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Abstract
The 1/mc and 1/mb corrections to the #3;b → #3;c semileptonic decay are
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1. Introduction
The weak decays of heavy baryons provide an important testing ground for the
Standard Model. They reveal crucial features of heavy quark physics. From the
study of heavy quark physics, fundamental parameters of the Standard Model,
for instance, the Cabibbo-Kobayashi-Maskawa (CKM) matrix element 𝑉𝑐𝑏, can
be extracted by comparing experimental data with theoretical calculations for
the decay mode Λ𝑏 → Λ𝑐𝑙− ̄𝜈.

The main difficulties in Standard Model calculations arise from the poor un-
derstanding of nonperturbative aspects of strong interactions (QCD). Besides
numerical lattice methods, several analytic, model-independent nonperturba-
tive QCD methods have been developed. For heavy hadrons containing a single
heavy quark, an effective theory of QCD based on heavy quark symmetry in
the heavy quark limit [1], the so-called heavy quark effective theory (HQET),
has been proposed [2].

The classification of weak decay form factors for heavy baryons has been greatly
simplified in HQET [3]. To increase the precision of the analysis, subleading
corrections [4] to the heavy quark limit results have also been considered for
baryons [5]. However, for a complete analysis of heavy baryons, we still need to
employ additional nonperturbative methods.

Combining the QCD sum rule method [6], a complete analysis for heavy baryons
can be performed within HQET. As a nonperturbative method rooted in QCD
itself, QCD sum rules have been successfully applied to calculate properties of
various hadrons [6, 7]. For heavy mesons, this method has been used in the
HQET framework at leading order in the heavy quark expansion to calculate
masses, decay constants, and the Isgur-Wise function [8], and 1/𝑚𝑄 corrections
have also been computed [9, 10]. Heavy baryons were first studied using QCD
sum rules in Ref. [11]. The heavy baryon masses and baryonic Isgur-Wise
functions have been calculated using HQET sum rules at leading order in Refs.
[12] and [13], respectively. We [14] and another group [15] have calculated the
1/𝑚𝑄 corrections to heavy baryon masses building on the results of Ref. [12].
In this paper, we extend the analysis to calculate the subleading Isgur-Wise
function for the weak transition Λ𝑏 → Λ𝑐 using HQET sum rules.

The hadronic matrix element of the weak current for Λ𝑏 → Λ𝑐 is generally
parameterized by six form factors 𝐹𝑖 and 𝐺𝑖 (𝑖 = 1, 2, 3):

⟨Λ𝑐(𝑣′)| ̄𝑐𝛾𝜇(1−𝛾5)𝑏|Λ𝑏(𝑣)⟩ = 𝑢̄Λ𝑐
(𝑣′)[𝐹1𝛾𝜇+𝐹2𝑣𝜇+𝐹3𝑣′

𝜇]𝑢Λ𝑏
(𝑣)+𝑢̄Λ𝑐

(𝑣′)[𝐺1𝛾𝜇+
𝐺2𝑣𝜇 + 𝐺3𝑣′

𝜇]𝛾5𝑢Λ𝑏
(𝑣),

where 𝑣 and 𝑣′ denote the four-velocities of Λ𝑏 and Λ𝑐, respectively. These form
factors must be determined by some nonperturbative QCD method. Within
HQET, their classification is greatly simplified. To order 1/𝑚𝑄, the effective
Lagrangian for the heavy quark ℎ𝑣 is:

ℒ𝑒𝑓𝑓 = ℎ̄𝑣𝑖𝑣 ⋅ 𝐷ℎ𝑣 + 1
2𝑚𝑄

[ℎ̄𝑣(𝑖𝐷)2ℎ𝑣 + ℎ̄𝑣𝜎𝜇𝜈𝐺𝜇𝜈ℎ𝑣].
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In the heavy quark limit, the form factors are determined by a single universal
function 𝜉(𝑦):
⟨Λ𝑐(𝑣′)|ℎ̄(𝑐)

𝑣′ Γℎ(𝑏)
𝑣 |Λ𝑏(𝑣)⟩ = 𝜉(𝑦)𝑢̄Λ𝑐

(𝑣′)Γ𝑢Λ𝑏
(𝑣),

where 𝑦 = 𝑣⋅𝑣′ and Γ is some gamma matrix structure. To order 1/𝑚𝑄, they are
determined by one mass parameter Λ̄ and an additional function 𝜒(𝑦), defined
as:

Λ̄ = 𝑚Λ𝑄
− 𝑚𝑄, ⟨Λ𝑐(𝑣′)|ℎ̄(𝑐)

𝑣′ Γ(𝑖𝐷)2ℎ(𝑏)
𝑣 |Λ𝑏(𝑣)⟩ = −2𝜒(𝑦)𝑢̄Λ𝑐

(𝑣′)Γ𝑢Λ𝑏
(𝑣).

Both the leading-order universal function 𝜉 and the subleading function 𝜒 are
called Isgur-Wise functions. While 𝜉 and Λ̄ have been calculated using QCD
sum rules, we will calculate the subleading Isgur-Wise function 𝜒.

2. QCD Sum Rule Analysis
QCD sum rules provide a method for calculating nonperturbative physical quan-
tities [8]. The Green’s function from which the Isgur-Wise function can be ex-
tracted is the three-point correlator of heavy baryonic currents ̃𝑗 and the weak
current in HQET.

Generally, the current for heavy Λ-baryons is:
̃𝑗𝑣 = 𝜖𝑎𝑏𝑐(𝑞𝑎𝑇 𝐶Γ̃𝜏𝑞𝑏)ℎ𝑐

𝑣,

where 𝐶 is the charge conjugation matrix, 𝜏 is an antisymmetric flavor matrix,
𝑎, 𝑏, 𝑐 are color indices, and the choice of the gamma matrix Γ̃ is not unique.
There are two common choices:

Γ̃1 = 𝛾5, Γ̃2 = ̸𝑣𝛾5.

We denote the corresponding currents as ̃𝑗1
𝑣 for Γ̃1 and ̃𝑗2

𝑣 for Γ̃2. Before per-
forming the sum rule analysis for the three-point correlator needed to obtain
the subleading function 𝜒, we first review some two-point correlator results from
QCD sum rules [14], as they are related to the three-point correlator analysis.

In Ref. [14], we obtained heavy baryon masses and the so-called baryonic “decay
constants” to order 1/𝑚𝑄 through QCD sum rule analysis of two-point correla-
tors. With the definition of the “decay constant” 𝑓 in HQET, where 𝑢 is the
HQET spinor, the sum rules give:

𝑓2
1 𝑒−2Λ̄1/𝑇 = 1

5𝜋4 ∫𝜔𝑐
0 𝑑𝜔𝜔5𝑒−𝜔/𝑇 + 1

12 ⟨ ̄𝑞𝑞⟩2𝑒−2/𝑇 2 + 1
27𝜋4 ⟨𝛼𝑠𝐺𝐺⟩ ∫𝜔𝑐

0 𝑑𝜔𝜔6𝑒−𝜔/𝑇 +
⟨ ̄𝑞𝑞⟩2

2𝑇 2 + 13⟨𝛼𝑠𝐺𝐺⟩
3𝑇 3 ,

for ̃𝑗1
𝑣, and

𝑓2
2 𝑒−2Λ̄2/𝑇 = 1

5𝜋4 ∫𝜔𝑐
0 𝑑𝜔𝜔5𝑒−𝜔/𝑇 + 1

12 ⟨ ̄𝑞𝑞⟩2𝑒−2/𝑇 2 + 1
27𝜋4 ⟨𝛼𝑠𝐺𝐺⟩ ∫𝜔𝑐

0 𝑑𝜔𝜔6𝑒−𝜔/𝑇 +
⟨ ̄𝑞𝑞⟩2

2𝑇 2 + 19⟨𝛼𝑠𝐺𝐺⟩
3𝑇 3 ,
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for ̃𝑗2
𝑣. In these equations, 𝑇 is the Borel parameter and 𝜔𝑐 is the continuum

threshold. There are some errors in the coefficients of the gluon condensates in
the 1/𝑚𝑄 corrections in Ref. [14]. For Λ baryons, the coefficients are corrected
in this paper. Additionally, in Eq. (20) of Ref. [14], the coefficients 13/3 and
5/3 should be replaced by 3. However, these modifications do not affect the
numerical results of Ref. [14].

The three-point correlator Ξ̃(𝜔, 𝜔′, 𝑦) we choose for sum rule analysis in HQET
is:

Ξ̃𝑖𝑗(𝜔, 𝜔′, 𝑦) = 𝑖2 ∫ 𝑑4𝑥′ ∫ 𝑑4𝑥𝑒𝑖𝑘′⋅𝑥′−𝑖𝑘⋅𝑥⟨0|𝑇 { ̃𝑗𝑖
𝑣′(𝑥′)ℎ̄(𝑄′)

𝑣′ (0)Γℎ(𝑄)
𝑣 (0) ̄̃𝑗

𝑗
𝑣(𝑥)}|0⟩,

with 𝑖, 𝑗 = 1, 2, where 𝜔 = 2𝑣⋅𝑘 and 𝜔′ = 2𝑣′ ⋅𝑘′. Due to heavy quark symmetry,
we take 𝑚𝑄 = 𝑚𝑄′ for simplicity. The hadronic representation of this correlator
is:

Ξ̃𝑖𝑗(𝜔, 𝜔′, 𝑦) = 𝑓𝑖𝑓𝑗
(2Λ̄𝑖−𝜔)(2Λ̄𝑗−𝜔′) [𝜉(𝑦) + 1

2𝑚𝑄
𝜒(𝑦) + … ] + resonances,

where Λ̄ and 𝑓2 have been given in the sum rules above to order 1/𝑚𝑄.

On the other hand, Ξ̃(𝜔, 𝜔′, 𝑦) can be calculated in terms of quark and gluon
fields with vacuum condensates, establishing the sum rule. Only diagonal cor-
relators (𝑖 = 𝑗) will be considered. It should be remarked that in general one
could consider a correlation function of the linear combination ̃𝑗1

𝑣 + 𝑥 ̃𝑗2
𝑣 with

mixing parameter 𝑥. However, with the commonly adopted quark-hadron dual-
ity, the mixed correlator Ξ̃12 has no perturbative contribution in the sum rule.
Therefore, mixing effects are expected to be small.

The calculation of Ξ̃(𝜔, 𝜔′, 𝑦) is straightforward. In addition to the Feynman
diagrams at leading order in the heavy quark expansion given in Ref. [13],
the diagrams for the 1/𝑚𝑄 corrections to the three-point correlator Ξ̃(𝜔, 𝜔′, 𝑦)
are shown in Fig. 1. These are calculated by inserting the 1/𝑚𝑄 operators
from the Lagrangian using standard methods. The chromo-magnetic operator
insertion vanishes for the Λ𝑄 → Λ𝑄′ transition, so only kinetic energy term
insertions need to be considered. We adopt the coordinate representation in our
calculation rather than the momentum representation.

The heavy quark propagator takes a very simple form in coordinate represen-
tation, making calculations comparatively easy. Including the insertion of the
pure kinetic energy term at order 1/𝑚𝑄, the heavy quark propagator becomes:

𝑇 {ℎ𝑣(𝑥)ℎ̄𝑣(0)} = (1 + 𝑖𝜕𝜇𝜕𝜇

2𝑚𝑄
)𝛿(𝑥).

The fixed-point gauge [16] is used. All condensates with dimension lower than
6 are retained. We also include the dimension-6 condensate ⟨ ̄𝑞(𝑥)𝑞(𝑥′)⟩2, which
gives a major contribution. We use the Gaussian ansatz for the spacetime
distribution of this condensate [17]. The condensate values used are:
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⟨ ̄𝑞𝑞⟩ = −(0.23 GeV)3, ⟨𝛼𝑠𝐺𝐺⟩ = 0.04 GeV4, ⟨𝑔 ̄𝑞𝜎𝜇𝜈𝐺𝜇𝜈𝑞⟩ = 𝑚2
0⟨ ̄𝑞𝑞⟩, 𝑚2

0 =
0.8 GeV2.

The normalization Tr(𝜏†𝜏) = 1 is used in the analysis. In the fixed-point gauge,
spacetime translational invariance is violated, but it is restored by adding all
diagrams in Fig. 1, providing a check of our calculation.

We employ the commonly adopted quark-hadron duality for the resonance con-
tribution. Generally, duality simulates the resonance contribution by the per-
turbative part above some threshold energy 𝜔𝑐. The perturbative contribution
of the three-point correlator Ξ̃𝑝𝑒𝑟𝑡(𝜔, 𝜔′, 𝑦) can be expressed through a double
dispersion relation:

Ξ̃𝑝𝑒𝑟𝑡(𝜔, 𝜔′, 𝑦) = ∫ ∫ 𝑑𝜔̃𝑑𝜔̃′ Im Ξ̃𝑝𝑒𝑟𝑡(𝜔̃,𝜔̃′,𝑦)
(𝜔̃−𝜔)(𝜔̃′−𝜔′) .

The integration domain is a kite-like area. With the redefinition of integration
variables:

𝜔+ = (𝜔̃ + 𝜔̃′ + 𝑦 + 1)1/2, 𝜔− = (𝜔̃ − 𝜔̃′ + 𝑦 + 1)1/2,

the integration becomes:

∫ ∫ 𝑑𝜔̃𝑑𝜔̃′ ⋯ = 2(𝑦 + 1) ∫ 𝑑𝜔+ ∫ 𝑑𝜔− …
It is in 𝜔+ that quark-hadron duality is assumed [18]:

resonance = 1
𝜋2 ∫∞

𝜔𝑐
𝑑𝜔+

Im Ξ̃𝑝𝑒𝑟𝑡(𝜔̃,𝜔̃′,𝑦)
(𝜔̃−𝜔)(𝜔̃′−𝜔′) .

In the heavy quark limit, we have double-checked the analysis of Ref. [13]. There
are two sum rules for the leading-order Isgur-Wise function corresponding to the
two choices of baryonic current. For 𝜔𝑐 between 1.8–2.5 GeV and 𝑇 = 0.3–0.6
GeV, the two results for the Isgur-Wise function are consistent with each other.

For 𝑦 in the physical region 1 ≤ 𝑦 ≤ 1.43, a linear approximation fits the results:

𝜉(𝑦) = 1 − 𝜌(𝑦 − 1), 𝜌 = 0.55 ± 0.15,

where the uncertainty in 𝜌 accounts for variations in 𝜔𝑐 and 𝑇 , as well as differ-
ences between the two sum rule results. For 𝑦 in the range 1 ≤ 𝑦 ≤ 3, we find
that the following function fits our numerical results very well for reasonable 𝜔𝑐
and 𝑇 :

𝜉(𝑦) = ( 𝑦+1
2 )0.5 exp[−𝜌(𝑦 − 1)].

We note that the 𝑦-dependence of the Isgur-Wise function is not as steep as
that predicted by the Skyrme model [19] and the quark model [20].

The sum rule for the subleading Isgur-Wise function 𝜒(𝑦) is:

𝜒(𝑦) = 𝑒2Λ̄/𝑇

8Λ̄𝑓2 [𝐽(𝑦) − 𝜉(𝑦)𝐽(1)],
where
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𝐽1(𝑦) = 1
27𝜋4 ∫𝜔𝑐

0 𝑑𝜔𝜔6𝑒−𝜔/𝑇 [ 4𝑦
𝑦+1 + 4𝑇 2

𝑦+1 (𝑦2 − 1)] + ⟨𝛼𝑠𝐺𝐺⟩
3𝜋4 [ 4𝑦

𝑦+1 + 4𝑇 2
𝑦+1 (𝑦2 − 1)] +

⟨ ̄𝑞𝑞⟩2

2𝑇 2 [ 4𝑦
𝑦+1 + 4𝑇 2

𝑦+1 (𝑦2 − 1)]𝑒−4𝑇 2/(𝑦+1) + 13⟨𝛼𝑠𝐺𝐺⟩
3𝑇 3 [ 4𝑦

𝑦+1 + 4𝑇 2
𝑦+1 (𝑦2 − 1)],

𝐽2(𝑦) = 1
27𝜋4 ∫𝜔𝑐

0 𝑑𝜔𝜔6𝑒−𝜔/𝑇 [ 4𝑦
𝑦+1 + 4𝑇 2

𝑦+1 (𝑦2 − 1)] + ⟨𝛼𝑠𝐺𝐺⟩
3𝜋4 [ 4𝑦

𝑦+1 + 4𝑇 2
𝑦+1 (𝑦2 − 1)] +

⟨ ̄𝑞𝑞⟩2

2𝑇 2 [ 4𝑦
𝑦+1 + 4𝑇 2

𝑦+1 (𝑦2 − 1)]𝑒−4𝑇 2/(𝑦+1) + 19⟨𝛼𝑠𝐺𝐺⟩
3𝑇 3 [ 4𝑦

𝑦+1 + 4𝑇 2
𝑦+1 (𝑦2 − 1)],

with subscripts 1 and 2 denoting the two baryonic currents. Luke’s theorem
[4] for baryons, 𝜒(1) = 0, is satisfied automatically. The numerical results are
shown in Fig. 2, where the two curves correspond to the two sum rule results.
The range of 𝜔𝑐 is the same as in the leading-order case. The sum rule window
is narrower than at leading order. In the window 𝑇 = 0.35–0.55 GeV, the
results for the subleading Isgur-Wise function are stable. The two results can
be regarded as consistent with each other. Nevertheless, it is obvious that the
subleading Isgur-Wise function is negligibly small, of order 10−2.

3. Decay Rate and Branching Ratio
The semileptonic decay Λ𝑏 → Λ𝑐𝑙− ̄𝜈 can be analyzed directly after obtaining
the hadronic matrix elements from QCD sum rules. Neglecting the lepton mass,
the differential decay rate is:
𝑑Γ(Λ𝑏→Λ𝑐𝑙− ̄𝜈)

𝑑𝑦 = 𝐺2
𝐹 |𝑉𝑐𝑏|2𝑚5

Λ𝑏
192𝜋3 √(𝑦2 − 1)(1 + 𝑟2 − 2𝑟𝑦)[𝐴𝑟2 + 2𝐵𝑟 + 𝐶],

where 𝑟 = 𝑚Λ𝑐
/𝑚Λ𝑏

. In the above equation:

𝐴 = 2𝐹1𝐹2 +(𝑦+1)𝐹 2
2 +2𝐺1𝐺2 +(𝑦−1)𝐺2

2, 𝐵 = 𝐹1𝐹2 +𝐹2𝐹3 +𝐹3𝐹1 +𝑦𝐹2𝐹3 +
𝐺1𝐺2 − 𝐺2𝐺3 + 𝐺3𝐺1 + 𝑦𝐺2𝐺3, 𝐶 = (𝑦 + 1)𝐹 2

1 + 2𝐹1𝐹3 + (𝑦 − 1)𝐺2
1 + 2𝐺1𝐺3.

To order 1/𝑚𝑐 and 1/𝑚𝑏, the form factors 𝐹𝑖 and 𝐺𝑖 are expressed as:

𝐹1 = 𝐶(𝜇)𝜉(𝑦) + ( 1
𝑚𝑐

+ 1
𝑚𝑏

)[2𝜒(𝑦) + 𝜉(𝑦)], 𝐺1 = 𝐶(𝜇)𝜉(𝑦) + ( 1
𝑚𝑐

+ 1
𝑚𝑏

)[2𝜒(𝑦) +
𝜉(𝑦)], 𝐹2 = 1

𝑚𝑐
𝜉(𝑦)
𝑦+1 , 𝐺2 = 1

𝑚𝑏
𝜉(𝑦)
𝑦+1 , 𝐹3 = 𝐺3 = 0,

where 𝐶(𝜇) is the perturbative QCD coefficient. The subleading Isgur-Wise
function can be safely neglected. The 1/𝑚𝑄 corrections arise mainly from the
weak current.

Using the leading-order Isgur-Wise function from Eq. (19), the differential decay
rate for Λ𝑏 → Λ𝑐𝑙− ̄𝜈 is shown in Fig. 3. In this figure, we have taken the heavy
quark masses 𝑚𝑏 = 4.83 GeV, 𝑚𝑐 = 1.44 GeV, and Λ̄ = 0.79 GeV [14], the
renormalization point 𝜇 = 470 MeV, and the CKM matrix element 𝑉𝑐𝑏 = 0.04
[21]. The width and branching ratio for this decay mode are:

Γ = 6.05 × 10−14 GeV, 𝐵𝑟 = 9.8%.

The 1/𝑚𝑄 correction contributes about 10% to this branching ratio.
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4. Conclusion
We have analyzed the Λ𝑏 → Λ𝑐 semileptonic decays using QCD sum rules within
the HQET framework to order 1/𝑚𝑐 and 1/𝑚𝑏. In the heavy quark limit,
the analysis of Λ𝑏 → Λ𝑐 decay depends on one independent form factor—the
leading-order Isgur-Wise function—which was calculated using QCD sum rules
in Ref. [13]. However, for a more precise analysis, leading-order calculations are
insufficient.

In this paper, we have considered 1/𝑚𝑄 corrections. The subleading Isgur-Wise
function has been calculated using HQET sum rules and is shown to be so small
that it can be neglected. The 1/𝑚𝑄 correction to the Λ𝑏 → Λ𝑐 decay arises
primarily from the weak current. The differential decay distribution has been
presented. The branching ratio is predicted to be 𝐵𝑟(Λ𝑏 → Λ𝑐𝑙− ̄𝜈) = 9.8%
for 𝑉𝑐𝑏 = 0.04, which will be useful for comparison with future experiments.
Polarization effects for this decay have not been calculated and will be considered
elsewhere.

Finally, we remark on perturbative QCD corrections in sum rule calculations.
Such corrections to the baryonic Isgur-Wise function, which have not yet been
included, would involve three-loop calculations. However, we expect them to be
small. The Isgur-Wise function obtained from QCD sum rules is actually a ratio
of three-point to two-point correlator results. While both correlators receive
large perturbative QCD corrections, their ratio does not depend significantly
on these corrections due to cancellation. Therefore, the results for the Isgur-
Wise function are more reliable than those for heavy baryon masses, as occurs
in the heavy meson case [8]. The perturbative QCD corrections to the two-point
correlators, and thus to heavy baryon masses, will be calculated elsewhere.
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Figure Captions
Fig. 1. Feynman diagrams for the 1/𝑚𝑄 corrections to Ξ̃(𝜔, 𝜔′, 𝑦). The inser-
tions are only the kinetic energy terms at order 1/𝑚𝑄.
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Fig. 2. Subleading Isgur-Wise function 𝜒(𝑦). The lower and upper curves
correspond to the sum rules (29) of 𝐽 = 𝐽1 with 𝜔𝑐 = 2.2 GeV, 𝑇 = 0.55 GeV
and 𝐽2 with 𝜔𝑐 = 2.5 GeV, 𝑇 = 0.39 GeV, respectively.

Fig. 3. The differential decay rate of Λ𝑏 → Λ𝑐𝑙− ̄𝜈 (𝑦 = 𝑣 ⋅ 𝑣′).

Note: Figure translations are in progress. See original paper for figures.

Source: ChinaXiv — Machine translation. Verify with original.
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