitions, despite using the same
symbols as in full QCD. For the Λb → Λc transition at leading order of heavy
quark expansion, there is only one Isgur-Wise function �(�):

Λc(v�, s�)|c̄v�Γbv|Λb(v, s) = �(�)ūΛc(v�, s�)ΓuΛb(v, s),

where Γ stands for general � matrices, and �(�) is normalized at zero recoil, namely
�(1) = 1. For Σ(*) transitions, two Isgur-Wise functions �1(�) and �2(�) appear
at leading order [?]:

Σ()c(v�, s�)|c̄v�Γbv|Σ()b(v, s) = [gµ��1(�) + vµv���2(�)] ūµ(v�, s�)Γu�(v, s),

where �1(1) = 1, and u� is the Rarita-Schwinger spinor for a spin-3/2 particle
defined as:

u�ΣQ(v, s) = (�� + v�)�5uΣQ(v, s).

Isgur-Wise functions at 1/mQ order will be discussed in detail in the next sec-
tion.

In the heavy quark limit, the general form factors in Eqs. (1) and (2) are
simplified. For the Λb → Λc transition:

F1 = G1 = C(µ)�(�),
F2 = G2 = F3 = G3 = 0,

where C(µ) is a perturbatively calculable coefficient. For Σ(*) transitions, the
formulas are more complex and can be found in [?]. Note that Isgur-Wise
functions are independent of the weak currents.
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At this stage, the Isgur-Wise functions remain unknown and require nonper-
turbative methods for their calculation. In the large Nc limit, interesting in-
formation about baryonic Isgur-Wise functions can be obtained. In large Nc
baryons, there exists a spin-flavor symmetry of light quarks [?] that not only
gives mass degeneracy between Σ(*)Q and ΛQ, but also yields the following
relations among the Isgur-Wise functions [?, ?]:

�1(�) = �(�),
�2(�) = (1 + �)�(�).

This large Nc result is also consistent with that obtained from the large Nc
constituent quark model [?]. Furthermore, in the heavy baryon Skyrme model
[?], �(�) is calculated to be [?]:

�(�) = 0.99 exp[1.3(� - 1)].

In fact, in the true large Nc limit, �(�) is actually a �-function [?].

From Eqs. (3), (4) and (7), we observe that to obtain the Σ(*)Q matrix elements
of weak currents in the large Nc approximation, we need only multiply the ΛQ
matrix element by the following Lorentz tensor:

gµ� + (1 + �)vµv��.

This is because the two kinds of decays are essentially the same, except for
Lorentz structures (a kinetic result of the light degrees of freedom). With this
observation, we will extend the large Nc relations in Eq. (7) to O(1/mQ) in the
following sections.

Isgur-Wise Functions at O(1/mQ)
More Isgur-Wise functions appear at the 1/mQ order. Before considering large
Nc relations among these subleading Isgur-Wise functions, it is useful to start
from their definitions.

A. A Mini-Review

The 1/mQ corrections arise from two sources. One is due to the HQET La-
grangian at O(1/mQ), and the other comes from the 1/mQ expansion of heavy
quark currents in full QCD.

First, let us consider the Lagrangian corrections. To order O(1/mQ) the effective
Lagrangian is [?, ?]:

L = h̄viv・Dh̄v + (1/2mQ)h̄v[D² + gs�µ�Gµ�]hv.

For the hadronic matrix element of a heavy quark current, the correction due
to the heavy quark kinetic energy is:

�Hc|c̄v�Γ(1/2mQ)D²bv|Hb�.

For HQ being ΛQ, Eq. (10) is parametrized as:
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�Λc(v�, s�)|c̄v�Γ(1/2mQ)D²bv|Λb(v, s)� = -�̄(�)ūΛc(v�, s�)ΓuΛb(v, s),

where �(�) is the ΛQ Isgur-Wise function at order 1/mQ. It satisfies �(1) = 0. In
the true large Nc limit, �(�) = 0 [?]. In the case of HQ being Σ(*)Q, Eq. (10) is
parametrized via two additional Isgur-Wise functions:

�Σ()c(v�, s�)|c̄v�Γ(1/2mQ)D²bv|Σ()b(v, s)� = -[gµ��1(�) + vµv���2(�)] ūµ(v�,
s�)Γu�(v, s),

with �1(1) = �2(1) = 0.

The correction due to the heavy quark chromomagnetic interaction is:

�HQ|c̄v�Γ(1/2mQ)gs�µ�Gµ�bv|Hb�.

For HQ being Λb, this is zero [?]. The situation is more complicated for HQ
being Σ(*)Q. According to Ref. [?], the chromomagnetic 1/mQ correction can
be parametrized as:

�Σ()c(v�, s�)|c̄v�Γ(1/2mQ)gs�µ�Gµ�bv|Σ()b(v, s)� = �1(�)gµ� + �2(�)gµ�v��v� +
�3(�)g��vµv�,

where the �i(�) are additional Isgur-Wise functions.

Now consider the 1/mQ corrections of the current operator. The relation be-
tween QCD currents and HQET operators is:

c̄Γb = c̄v�[1 + (i←D�/2mc + i→D�/2mb) + ⋯]Γbv.

For the Λb → Λc decay [?, ?]:

�Λc(v�, s�)|c̄v�i←D�Γbv|Λb(v, s)� = (1 + �)ūΛc(v�, s�)ΓuΛb(v, s)(v� - v��)�(�) +
(v� + v��)�̄(�),

where �̄(�) = �(�) + (Λ̄/2)(1 + �)�(�) and Λ̄ = mΛQ - mQ. For the Σ()b → Σ()c
transition, the 1/mQ correction is:

�Σ()c(v�, s�)|c̄v�i←D�Γbv|Σ()b(v, s)� = ūµ(v�, s�)Γu�(v, s)Pµ��,

where Pµ�� = �1v��vµv� + �2v��vµv� + �3gµ�v� + �4gµ�v� + �5gµ�� + �6g��µ.

Actually, only two of these Isgur-Wise functions are independent [?]:

�1 = -�1/(1 + �) + (��2 - �5),
�3 = -�1/(1 + �) + (��4 - �6),
�5 = �1/(1 + �) - (�1 + ��2),
�6 = �1/(1 + �) - (��1 + �2).

The expressions of form factors in Eqs. (1) and (2) in terms of all these Isgur-
Wise functions can be found in [?].

B. Large Nc Relations

Now considering the large Nc limit, there exist relations among the sublead-
ing order Isgur-Wise functions. The key observation is that the insight from
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Sec. I remains applicable. The only difference here is that the heavy quark
currents have different forms, which is irrelevant due to heavy quark symmetry.
Therefore, in the large Nc limit, Eq. (12) for the charm quark kinetic energy
correction should be:

gµ� + (1 + �)vµv��.

This results in the following relations:

�1(�) = �(�),
�2(�) = (1 + �)�(�).

Using the same method, we obtain a remarkable result: in the large Nc limit,
to order 1/mQ in HQET, there are no chromomagnetic corrections in Σ()b →
Σ()c decays:

�1(�) = �2(�) = �3(�) = 0.

This can be easily understood since in the large Nc limit, the spins and isospins
of light degrees of freedom in Σ()b and Σ()c have decoupled. This decoupling
makes Σ()Q baryons different from ΛQ baryons. Consequently, in the large Nc
limit, the time-ordered product of 1/mQ terms in the Lagrangian with the heavy
quark current merely produces a trivial correction for Σ()Q decays: a redefinition
of the leading order Isgur-Wise functions, similar to the case of ΛQ decays.

Examining the 1/mc correction of the current operator, for Σ(*)Q we have:

�Σ()c(v�, s�)|c̄v�i←D�Γbv|Σ()b(v, s)� = (1 + �)ūµ(v�, s�)Γu�(v, s)gµ� + (1 +
�)vµv���(�) + (v� + v��)�̄(�),

where �̄(�) is defined as �̄(�) = �(�) + (Λ̄Σ/2)(1 + �)�(�), and Λ̄Σ = mΣb - mΣc -
mc. Note that Λ̄Σ = Λ̄ in the large Nc limit. From this we obtain new relations:

�1 = -(1 + �)²�,
�2 = -(1 + �)²�,
�3 = -(1 + �)�,
�4 = -(1 + �)�,
�5 = �6 = 0.

We observe that after taking the large Nc approximation, the relations obtained
in HQET, such as Eq. (20), still hold.

C. General Form Factors

Up to this point, we have derived all large Nc relations for the 1/mc corrections.
The 1/mb corrections can be obtained similarly. Including all 1/mQ corrections,
in the large Nc limit the general form factors in Eqs. (1) and (2) are expressed
as:

F1 = ��(�) + ��(�)/2mb,
G1 = ��(�) - ��(�)/2mb,
F�1 = ��(�) + ��(�)/2mb,
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G�1 = ��(�) - ��(�)/2mb,
N�1 = -2��(�)/3(1 + �) + ��(�)/2mb,
K�1 = -2��(�)/3(1 + �) - ��(�)/2mb,
F�2 = -��(�) + ��(�)/2mb,
G�2 = -��(�) - ��(�)/2mb,
N�2 = -4��(�)/3(1 + �) + ��(�)/2mb,
K�2 = -4��(�)/3(1 + �) - ��(�)/2mb,
F�3 = G�3 = 0,
N�3 = -2��(�)/3(1 + �),
K�3 = -2��(�)/3(1 + �),
N�4 = -2��(�)/3(1 + �),
K�4 = 0,

where ��(�) = �(�) + �(�)/mb, and all form factors should be multiplied by C(µ)
from Eq. (3). We have verified that all results are consistent with [?], where all
1/mQ form factors are listed. After taking the large Nc limit, all relations of
1/mQ form factors shown in [?] still hold, particularly the following normaliza-
tion relations at the zero recoil point:

F1(1) + F2(1) + F3(1) = C(µ),
F�1(1) + F�2(1) + F�3(1) = C(µ),
G1(1) = C(µ);
G�1(1) = C(µ),
K�4(1) = C(µ).

In fact, through our analysis it is easy to see that the large Nc limit and HQET
are commutative; in other words, the large Nc approximation preserves all rela-
tions obtained in HQET.

The Weak Decays
As an application, we now calculate the Ωb → Ωc weak decay rates [?]. Since
Σ()b has strong interaction decay modes, we mainly consider the semileptonic
decays of Ωb. In the SU(3) light quark flavor symmetry limit, Ω()b(c) baryons
are identical to Σ()b(c) baryons. Therefore, the same results for the Isgur-Wise
functions can be obtained for Ω()b(c).

Neglecting lepton masses, for the decay Ωb → Ωc l�̄ the differential decay rate
can be expressed [?, ?] in terms of the general form factors in Eq. (1) as:

dΓ1(�)/d� = (G²F|Vcb|²m³Ωb/96�³)�²(� + 1) × [F�²1 + (� + 1)�²F�²2 + 2(� +
1)�²G�²1 + (� + 1)(1 + r2)F�1G�1 + (� + 1)(1 - r2)F�2G�1 + (� + 1)r2F�1G�2],

where r2 = mΩc/mΩb and �² = 1 + r2² - 2r2�.

For the decay Ωb → Ω*c l�̄, we have [?]:

dΓ2(�)/d� = (G²F|Vcb|²m³Ωb/96�³)�³ × [2(� + 1)N�²1 + (� + 1)�²N�²2 + 2(� +
1)�²K�²1 + (� + 1)(r3 + 1)N�1K�1 + (� + 1)(r3 - 1)N�2K�1 + (� + 1)K�²3 + (�² -
1)(r3 + 1)K�1K�2 + (�² - 1)(r3 - 1)K�3K�2 + (�² - 1)K�²4],
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where r3 = mΩ*c/mΩb and �³ = 1 + r3² - 2r3�.

The form factors have been expanded in Eq. (26) to order 1/mc and 1/mb.
There is only one Isgur-Wise function �(�) at leading order, one �(�) at subleading
order, and the mass parameter Λ̄Ω. With Eq. (8) and �(�) = 0 [?], we obtain
the decay widths:

Γ(Ωb → Ωc l�̄) = 3.38 × 10�¹� GeV,
Γ(Ωb → Ω*c l�̄) = 3.34 × 10�¹� GeV.

In our calculations, we have taken the following parameters [?]: mΩb = 6.07
GeV, mΩc = 2.70 GeV, mΩ*c = 2.77 GeV, and |Vcb| = 40.9 × 10�³. The pole
masses of heavy quarks have been taken as mb = 4.83 GeV and mc = 1.43 GeV.

Discussions
In this paper, we have studied O(1/mQ) universal baryonic Isgur-Wise functions
in the large Nc limit, with our results explicitly listed in Eqs. (22), (23) and (25).
As an application, we have calculated the semileptonic decays of Ωb. Actually,
the same results could be obtained using the leading order large Nc analysis in
\cite{9–11}, while our method is considerably simpler.

Let us now consider the uncertainties of our results. Since the 1/mQ corrections
have been included, the uncertainties inherent in HQET have been suppressed
to O(Λ²QCD/m²Q) � 1/25. The remaining uncertainties arise from two approx-
imations: flavor SU(3) symmetry and the large Nc limit. Effects of flavor SU(3)
violation might not be substantial, especially near the zero recoil point. Since
Ωb contains s-quarks, we could expect the effects to be of order (ms/ΛQCD) �
30%, which would be small by choosing an appropriate renormalization scale µ.
The main uncertainties are therefore produced by the large Nc approximation,
about which we have limited knowledge. Sometimes they can be as large as
30%. In our case, however, such pessimism is unnecessary. As a general rule of
thumb, the large N limit is a good approximation for baryons and also works
well for Isgur-Wise functions. Because we replaced Λ̄Σ with Λ̄Ω in the decay cal-
culation, we have already taken into account part of the flavor SU(3) violation
effects and part of the corrections to the large Nc limit.

Finally, it is important to note that regardless of whether the large Nc limit can
be treated as a good approximation, at least in the vicinity of the zero recoil
point the uncertainties produced by the large Nc limit should not be substantial,
since it preserves the normalizations of Isgur-Wise functions as in HQET, as we
emphasized in Sec. III. This will be tested at the LHC or the proposed Z-factory
in the near future.
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