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Abstract
We use a light cone harmonic oscillator model to study S wave meson spectra,
namely the pseu- doscalar and vector mesons. The model Hamiltonian is a mass
squared operator consisting of a central potential (a harmonic oscillator poten-
tial) from which a hyperfine interaction is derived. The hyperfine interaction is
responsible for the splitting in the pseudoscalar-vector spectra. With 4 param-
eters for the masses of up/down, strange, charm and bottom quarks, 2 for the
harmonic oscil- lator potential and 1 for the hyperfine interaction, the model
presents a reasonably good agreement with the data.

Full Text
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We use a light cone harmonic oscillator model to study S-wave meson spectra,
namely the pseudoscalar and vector mesons. The model Hamiltonian is a mass
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squared operator consisting of a central potential (a harmonic oscillator poten-
tial) from which a hyperfine interaction is derived. The hyperfine interaction
is responsible for the splitting in the pseudoscalar-vector spectra. With four
parameters for the masses of up/down, strange, charm and bottom quarks, two
for the harmonic oscillator potential and one for the hyperfine interaction, the
model presents a reasonably good agreement with the data.

PACS numbers: 11.10.Ef, 12.38.Aw, 12.38.Lg, 12.39.-x

## Introduction

The effective light cone Hamiltonian, a mass squared operator, consists of a cen-
tral potential and corresponding fine and hyperfine interactions [?]. With the
central (and the confinement) potential approximated by a harmonic oscillator
potential and a hyperfine interaction—a Dirac delta interaction assumed to act
on the vector meson only—the model gave a universal description of S-wave
pseudoscalar and vector meson spectra [?, ?]. By introducing a phenomenolog-
ical spin-orbit interaction with one additional parameter, this model was also
applied to study P-wave Ds mesons [?, ?].

In the model proposed in [?, ?], the hyperfine interaction—the Dirac delta
interaction—must be renormalized. The renormalization parameter, in fact,
is hidden in the renormalization procedure, thus depending on the pseudoscalar
sector. In other words, for each sector of pseudoscalar mesons, one has an
additional parameter for the renormalization. The situation is certainly not
satisfactory.

One knows that the hyperfine interaction is in general [?],

𝑉ℎ𝑓 = ∇2𝑉 (𝑟)
6𝑚1𝑚2 𝜎1 ⋅ 𝜎2,

where 𝑉 (𝑟) is the central potential in the model Hamiltonian. If 𝑉 (𝑟) is the
Coulomb potential, one gets for the hyperfine interaction the Dirac delta inter-
action [?]. If 𝑉 (𝑟) is a harmonic oscillator potential,

𝑉ℎ𝑓 = 𝑓
2𝑚1𝑚2𝜎1 ⋅ 𝜎2,

with 𝜎1 ⋅ 𝜎2 = −3 for 𝑆 = 0 and +1 for 𝑆 = 1. The hyperfine interaction acts
on both triplet and singlet states.

In the present work, we will use the harmonic oscillator potential as the central
potential and the confinement. This potential gives naturally the Anisovich law
[?] as shown in [?, ?]. For the hyperfine interaction, we adopt the more general
one as given in Eq. (3). In Section II the model parameters are determined.
The results are given in Section III. Finally a summary is presented in Section
IV.

## Parameter Determination
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An effective light cone Hamiltonian which is a mass square operator was given
in [?, ?],

𝐻𝐿𝐶Ψ = 𝑀2Ψ,
where 𝑀2 is the mass squared of the meson in question and

𝐻𝐿𝐶 = (𝑚1 + 𝑚2)2 + 2(𝑚1 + 𝑚2)𝐻,
with

𝐻 = 𝑝2

2𝑚𝑟
+ 𝑉 (𝑟) + 𝑉ℎ𝑓 ,

and
𝑀2 = (𝑚1 + 𝑚2)2 + 2(𝑚1 + 𝑚2)𝐸.

Here 𝑚1 and 𝑚2 are the constituent quark masses and 𝐸 is the eigenvalue of
𝐻.

The central potential is given by

𝑉 (𝑟) = −𝑎 + 1
2𝑓𝑟2,

and the eigenvalue 𝐸 is

𝐸 = −𝑎 + (2𝑛 + 3
2) 𝜔,

with 𝜔 ≡ √𝑓/𝑚𝑟 and 𝑚𝑟 = 𝑚1𝑚2/(𝑚1 + 𝑚2).
In order to describe S-wave mesons except for those consisting of at least one
top quark, we need six parameters if we assume 𝑚𝑢 = 𝑚𝑑. The parameters
include four masses for the up/down, strange, charm and bottom quarks; the
depth 𝑎 and the spring constant 𝑓 for the harmonic oscillator potential.

One can first determine 𝑚 ≡ 𝑚𝑢/𝑑, 𝑎 and 𝑓 by the following experimentally
well-determined masses: [TABLE I: Experimental masses (in GeV) of mesons
used to determine the parameters of the light cone harmonic oscillator model.]

The mass for the quark 𝑞 (𝑞 = 𝑠, 𝑐 and 𝑏) is determined from the equations
above with 𝑀 the mass of the vector meson consisting of 𝑢 and 𝑞.

In Table I are given the experimental meson masses which are used for fixing
the model parameters. It turns out that the parameters thus determined are
not reasonable as seen in Table II although those parameters do produce good
agreement with the data. Particularly, 𝑚𝑢/𝑑 and 𝑚𝑠 are too large. The reason
for the large 𝑚𝑢/𝑑 and 𝑚𝑠 is that the hyperfine interaction (3) which is fixed
completely by 𝑉 (𝑟) is so large. In order to get a reasonable set of constituent
quark masses, we introduce a parameter which reduces the hyperfine interaction
on purpose. With this additional parameter called the fudge factor, 𝑓∗, the
hyperfine interaction reads,

𝑉ℎ𝑓 = 𝑓∗ 𝑓
2𝑚1𝑚2𝜎1 ⋅ 𝜎2.
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We found that 𝑓∗ = 0.3 produces reasonable values for the model parameters
as given in Table II.

We note that the fudge factor 𝑓∗ accounts for shortcomings of our certainly
oversimplified model. This factor is universal in the sense that once fixed, it
is valid for all S-wave mesons. Furthermore, even with this fudge factor, the
number of parameters of the present model is still less than many other models
proposed for the description of meson spectra.

[TABLE II: The parameters of the light cone harmonic oscillator model. Masses
and 𝑎 in GeV. 𝑓 in GeV3.]

In terms of the model parameters they are:

Δ2 = 8𝑚𝜔,

𝐷2 = 8𝑓
𝑚 ,

𝐴2 = 4𝑎𝑚 − 4𝑚2.

One then has
𝑚 = Δ2

4𝐷,

𝑎 = 𝐴2𝐷

Δ2 + Δ2

4𝐷,

𝑓 = Δ2𝐷

8 .

Three differences are available from the experiment:

Δ2 = 𝑀2
𝜌+(2𝑆) − 𝑀2

𝜌+(1𝑆),

𝐷2 = 𝑀2
𝜌+(1𝑆) − 𝑀2

𝜋+(1𝑆),

𝐴2 = −𝑀2
𝜌+(1𝑆) + 3𝑀2

𝜋+(1𝑆) + 3
4𝐷2.

## Results and Discussion

The (flavor off-diagonal) S-wave meson spectra calculated from the present
model are given in Tables III, IV and V. Since one can quite easily calculate
these meson spectra from the equations above with parameters given in Table
II, we do not list theoretical masses for those excitations which are not observed
yet. For comparisons, the available data from Hagiwara et al. [?] and other
theoretical masses are included in these tables. The agreement between the ad-
mittedly simple model and the experiment is generally very good. Particularly,
the present model reproduces well the masses for heavier mesons.

### Light unflavored (u ̄𝑑) mesons
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The S-wave 𝜋+ and 𝜌+ spectra are given in Table III. Masses of both ground
states and the first excited triplet state are used to determine the model param-
eters 𝑚𝑢/𝑑, 𝑎 and 𝑓 . There is no confirmed datum for the second excited 𝜌+

(33S1). The model prediction is larger than the experimental value for 43S1 by
about 140 MeV. The S-wave 𝜋 spectrum is reproduced by this model very well.
The discrepancies for both 21S0 and 31S0 are within 50 MeV. In particular, this
model reproduces the amazingly large mass difference between 𝜋 and its first
excited state.

[TABLE III: S wave spectra for light unflavored mesons. Masses in GeV. The
pion mass 𝑚𝜋+ = 139.57018 ± 0.00035 MeV is accurately known, but only the
first 4 digits are used here.]

### Strange (u ̄𝑠) mesons

The S-wave 𝐾+ and 𝐾∗+ spectra are given in Table IV. The mass of the ground
state of 𝐾∗+ is used to determine the mass parameter 𝑚𝑠. There are many
ambiguities concerning the quantum number assignment for 𝐾 and 𝐾∗ mesons
except for the ground states. The model prediction is larger than the experimen-
tal value for the ground state of 𝐾 (11S0) by about 100 MeV. Note that in [?],
the mass of 11S0 was used to determine the renormalization parameter. Both
the first and the second excited state of 𝐾 (21S0 and 31S0) are not confirmed.
Another unconfirmed resonance with mass 1.629±0.027 GeV lying between 21S0
and 31S0 was assigned to be a singlet 𝐾. Apparently there is no position for it
in the 𝐾 spectrum if it is an S-wave state. However, according to its mass, it
might well be the first excited state of 𝐾∗ (21S0), according to our model.

[TABLE IV: S wave spectra for strange mesons. Masses in GeV.]

### Heavy mesons

The S-wave 𝑢 ̄𝑐, 𝑢𝑏̄, 𝑠 ̄𝑐, 𝑠𝑏̄ and 𝑐𝑏̄ meson spectra are given in Table V. No
excitations were observed for these mesons. The present model agrees with the
experiment for heavy mesons better than for light ones.

The mass of the ground state of 𝐷̄∗0 is used to determine the mass parameter
𝑚𝑐. Not much data are available for 𝐷 and 𝐷∗ mesons. The model prediction for
11S0 of 𝐷̄0 is very close to the experimental value, deviating from the experiment
by about only 60 MeV.

The mass of the ground state of 𝐵̄∗+ is used to determine the mass parameter
𝑚𝑏. For the ground state of 𝐵̄+, the present model gives a very good agreement
with the data.

No experimental values in the 𝑠 ̄𝑐 mesons are used to determine the model pa-
rameters. The model agrees with the available data of both ground states very
well.

No data in 𝑠𝑏̄ mesons are used to determine the model parameters. The model
agrees with the experiment very well. The pseudoscalar spectrum was not calcu-
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lated for 𝑠𝑏̄ mesons in [?] because the experimental mass of 11S0 is larger than
the theoretical value of 13S1, thus the renormalization procedure of [?] could
not be realized consistently.

The mass of the ground state of 𝐵+
𝑐 (11S0) carries a large experimental error.

The model prediction is within the experimental limit of errors.

[TABLE V: S wave spectra for heavy mesons. Masses in GeV.]

## Summary

Inspired by [?, ?] and [?], we use a light cone harmonic oscillator model to study
S-wave meson spectra, namely the pseudoscalar and vector mesons. The model
Hamiltonian is a mass squared operator consisting of a quadratic confinement
and a hyperfine interaction. Different from [?, ?], the hyperfine interaction
which is responsible for the splitting in the pseudoscalar-vector spectra acts on
both the singlet and triplet states. The hyperfine interaction is corrected with
a universal fudge factor.

With four parameters for the masses of up/down, strange, charm and bottom
quarks, two for the harmonic oscillator potential and one for the hyperfine inter-
action, the model presents a reasonably good agreement with the 21 available
data points.

Finally we remark in all modesty that we do not know any other model from the
literature which reproduces all known S-wave mesons from the lightest (𝜋) to the
heaviest (𝐵𝑐), within the same model and the same few parameters. Right or
wrong, this model at the worst is very useful for experimentalists when planning
an experiment. It’s simple, transparent and analytical.
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