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Abstract
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Abstract
In the framework of heavy quark effective theory we use QCD sum rules to
calculate the masses of the ̄𝑐𝑠 (0+, 1+) and (1+, 2+) excited states. The results
are consistent with the interpretation that the states 𝐷𝑠𝐽(2317) and 𝐷𝑠𝐽(2460)
observed by BABAR and CLEO are the 0+ and 1+ states in the 𝑗ℓ = 1

2 doublet.

PACS number: 12.39.Hg, 13.25.Hw, 13.25.Ft, 12.38.Lg

1. Introduction
Recently the BaBar Collaboration announced the discovery of a positive-parity
narrow state with a mass of approximately 2317 MeV in the 𝐷+

𝑠 (1969)𝜋 channel
[?], which was subsequently confirmed by CLEO [?] and BELLE [?]. Based
on its low mass and decay angular distribution, its 𝐽𝑃 is believed to be 0+.
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In the same experiment, CLEO [?] observed a state at 2460 MeV with possible
spin-parity 𝐽𝑃 = 1+ in the 𝐷∗

𝑠𝜋 channel; BaBar [?] also found a signal in this re-
gion. Since these two states lie below the 𝐷𝐾 and 𝐷∗𝐾 thresholds respectively,
the potentially dominant 𝑠-wave decay modes such as 𝐷𝑠𝐽(2317) → 𝐷𝑠𝐾 are
kinematically forbidden. Consequently, radiative decays and isospin-violating
strong decays become the favored decay modes. The latter decay proceeds in
two steps with the help of virtual 𝐷𝑠𝜂 intermediate states, 𝐷𝑠𝐽(2317) → 𝐷𝑠𝜋0,
where the second step arises from the tiny 𝜂-𝜋0 isospin-violating mixing due to
𝑚𝑢 ≠ 𝑚𝑑.

The experimental discovery of these two states has triggered heated debate in
the literature regarding their nature. The key issue is understanding their low
masses. The 𝐷𝑠𝐽(2317) mass is significantly lower than the 0+ mass values in
the range of 2.4 GeV calculated in quark models [?]. A model using the heavy
quark mass expansion of the relativistic Bethe-Salpeter equation [?] predicted a
lower value of 2.369 GeV for the 0+ mass, which is still 50 MeV higher than the
experimental data. Bardeen, Eichten, and Hill interpreted these states as the ̄𝑐𝑠
(0+, 1+) spin doublet serving as parity conjugate states of the (0−, 1−) doublet
in the framework of chiral symmetry [?] (see also Ref. [?]). A quark-antiquark
picture was also advocated by Colangelo and Fazio [?], Cahn and Jackson [?],
and Godfrey [?]. Based on this “conventional” picture, various decay modes
were discussed in Refs. [?, ?, ?].

Apart from the quark-antiquark interpretation, 𝐷𝑠𝐽(2317) was suggested to be
a four-quark state by Cheng and Hou [?] and by Barnes, Close, and Lipkin [?].
Szczepaniak even argued that it could be a strong 𝐷𝜋 atom [?]. However, we
consider it would be very exceptional for a molecule or atom to have a binding
energy as large as 40 MeV. Van Beveren and Rupp [?] argued from experience
with 𝑎0/𝑓0(980) that the low mass of 𝐷𝑠𝐽(2317) could arise from mixing between
the 𝐷𝐾 continuum and the lowest scalar nonet. In this way, the 0+ ̄𝑐𝑠 state is
artificially pushed much lower than expected from quark models.

Recent lattice calculations suggest a value around 2.57 GeV for the 0+ state mass
[?], much larger than the experimentally observed 𝐷𝑠𝐽(2317) and compatible
with quark model predictions. The conclusion in Ref. [?] is that 𝐷𝑠𝐽(2317)
might contain a large 𝐷𝐾 component, with physics resembling 𝑎0/𝑓0(980). Such
a large 𝐷𝐾 component makes lattice simulation very difficult.

In this paper we shall use QCD sum rules [?] in the framework of heavy quark
effective theory (HQET) [?] to extract the masses, since HQET provides a sys-
tematic method to compute properties of heavy hadrons containing a single
heavy quark via the 1/𝑚𝑄 expansion, where 𝑚𝑄 is the heavy quark mass. The
masses of ground-state heavy mesons have been studied with QCD sum rules in
HQET in [?, ?, ?]. In [?, ?, ?], masses of the lowest excited non-strange heavy
meson doublets (0+, 1+) and (1+, 2+) were studied with sum rules in HQET up
to order (1/𝑚𝑄). These masses were also analyzed in earlier works [?] with sum
rules in full QCD. In this short note we extend the same formalism from [?, ?] to
include the light quark mass in calculating ̄𝑐𝑠 mesons. We shall also use more
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stringent criteria for the stability windows of the sum rules in the numerical
analysis.

The proper interpolating current 𝐽𝛼1⋯𝛼𝑗
𝑗,𝑃,𝑗ℓ

for a state with quantum numbers
(𝑗, 𝑃 , 𝑗ℓ) in HQET was given in [?]. These currents satisfy the following condi-
tions:

⟨0|𝐽𝛼1⋯𝛼𝑗
𝑗,𝑃,𝑗ℓ

(0)|𝑗′, 𝑃 ′, 𝑗′
ℓ⟩ = 𝑓𝑃,𝑗ℓ

𝛿𝑗𝑗′𝛿𝑃𝑃 ′𝛿𝑗ℓ𝑗′
ℓ
𝜂𝛼1⋯𝛼𝑗 , (1)

Π𝛼1⋯𝛼𝑗,𝛽1⋯𝛽𝑗
𝑃,𝑗ℓ

(𝑥) ≡ ⟨0|𝑇 {𝐽𝛼1⋯𝛼𝑗
𝑗,𝑃,𝑗ℓ

(𝑥)𝐽†𝛽1⋯𝛽𝑗
𝑗′,𝑃 ′,𝑗′

ℓ
(0)}|0⟩

= 𝛿𝑗𝑗′𝛿𝑃𝑃 ′𝛿𝑗ℓ𝑗′
ℓ
𝑔𝛼1𝛽1

𝑡 ⋯ 𝑔𝛼𝑗𝛽𝑗
𝑡 ∫ 𝑑𝑡 𝛿(𝑥 − 𝑣𝑡)Π𝑃,𝑗ℓ

(𝑥), (2)

where in the 𝑚𝑄 → ∞ limit 𝑣 is the velocity of the heavy quark, 𝑔𝛼𝛽
𝑡 = 𝑔𝛼𝛽−𝑣𝛼𝑣𝛽

is the transverse metric tensor, 𝜂𝛼1⋯𝛼𝑗 is the polarization tensor for the spin-𝑗
state, and (𝛼1 ⋯ 𝛼𝑗) denotes symmetrizing the indices and subtracting the trace
terms separately in the sets (𝛼1 ⋯ 𝛼𝑗) and (𝛽1 ⋯ 𝛽𝑗). The quantities 𝑓𝑃,𝑗ℓ

and
Π𝑃,𝑗ℓ

are a constant and a function of 𝑥 respectively, which depend only on 𝑃
and 𝑗ℓ.

We consider the correlator

Π(𝜔) = 𝑖 ∫ 𝑑4𝑥 𝑒𝑖𝑘⋅𝑥⟨0|𝑇 {𝐽𝛼1⋯𝛼𝑗
𝑗,𝑃,𝑗ℓ

(𝑥)𝐽†𝛽1⋯𝛽𝑗
𝑗′,𝑃 ′,𝑗′

ℓ
(0)}|0⟩, (3)

where 𝜔 = 2𝑣 ⋅ 𝑘. It can be written as

Π(𝜔) =
𝑓2

𝑃,𝑗ℓ

2Λ̄𝑗,𝑃,𝑗ℓ
− 𝜔 + higher states, (4)

where Λ̄𝑗,𝑃,𝑗ℓ
= lim𝑚𝑄→∞(𝑚𝑀𝑗,𝑃,𝑗ℓ

− 𝑚𝑄). On the other hand, it will be calcu-
lated in terms of quarks and gluons. Invoking Borel transformation to Eq. (3)
we get

𝑓2
𝑃,𝑗ℓ

𝑒−2Λ̄𝑗,𝑃,𝑗ℓ /𝑇 = ∫
𝜔𝑐

0
𝑑𝜔 𝜌(𝜔)𝑒−𝜔/𝑇 + condensates, (5)

where 𝑚𝑞 is the light quark mass, 𝜌(𝜔) is the perturbative spectral density, and
𝜔𝑐 is the threshold parameter used to subtract the higher-state contribution
with the help of quark-hadron duality assumption.

We shall study the low-lying (0+, 1+) and (1+, 2+) ̄𝑐𝑠 states. The values of
various QCD condensates are
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⟨ ̄𝑞𝑞⟩ = −(0.24 GeV)3, ⟨ ̄𝑠𝑠⟩ = 0.8⟨ ̄𝑞𝑞⟩, ⟨𝛼𝑠𝐺2⟩ = 0.038 GeV4, ⟨𝑔𝑠 ̄𝑞𝜎𝐺𝑞⟩ = (0.8 GeV2)⟨ ̄𝑞𝑞⟩.
(6)

We use 𝑚𝑠(1GeV) = 0.15 GeV for the strange quark mass in the MS scheme.
We use ΛQCD = 375 MeV for three active flavors and ΛQCD = 220 MeV for four
active flavors.

The sum rules with massless light quarks have been obtained in [?, ?]. In the
numerical analysis of the QCD sum rules we require that the high-order power
corrections be less than 30% of the perturbation term. This condition yields the
minimum value 𝑇min of the allowed Borel parameter. We also require that the
pole term, which is equal to the sum of the cut-off perturbative term and the
condensation terms, be larger than 60% of the perturbative term, which leads to
the maximum value 𝑇max of the allowed 𝑇 . Thus we have the working interval
𝑇min < 𝑇 < 𝑇max for a fixed 𝜔𝑐. If 𝑇min ≥ 𝑇max, we are unable to extract useful
information from such a sum rule.

In the ideal case, the difference between the meson mass 𝑚𝑀 and the heavy
quark mass 𝑚𝑄 (or other observables) is almost independent of 𝑇 for certain
values of 𝜔𝑐, meaning the dependence on both the Borel parameter and contin-
uum threshold is minimal. In realistic cases, the variation of a sum rule with
both 𝑇 and 𝜔𝑐 will contribute to the errors of the extracted value, together
with the truncation of the operator product expansion and the uncertainty of
vacuum condensate values.

In subsections 2.1 and 2.2 we present sum rules for the (0+, 1+) and (1+, 2+)
doublets using interpolating currents with derivatives, respectively. For com-
parison we discuss sum rules for (0+, 1+) using interpolating currents without
derivatives in subsection 2.3.

2.1 (0+, 1+) Doublet With Derivative Currents

We employ the following interpolating currents [?]:

𝐽0,+,1/2 = ℎ̄𝑣𝛾5
𝑖𝐷̸𝑡
𝜏 𝑠, (7)

𝐽𝛼
1,+,1/2 = ℎ̄𝑣𝛾5𝛾𝛼 𝑖𝐷̸𝑡

𝜏 𝑠, (8)

where 𝐷𝜇 = 𝜕𝜇 +𝑖𝑔𝐴𝜇 is the gauge-covariant derivative and 𝐷𝜇
𝑡 = 𝐷𝜇 −𝑣𝜇𝑣 ⋅𝐷.

We obtain the sum rule relevant to Λ̄:

𝑓2
+,1/2𝑒−2Λ̄/𝑇 = ∫

𝜔𝑐

0
𝑑𝜔 𝜔4 + 2𝑚𝑠𝜔3

16𝜋2 𝑒−𝜔/𝑇 + ⟨ ̄𝑠𝑠⟩ ∫
𝜔𝑐

0
𝑑𝜔 𝜔𝑒−𝜔/𝑇 . (9)
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Taking the derivative of the logarithm of the above equation with respect to
(1/𝑇 ) yields the sum rule for Λ̄. Substituting the obtained value of Λ̄ into (8)
gives the sum rule for 𝑓+,1/2. In Figure 1 [Figure 1: see original paper], the
variation of Λ̄(1/2+) with 𝑇 and 𝜔𝑐 is shown. According to the criteria stated
above, the working range is 0.38 < 𝑇 < 0.58 GeV. We obtain

Λ̄(1/2+) = (0.86 ± 0.10) GeV, 𝑓+,1/2 = (0.31 ± 0.05) GeV5/2, (10)

where the central value corresponds to 𝑇 = 0.52 GeV and 𝜔𝑐 = 2.9 GeV.

2.2 (1+, 2+) Doublet

For the (1+, 2+) doublet, using the following interpolating currents [?]:

𝐽𝛼1
1,+,3/2 = ℎ̄𝑣𝛾5 (𝑖𝐷𝛼1

𝑡
𝜏 − 1

3𝛾𝛼1
𝑖𝐷̸𝑡
𝜏 ) 𝑠, (11)

𝐽𝛼1𝛼2
2,+,3/2 = ℎ̄𝑣𝛾5

𝑖𝐷𝛼1
𝑡

𝜏 𝛾𝛼2𝑠 + symmetrization, (12)

we obtain the sum rule

𝑓2
+,3/2𝑒−2Λ̄/𝑇 = ∫

𝜔𝑐

0
𝑑𝜔 𝜔4 + 2𝑚𝑠𝜔3

48𝜋2 𝑒−𝜔/𝑇 + ⟨ ̄𝑠𝑠⟩ ∫
𝜔𝑐

0
𝑑𝜔 𝜔𝑒−𝜔/𝑇 . (13)

From this sum rule, the variation of Λ̄(3/2+) with 𝑇 and 𝜔𝑐 is plotted in Figure
2 [Figure 2: see original paper]. The working range is 0.55 < 𝑇 < 0.65 GeV. We
find

Λ̄(3/2+) = (0.83 ± 0.10) GeV, 𝑓+,3/2 = (0.19 ± 0.03) GeV5/2, (14)

where the central value corresponds to 𝑇 = 0.62 GeV and 𝜔𝑐 = 3.0 GeV.

2.3 (0+, 1+) Doublet With Non-Derivative Currents

Possible alternative currents for the (0+, 1+) doublet are the non-derivative cur-
rents:

𝐽0,+,1/2 = ℎ̄𝑣𝑠, (15)
𝐽𝛼

1,+,1/2 = ℎ̄𝑣𝛾5𝛾𝛼
𝑡 𝑠. (16)

With these non-derivative currents the sum rule reads
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𝑓2
+,1/2𝑒−2Λ̄/𝑇 = ∫

𝜔𝑐

0
𝑑𝜔 𝜔2

8𝜋2 𝑒−𝜔/𝑇 + ⟨ ̄𝑠𝑠⟩ ∫
𝜔𝑐

0
𝑑𝜔 𝑒−𝜔/𝑇 . (17)

Requiring that the condensate contribution be less than 30% of the perturbative
term gives 𝑇min = 0.75 GeV. In Figure 3 [Figure 3: see original paper], we
show the ratio of the pole term (the sum of the cut-off perturbative term and
condensation terms) to the perturbative term for the sum rule (14). In the
entire range 𝑇 > 𝑇min, this pole contribution is less than 40%. Hence, there is
no stability window for this sum rule satisfying our stated criteria.

If we arbitrarily loosen the analysis criteria and require only that the pole con-
tribution exceed 30%, we obtain the working range 0.75 < 𝑇 < 1.2 GeV. In
Figure 4 [Figure 4: see original paper], the variation of Λ̄(1/2+) with 𝑇 and 𝜔𝑐
is shown. Numerically,

Λ̄(1/2+) = (1.30 ± 0.15) GeV, 𝑓+,1/2 = (0.39 ± 0.05) GeV3/2, (18)

where the central value corresponds to 𝑇 = 1.0 GeV and 𝜔𝑐 = 2.9 GeV. Because
of the weaker criteria used, these results are less reliable and will not be used
in the final numerical results.

We would like to make some remarks here. Usually, currents with the least
number of derivatives are used in QCD sum rule approaches. The sum rules
then are less sensitive to the threshold energy 𝜔𝑐. However, it was pointed out
in [?] that in the non-relativistic limit the coupling constant of these currents to
𝑃 -wave states vanishes. If this coupling constant is suppressed for this reason,
the relative importance of contributions from the 𝐷𝐾 continuum and other
states (which are usually neglected) would be enhanced. Furthermore, it was
shown in [?, ?] using the soft pion theorem that the contribution of the 𝐷𝜋
continuum is large in the sum rule with the non-derivative current for the 0+

state of the non-strange 𝐷 system, significantly decreasing the value of Λ̄. A
similar calculation is not reliable in the present case, but it indicates that the
contribution of the 𝐷𝐾 continuum with the non-derivative current may also be
large.

3. Sum Rules at Order 1/𝑚𝑄

To order 1/𝑚𝑄, the Lagrangian of HQET is

ℒeff = ℎ̄𝑣𝑖𝑣 ⋅ 𝐷ℎ𝑣 + 1
2𝑚𝑄

𝒦 − 1
2𝑚𝑄

𝒮 + 𝒪(1/𝑚2
𝑄), (19)

where ℎ𝑣(𝑥) is the velocity-dependent effective field related to the original
heavy-quark field 𝑄(𝑥) by ℎ𝑣(𝑥) = 𝑒𝑖𝑚𝑄𝑣⋅𝑥 1+ ̸𝑣

2 𝑄(𝑥). The kinetic operator
is defined as 𝒦 = ℎ̄𝑣(𝑖𝐷𝑡)2ℎ𝑣, and the chromo-magnetic operator is 𝒮 =
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𝐶mag(𝑚𝑄/𝜇)ℎ̄𝑣𝜎𝜇𝜈𝐺𝜇𝜈ℎ𝑣, where 𝐶mag = [𝛼𝑠(𝑚𝑄)/𝛼𝑠(𝜇)]3/𝛽0 with 𝛽0 = 11 −
2𝑛𝑓/3.

Considering 1/𝑚𝑄 corrections, the pole term of the correlator on the hadron
side becomes

Π(𝜔)pole = (𝑓 + 𝛿𝑓)2

2(Λ̄ + 𝛿𝑚) − 𝜔 = 𝑓2

2Λ̄ − 𝜔 + 2𝛿𝑚𝑓2

(2Λ̄ − 𝜔)2 + 2𝑓𝛿𝑓
2Λ̄ − 𝜔, (20)

where 𝛿𝑚 and 𝛿𝑓 are of order (1/𝑚𝑄).
To extract 𝛿𝑚 in (20) we follow the approach of [?] and consider the three-point
correlation functions

𝛿𝑂Π𝛼1⋯𝛼𝑗,𝛽1⋯𝛽𝑗
𝑗,𝑃,𝑖 (𝜔, 𝜔′) = 𝑖2 ∫ 𝑑4𝑥 𝑑4𝑦 𝑒𝑖𝑘⋅𝑥−𝑖𝑘′⋅𝑦⟨0|𝑇 {𝐽𝛼1⋯𝛼𝑗

𝑗,𝑃,𝑖 (𝑥)𝑂(0)𝐽†𝛽1⋯𝛽𝑗
𝑗,𝑃,𝑖 (𝑦)}|0⟩,

(21)

where 𝑂 = 𝒦 or 𝒮. The scalar function corresponding to (21) can be represented
as the double dispersion integral

𝛿𝑂Π(𝜔, 𝜔′) = ∫ 𝑑𝑠 𝑑𝑠′ 𝜌𝑂(𝑠, 𝑠′)
(𝑠 − 𝜔)(𝑠′ − 𝜔′) . (22)

The pole parts of 𝛿𝑂Π(𝜔, 𝜔′) are

𝛿𝒦Π(𝜔, 𝜔′)pole = 𝑓2𝐺𝒦(𝜔′)
(2Λ̄ − 𝜔)(2Λ̄ − 𝜔′) + 𝑓2𝐺𝒦(𝜔)

(2Λ̄ − 𝜔)(2Λ̄ − 𝜔′) + 𝑑𝑀Σ𝑓2

(2Λ̄ − 𝜔)(2Λ̄ − 𝜔′) ,
(23)

𝛿𝒮Π(𝜔, 𝜔′)pole = 𝑓2𝐺𝒮(𝜔′)
(2Λ̄ − 𝜔)(2Λ̄ − 𝜔′) + 𝑓2𝐺𝒮(𝜔)

(2Λ̄ − 𝜔)(2Λ̄ − 𝜔′) , (24)

where

⟨𝑗, 𝑃 , 𝑗ℓ|ℎ̄𝑣(𝑖𝐷⟂)2ℎ𝑣|𝑗, 𝑃 , 𝑗ℓ⟩ = 2𝑑𝑀Σ𝑗,𝑃,𝑗ℓ
, (25)

⟨𝑗, 𝑃 , 𝑗ℓ|ℎ̄𝑣
𝑔
2𝜎𝜇𝜈𝐺𝜇𝜈ℎ𝑣|𝑗, 𝑃 , 𝑗ℓ⟩ = 𝑑𝑀Σ𝑗,𝑃,𝑗ℓ

, (26)

𝑑𝑀 = 𝑑𝑗,𝑗ℓ
, 𝑑𝑗ℓ−1/2,𝑗ℓ

= 2𝑗ℓ + 2, 𝑑𝑗ℓ+1/2,𝑗ℓ
= −2𝑗ℓ.

(27)

Setting 𝜔 = 𝜔′ in eqs. (22) and (23) and comparing with (20), one obtains [?]
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𝛿𝑚 = − 1
2𝑚𝑄

(𝒦 + 𝑑𝑀𝐶magΣ). (28)

The single-pole terms in (22) and (23) come from the region where 𝑠(𝑠′) = 2Λ̄
and 𝑠′(𝑠) is at the pole for a radial excited state or in the continuum. They
are suppressed by making a double Borel transformation in both 𝜔 and 𝜔′. The
Borel parameters corresponding to 𝜔 and 𝜔′ are taken to be equal. One thus
obtains the sum rules for 𝒦 and Σ:

𝑓2𝒦𝑒−2Λ̄/𝑇 = ∫
𝜔𝑐

0
𝑑𝜔 ∫

𝜔𝑐

0
𝑑𝜔′ 𝑒−(𝜔+𝜔′)/2𝑇 𝜌𝒦(𝜔, 𝜔′), (29)

𝑓2Σ𝑒−2Λ̄/𝑇 = ∫
𝜔𝑐

0
𝑑𝜔 ∫

𝜔𝑐

0
𝑑𝑠′ 𝜌𝒮(𝜔, 𝑠′)𝑒− 𝜔+𝑠′

2𝑇 . (30)

In this section we shall neglect the 𝑚𝑠 corrections to 𝒦 and Σ. For the doublet
with derivative currents we obtain

𝑓2
+,1/2𝒦𝑒−2Λ̄/𝑇 = ∫

𝜔𝑐

0
𝑑𝜔 𝜔6

24𝜋2 𝑒−𝜔/𝑇 + 2𝑚𝑠⟨ ̄𝑠𝑠⟩
𝑇 3 , (31)

𝑓2
+,1/2Σ𝑒−2Λ̄/𝑇 = ∫

𝜔𝑐

0
𝑑𝜔 ∫

𝜔𝑐

0
𝑑𝑠′ 𝜌(𝑠, 𝑠′)𝑒− 𝑠+𝑠′

2𝑇 + 2𝑚𝑠⟨ ̄𝑠𝑠⟩
𝑇 3 , (32)

with

𝜌(𝑠, 𝑠′) = 𝛼𝑠(2𝑇 )
𝜋3 𝐶mag𝑠𝑠′ [𝑠′2(3𝑠 − 𝑠′)𝜃(𝑠 − 𝑠′) + (𝑠 ↔ 𝑠′)] . (33)

We can eliminate the dependence of 𝒦 and Σ on 𝑓+,1/2 and Λ̄ by dividing the
above sum rules (27) by the sum rule (8). We use the same working windows
as those of the two-point sum rules for Λ̄ in evaluating the (1/𝑚𝑄) corrections.
Numerically we have

𝒦1/2 = (0.28 ± 0.30) GeV2, Σ1/2 = (0.40 ± 0.05) GeV2. (34)

The variations of 𝒦 and Σ with 𝑇 and 𝜔𝑐 for the 𝑗𝑃 = 1/2+ doublet are shown
in Figures 5 [Figure 5: see original paper] and 6 [Figure 6: see original paper],
respectively.

For the 𝑗𝑃 = 3/2+ doublet, we have
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𝑓2
+,3/2𝒦𝑒−2Λ̄/𝑇 = ∫

𝜔𝑐

0
𝑑𝜔 𝜔6

72𝜋2 𝑒−𝜔/𝑇 + 2𝑚𝑠⟨ ̄𝑠𝑠⟩
𝑇 3 , (35)

𝑓2
+,3/2Σ𝑒−2Λ̄/𝑇 = ∫

𝜔𝑐

0
𝑑𝜔 ∫

𝜔𝑐

0
𝑑𝑠′ 𝜌(𝑠, 𝑠′)𝑒− 𝑠+𝑠′

2𝑇 + 2𝑚𝑠⟨ ̄𝑠𝑠⟩
𝑇 3 , (36)

with

𝜌(𝑠, 𝑠′) = 𝛼𝑠(2𝑇 )
𝜋3 𝐶mag {𝑠′4(𝑠 − 𝑠′)𝜃(𝑠 − 𝑠′) + (𝑠 ↔ 𝑠′)} . (37)

The variations of 𝒦 and Σ with 𝑇 and 𝜔𝑐 for the 𝑗𝑃 = 3/2+ doublet are plotted
in Figures 7 [Figure 7: see original paper] and 8 [Figure 8: see original paper],
respectively. Numerically we obtain

𝒦3/2 = (0.058 ± 0.40) GeV2, Σ3/2 = (0.01 ± 0.06) GeV2. (38)

The spin-symmetry violating term not only causes splitting of masses within the
same doublet but also causes mixing of states with the same 𝑗, 𝑃 but different
𝑗ℓ. In Ref. [?] corrections from mixing were found to be negligible, so we omit
this effect here.

4. Numerical Results and Discussions
We present our results for the ̄𝑐𝑠 system assuming HQET is sufficiently accurate
for excited 𝐷 mesons. For the (0+, 1+) doublet with the derivative current, the
weighted average mass is

𝑚𝐷𝑠0
+ 3𝑚𝐷𝑠1

4 = 𝑚𝑐 + (0.86 ± 0.10) + 1
2𝑚𝑐

[(0.40 ± 0.08) GeV2] . (39)

The mass splitting is

𝑚𝐷𝑠1
− 𝑚𝐷𝑠0

= 1
2𝑚𝑐

[(0.28 ± 0.05) GeV2] . (40)

For the (1+, 2+) doublet we have

3𝑚𝐷𝑠1
+ 5𝑚𝐷𝑠2

8 = 𝑚𝑐 + (0.83 ± 0.10) + 1
2𝑚𝑐

[(0.41 ± 0.10) GeV2] . (41)

The 1+, 2+ mass splitting is
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𝑚𝐷𝑠2
− 𝑚𝐷𝑠1

= 1
2𝑚𝑐

[(0.116 ± 0.06) GeV2] . (42)

The results for the 𝑏̄𝑠 system are obtained by replacing 𝑚𝑐 with 𝑚𝑏 and multi-
plying Σ by 0.8 (since 𝐶mag ≈ 0.8 for the 𝐵 system, using the values of ΛQCD
given in Section 2) in the above equations.

Choosing 𝑚𝑐 to fit the experimental value (3𝑚𝐷𝑠1
+ 5𝑚𝐷𝑠2

)/8 = 2.56 GeV,
where we again neglect mixing between the two 1+ states, we obtain 𝑚𝑐 = 1.44
GeV. Using this 𝑚𝑐 value we obtain the following numerical results. The 1+, 2+

mass splitting is

𝑚𝐷𝑠2
− 𝑚𝐷𝑠1

= (0.080 ± 0.042) GeV, (43)

which is consistent with the experimental value of 37 MeV within the large the-
oretical uncertainty. Experimentally, the mass splitting in the (1+, 2+) doublet
in the 𝐷𝑠 system is almost equal to that in the 𝐷 system. This justifies neglect-
ing the 𝑚𝑠 correction to the Σ term in our calculation. For the (0+, 1+) doublet,
the weighted average mass is

𝑚𝐷𝑠0
+ 3𝑚𝐷𝑠1

4 = (2.57 ± 0.12) GeV. (44)

The mass splitting is

𝑚𝐷𝑠1
− 𝑚𝐷𝑠0

= (0.19 ± 0.04) GeV. (45)

Therefore, the 0+ mass is predicted to be

𝑚0+ = (2.42 ± 0.13) GeV. (46)

This is consistent with the experimental value of 2.317 GeV, though the central
value is 100 MeV larger than the data. If the 1+ 𝐷𝑠 state of mass 2.460 GeV
found by CLEO [?, ?] is assigned as the other member of the (0+, 1+) doublet,
then the observed mass splitting of 0.143 GeV is consistent with (32). Notice
that the Σ1/2 value in Fig. 6 changes very slowly between 𝑇 = 0.35 GeV, so the
result (32) is insensitive to the stability window used.

We would like to note that the stability of the sum rules (in particular those
for 𝒦 and Σ) obtained by us is not as good as those for the ground states, as
can be seen from the figures. Furthermore, for charm-flavor hadrons, the 1/𝑚𝑐
corrections are significant. Consequently, the mass predictions have relatively
large uncertainties, which are estimated by the given errors.
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If we replace the strange quark condensate by the up/down quark condensate
and set 𝑚𝑠 to zero, we can extract the non-strange excited 𝐷 meson masses. For
the (1+, 2+) doublet, the sum rule window is 0.57 < 𝑇 < 0.67 GeV for 𝜔𝑐 = 2.8
GeV. The results are

Λ̄3/2 = (0.73 ± 0.08) GeV, (47)

𝒦3/2 = (0.4 ± 0.4) GeV2, (48)

Σ3/2 = (0.057 ± 0.01) GeV2, (49)

with the central value at 𝑇 = 0.62 GeV. For the (0+, 1+) doublet, the sum rule
window is 0.46 < 𝑇 < 0.6 GeV for 𝜔𝑐 = 2.7 GeV. The results are

Λ̄1/2 = (0.79 ± 0.08) GeV, (50)

𝒦1/2 = (1.57 ± 0.4) GeV2, (51)

Σ1/2 = (0.286 ± 0.05) GeV2, (52)

with the central value at 𝑇 = 0.53 GeV. The effect of the strange quark is to
make the mass of 𝐷𝑠 mesons slightly larger, as expected. Experimentally, the
Belle collaboration found 𝑚𝐷0

= (2290 ± 20) MeV and 𝑚𝐷∗
1

= (2400 ± 40)
MeV recently [?], while the CLEO collaboration found 𝑚𝐷∗

1
= 2400+48

−42 MeV
[?]. The 𝑗 = 3/2 non-strange doublet masses are known precisely [?]: 𝑚𝐷2

=
2460 MeV and 𝑚𝐷1

= 2420 MeV. Our results (33)-(34) are consistent with the
experimental data within theoretical uncertainties.

In summary, we have calculated the masses of the excited (0+, 1+) and (1+, 2+)
doublets for the ̄𝑐𝑠 system to order 1/𝑚𝑄 in HQET sum rules. The numeri-
cal results imply that the 𝐷𝑠𝐽(2317) and 𝐷𝑠𝐽(2460) observed by BABAR and
CLEO can be consistently identified as the (0+, 1+) doublet with 𝑗ℓ = 1

2 within
theoretical uncertainty. In particular, the mass splitting in the (0+, 1+) dou-
blet is reproduced quite well. The repulsion between these states and the 𝐷𝐾
and 𝐷∗𝐾 continuum may help to lower their masses. In the framework of the
sum rule, this effect should arise from the contribution of the 𝐷𝐾 and 𝐷∗𝐾
continuum to the dispersion integral.
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