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Abstract

We show that the splitting between the light pseudo-scalar and vector meson
states is due to the strong short-range attraction in the 1S0 sector which makes
the pion and the kaon light particles. We use a light-cone QCD-inspired model
of the mass squared operator with harmonic confinement and a Dirac-delta
interaction. We apply a renormalization method to define the model, in which
the pseudo-scalar ground state mass fixes the renormalized strength of the Dirac-
delta interaction.
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Abstract. We demonstrate that the splitting between light pseudoscalar and
vector meson states arises from strong short-range attraction in the 1S, sector,
which renders the pion and kaon light particles. We employ a light-cone QCD-
inspired model for the mass-squared operator with harmonic confinement and
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a Dirac-delta interaction, applying a renormalization procedure that fixes the
renormalized delta strength using the pseudoscalar ground-state mass.

PACS Number(s): 12.39.Ki, 11.10.Ef, 11.10.Gh, 14.40-n, 13.40.Gp

I. Introduction

The effective light-cone QCD theory [?, ?] attempts to describe the Fock-state
components of the light-front meson wavefunction for bound constituent quarks,
constructed recursively from the lowest Fock component. This lowest Fock
component is an eigenfunction of an effective mass-squared operator parameter-
ized in terms of an interaction containing both a Coulomb-like potential and
a Dirac-delta term. Both interaction terms originate from effective one-gluon
exchange, with the delta term representing the hyperfine interaction. Despite
having only the canonical number of free parameters plus one additional pa-
rameter—the renormalized strength of the Dirac-delta interaction—this effective
theory successfully describes the ground-state masses of pseudoscalar mesons
and, in particular, the pion structure [?]. However, the model lacks confine-
ment, preventing the study of excited states above the breakup threshold. The
next logical step is to introduce a confining interaction, which raises questions
about how the model’ s elegant renormalization features are modified and what
implications this has for the pseudoscalar meson spectrum.

In this work, we extend the light-cone QCD-inspired theory to include confine-
ment and perform renormalization using the light pseudoscalar masses as input
to fix the renormalized strength of the Dirac-delta interaction active in the
1S, channel. We apply this extended model to study the splitting of excited
pseudoscalar states from excited S, vector meson states as a function of the
ground-state pseudoscalar mass. The m-p mass splitting, arising from the at-
tractive delta interaction, serves as the source of the scalar mass. We show that
despite the model’ s simplicity, there is reasonable qualitative agreement with
experimental values [?].

The nontrivial mass splitting between the m and p meson spectra is a conse-
quence of the small pion mass on the hadronic scale, which fixes the renor-
malized strength of the Dirac-delta interaction. We emphasize that the renor-
malized delta strength, fitted to the pion mass, encodes complex short-range
physics that makes the pion a strongly bound system. In this initial study,
we replace the Coulomb-like and confining interactions with a harmonic oscil-
lator potential, enabling an analytic formulation as we will demonstrate. The
confining interaction parameters in the mass-squared operator are fitted to the
35, meson ground-state mass and the slope of the excited-state trajectory with
principal quantum number [?]. We expect that using the detailed Coulomb-like
potential and a specific confinement form will have only a small overall effect
and will not alter our conclusions regarding the splitting of the pion and kaon
spectra relative to their corresponding vector meson spectra.

We should add that the observation of an almost linear relationship between the
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mass-squared of excited states and n, as noted in Ref. [?], connects naturally
with our model. The trajectory slope in the (n, M?) plane defines the harmonic
oscillator strength of the mass-squared operator. Here we reveal some of the
physics underlying Ref. [?] and demonstrate the relation between the 7 and p
spectra through the pion mass scale, which defines the model’ s renormalization
condition.

This paper is organized as follows. In Section II, we review the light-cone QCD-
inspired theory for the mass-squared operator in a constituent quark-antiquark
system and extend it to include confinement. We demonstrate renormalization
using subtracted equations for the model’ s transition matrix. In Section III,
we present a pedestrian approach to this theory using a harmonic oscillator
interaction in the mass-squared operator equation and show results within this
model. In Section IV, we offer several remarks on the qualitative aspects of the
model and summarize our work.

II. Extended Light-Cone QCD-Inspired Theory

We extend the renormalized effective QCD theory from Ref. [?] to include
confinement. The bare mass operator equation for the lowest light-front Fock
component of a bound constituent quark-antiquark system with masses m; and
My in the spin-0 channel is given by [?, ?]:

. 72 2 72 2
M2p(a, o) = | T LT

vl o)+ [ da'diy [ S5+ 70w =203k, = K0) + Wene@)] 00,

x 1—=x

where M is the bound-state mass, ¢ is the projection of the light-front wave-
function onto the quark-antiquark Fock state, W, ;(Q?) represents the confin-
ing interaction, @ is the space part of the four-momentum transfer, « is the
Coulomb-like potential strength, and A is the bare coupling constant of the
Dirac-delta interaction.

For convenience, we transform to the instant-form representation [?, ?]. The
Jacobian of the transformation from (z, k) to k is:

_ E1+kz

k)= 2L T %
o) =5 1 F,

with the dimensionless function and measure:

B+ E
Vv E By
where the reduced mass is m,. = m;my/(m; +msy). The individual energies are

E; = /m2 4+ k2 fori =1,2.
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The mass operator equation in instant-form momentum variables becomes:

A(R)A(R)
[Ey + E5)* — [E] + E3)? +ie

M26(k) = B, + EyPo(k) - / i’ Wt (@26 (i)

where m, = my + m,, the phase-space factor is included in 1/A(k)A(k"), and
Y(z, k) = A(k)p(k). The momentum transfer is chosen in rotationally invariant
form as Q2 = (k— k)2

Bound-state masses come from diagonalizing the mass-squared operator, but the
operator is mathematically ill-defined. These masses also correspond to poles of
the theory’ s Green’ s function. Given the need for regularization and renormal-
ization due to the singular interaction, we employ the renormalization method
for singular interactions developed in the context of nonrelativistic scattering
equations [?] to derive the T-matrix and obtain the Green’ s function poles.

A. Mass Operator and Green’ s Function

The operator form of the mass-squared equation is:

M? =My +V +Vs+ V¢

where the free mass operator M, = E;| + E, is the sum of quark energies, V is
the Coulomb-like potential, Vs is the short-range singular interaction, and V_, ¢
provides quark confinement. The matrix elements follow from the instant-form
equation.

Due to the confining interaction, the complete basis states for the renormal-
ized theory are eigenstates of the mass-squared operator without the singular
interaction:

[MO +V+ ‘/Conf]‘¢n> = Mn2|¢n>

where M2 is the eigenvalue and n denotes the quantum numbers.
Our renormalization procedure uses Green’ s function methods. The free Green’

s function is:

1
M2_(MO+V+V::onf)+i€

Go(M?) =

The poles of G, give the eigenvalues of the confining Hamiltonian. The complete
Green’ s function includes the delta potential and satisfies:

G(M?) = Go(M?) + Go(M*)V;G(M?)
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The poles of G(M?) on the real axis are the eigenvalues of the full mass-squared
operator.

B. Renormalized T-Matrix

Analogous to scattering theory, we introduce the transition matrix from which
the full Green’ s function derives:

G(M?) = Go(M?) 4+ Go(M?)Tr(M?)Go(M?)

The matrix elements of the renormalized transition matrix T, (M?) satisfy the
subtracted Lippmann-Schwinger equation [?, ?]:

Tr(M?) = Tr(p?) + Tr(1?)[Go(M?) — Go ()| Tr(M?)
The subtraction point p? is arbitrary and can be moved without affecting phys-
ical results, as T (u?) changes according to the Callan-Symanzik equation.

To solve this, we need T, (u?). Given the separable structure of the singular
interaction, we write:

Tr(p?) = Ag(p?)|n)(n]

where A (p?) is the renormalized delta strength, fixed by the pseudoscalar 1S,
meson ground state.

The solution of the subtracted equation with this ansatz is:

b )t (M?)(n]
TrM) = TG, O2) — Colu )i (OF2)

where the reduced matrix element is:

tp(M?) = Ap(k?) + Mg (?) (| Go(M?) — Go(p?)|n)t  (M?)

Divergences in the sum are exactly canceled by differences between free Green’
s functions. The masses are given by zeros of t(M?), which defines the zero
angular momentum bound states.

The ground-state pion or other pseudoscalar mesons provide input to define the
reduced matrix element. Choosing the subtraction point at the pseudoscalar
ground-state mass (e.g., the pion mass) makes the renormalized strength zero,
yielding a zero at mass . This physical input can be varied continuously to
study 1S, and 3, spectrum splitting.
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I1I. Splitting of the Spectrum in a Pedestrian Approach

For analytic treatment while preserving physical content, we use equal-mass
constituent quarks and simplify the equation to:

[F.0. + 90()] G(F) = M(r)

where ¢ is the bare delta strength and the harmonic oscillator mass-squared
operator is:

Hy o =4k + m2) +w’r? +a

in units h=c = 1.

The eigenvalue equation becomes:

[4(82 +m2) + w?r? 4 a] U, (7) = M2V, (7)

where n is the principal quantum number for s-wave excited states and ¥, (7)
are harmonic oscillator eigenstates.

The nearly linear M? vs. n relationship observed in Ref. [?] connects naturally
to our model. The trajectory slope in the (n, M?) plane defines w for each
system, while the ground-state mass determines a. The constituent quark mass
m, comes from the vector meson ground-state mass. In this approach, we treat
up-down and strange quark masses as degenerate, fitting each case separately.
The eigenvalues are:

M?2=M2_. +2wn

n v.g.s.

where M, , ¢ is the 38, meson ground-state mass.

The reduced T-matrix becomes:

g

=gy, O

tp(M?) =

The s-wave eigenfunction at the origin is:

no=(2)"

™ 2n 4+ 1)!!

where a1 is the oscillator length.

The final reduced T-matrix for our pedestrian model is:
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(2mar)3/?

tp(M?) =

1 1 1
Zn (2n+1)! | M2—M2 2wn ~ pu2—M2 72wn:|

v.g.s. V.g.s.

Zeros of this equation give the eigenvalues of the mass-squared operator.

Model parameters are w, the 3S; meson ground-state mass, and the renormalized
delta strength. We have the same number of parameters as the original model [?]:
the canonical 7 (o and 6 constituent quark masses) plus one—the renormalized
delta strength. Below we present numerical results for m-p and K-K* spectrum
splitting due to the delta interaction in the pseudoscalar 1S, channel.

[Figure 1: see original paper| shows our results for m-p mass splitting for the
first six levels as a function of ground-state pseudoscalar mass p, interpolating
from pion to rho meson spectra. The parameter w = 1.39 GeV? comes from Ref.
[?]. While the ground state shows large splitting, this diminishes for excited
states, though the model consistently gives 1S, masses below corresponding 35,
masses. The p(1700) is suggested to be a D-wave meson [?] and does not fit
well in our 35] resonance picture.

Although the kaon trajectory is more uncertain [?], we address 1S, and 35,
excited-state splitting to verify model consistency. Figure 2 shows results for
kaon states K and K*, confirming the pattern observed in Figure 1: large
ground-state mass differences translate to much smaller differences for excited
states, with 1S, masses consistently below corresponding 2S; masses. The kaon
oscillator parameter, w = 1.19 GeV?2, is fitted to the mass-squared difference
between K*(1410) and K*(892).

IV. Remarks on the Qualitative Aspects of the Model and
Summary

The pseudoscalar mass spectrum represents a true challenge to theoretical mod-
eling beyond physics described by confinement alone [?]. The 7-p mass difference
and the huge splitting between the 7 and its first resonant state 7(1300) must
arise from potential parameters fitted with a hyperfine (short-range) interaction
specifically tuned to the pion mass. Successful description of splitting among
m, K, K* pairs depends crucially on the short-range structure of the S-wave
hyperfine potential, as concluded in the seminal work by Godfrey and Isgur [?].
The work of Anisovich, Anisovich, and Sarantsev [?] showing meson trajecto-
ries in the (n, M?) and (J, M?) planes brought phenomenological order to the
meson spectrum, though the underlying physics remained unclear. We believe
the present work reveals some of that physics.

Our model’ s main ingredients are: dynamics described by a mass-squared op-
erator and the Dirac-delta interaction that brings the small pion mass into the
model. We note that attractive short-range interactions have been extensively
studied in meson structure and spectrum. The Godfrey-Isgur model was used
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to construct light-cone wavefunctions for pion, rho-meson, and nucleon [?], with
a high-momentum tail above 1 GeV/c attributed to short-range attraction. Im-
pact on pion and rho structure was tested in electroweak observables with some
success [?], though existing data were not sensitive enough for definitive conclu-
sions about hard constituent quarks [?].

Another covariant quark model approach using the instantaneous Bethe-
Salpeter equation [?] also emphasized short-range attraction’ s importance
for large mass splittings in the pseudoscalar (J = 0) sector, attributed to the
two-body point-like part of * t Hooft’ s instanton-induced U,4(1) symmetry
breaking interaction [?].

The pion light-cone wavefunction has been probed experimentally via diffractive
dissociation of 500 GeV/c 7~ into dijets, providing the first direct measurement
of the pion valence-quark momentum distribution [?]. Results give a stringent
test of the asymptotic wavefunction [?], matching the high-momentum tail of
the pion wavefunction [?]. This experiment supports our model’ s singular
interaction.

From these examples, the necessity of strong short-range attraction to build the
pion is clear, both in light pseudoscalar meson spectrum modeling and recent
pion valence wavefunction measurements. The Dirac-delta interaction parame-
terizes the complex short-range physics of QCD, brought into the model via the
small pion mass. The splitting of pion and kaon spectra from their 3S; coun-
terparts is a direct consequence of the delta interaction and its renormalization,
the structure of the mass-squared operator with confinement, and all implied
relativistic effects.

In summary, we extended the renormalized light-cone QCD-inspired effective
theory to include confinement in the mass-squared operator with a Dirac-delta
interaction. Using a pedestrian harmonic oscillator approach, we derived an al-
gebraic equation whose solutions give 1S, state masses as a function of the pseu-
doscalar meson ground-state mass. The model naturally accommodates large
ground-state splitting between light 1S, and S, mesons and its suppression in
excited states, in qualitative agreement with data. Simultaneously, it provides
a sound physical basis for understanding ¢q state systematics in the (n, M?)
and (J, M?) planes. Thus, extending the light-cone QCD-inspired model to in-
clude confinement while preserving its simplicity and renormalizability yields a
reasonable picture of the light meson spectrum.

Acknowledgments

T.F. thanks the Max Planck Institute of Heidelberg and especially Prof. Hans-
Christian Pauli for warm hospitality during this work. T.F. also thanks Con-
selho Nacional de Desenvolvimento Cientifico e Tecnolégico (CNPq) and Fun-
dagdo de Amparo & Pesquisa do Estado de Sdo Paulo (FAPESP) of Brazil for
partial financial support. S.G.Z. is partly supported by the Major State Basic
Research Development Program of China under Contract Number G2000077407

chinarxiv.org/items/chinaxiv-201708.00279 Machine Translation


https://chinarxiv.org/items/chinaxiv-201708.00279

ChinaRxiv [$X]

and by the Center of Theoretical Nuclear Physics, National Laboratory of Heavy
Ton Accelerator at Lanzhou, China.

References

]
]
| T. Frederico and H.-C. Pauli, Phys. Rev. D64, 054007 (2001).
] D. E. Groom et al., Eur. Phys. J. C15, 1 (2000).

]

051502(R) (2000).

6] M. Sawicki, Phys. Rev. D32, 2666 (1985).

7] H.C. Pauli, Nucl. Phys. B (Proc. Supp.) 90, 259 (2000).

8] T. Frederico, A. Delfino, and L. Tomio, Phys. Lett. B 481, 143 (2000).

9] P. Goldhammer, Rev. Mod. Phys., 35 (1963) 40.

10] S. Godfrey and N. Isgur, Phys. Rev. D32, 185 (1985); S. Godfrey and J.
Napolitano, Rev. Mod. Phys. 71, 1411 (1999); and references therein.

[11] F. Cardarelli, I.L. Grach, I.M. Narodetskii, E. Pace, G. Salmé and S. Simula,
Phys. Lett. B332, 1 (1994); F. Cardarelli, I.L. Grach, I.M. Narodetskii, G.
Salmé and S. Simula, Phys. Lett. B349, 393 (1995); F. Cardarelli, E. Pace, G.
Salmé and S. Simula, Phys. Lett. B357, 267 (1995).

[12] H.-M. Choi and C.-R. Ji, Phys. Rev. D59, 074015 (1999); D. Arndt and
C.-R. Ji, Phys. Rev. D60, 094020 (1999).

[13] R. Ricken, M. Koll, D. Merten, B. Ch. Metsch, H. R. Petry, Eur. Phys.
Jour. A9, 221 (2000), and references therein.

[14] G.’ t Hooft, Phys. Rev. D14, 3432 (1974).

[15] E.M. Aitala et al., Phys. Rev. Lett. 86, 4768 (2001).

[16] G.P. Lepage and S.J. Brodsky, Phys. Rev. D22, 2157 (1980).

[
[
[
[
[

[Figure 1: see original paper] Mass of the excited ¢g state (M) as a function of
the pseudoscalar meson ground-state mass (u) for I = 1. Numerical results for
M come from zeros of Eq. (25). Experimental data are from Ref. [?]. Data on
the left and right of the figure correspond to 1S, and 3S; mesons, respectively.

[Figure 2: see original paper] Mass of the excited ¢g state (M) as a function of
the pseudoscalar meson ground-state mass (u) for I = 1/2 in the strange sector.
Numerical results for M come from zeros of Eq. (25). Experimental data are
from Ref. [?]. Data on the left and right of the figure correspond to 1S, and
35, mesons, respectively.

Note: Figure translations are in progress. See original paper for figures.

Source: ChinaXiv —Machine translation. Verify with original.
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