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Abstract

The spherical-box approach is extended to calculate the resonance parameters
and the real part of the wave function for single particle resonances in a potential
containing the long-range Coulomb interaction. A model potential is taken to
demonstrate the ability and accuracy of this approach. The calculated resonance
parameters are compared with available results from other methods. It is shown
that in the presence of the Coulomb interaction, the spherical-box approach
works well for not so broad resonances. In particular, for very narrow resonances,
the present method gives resonance parameters in a very high precision.
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Abstract. The spherical-box approach is extended to calculate the resonance
parameters and the real part of the wave function for single-particle resonances
in potentials containing long-range Coulomb interactions. A model potential
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is employed to demonstrate the capability and accuracy of this approach. The
calculated resonance parameters are compared with available results from other
methods. It is shown that in the presence of Coulomb interaction, the spherical-
box approach works well for resonances that are not too broad. In particular,
for very narrow resonances, the present method yields resonance parameters
with very high precision.

PACS numbers: 02.60.Lj, 31.10.+z, 32.70.Jz
(Some figures in this article are in colour only in the electronic version)

1. INTRODUCTION

The investigation of continuum and resonant states constitutes an important
subject in quantum physics. For the theoretical determination of resonance
parameters (energy and width), several bound-state-like methods have been
developed, including the complex scaling method (CSM) [1-9], the complex
absorbing potential (CAP) method [10, 11], the analytical continuation in the
coupling constant (ACCC) approach [12-20], and the real stabilization method
(RSM) [21-30]. These approaches complement methods based on connecting
unbound states (including resonances and antibound or virtual states) to poles
of the S-matrix.

In the real stabilization method, the Schrodinger equation (or the Dirac equa-
tion in relativistic models) for the system is solved within a finite-sized basis [21]
or box [24], thereby imposing a bound-state problem. The RSM is founded on
the principle that the energy of a “resonant” state remains “stable” against varia-
tions in the basis or box size. Considerable effort has been devoted to calculating
resonance parameters more efficiently with the RSM [24-30]. One particularly
effective implementation is the “spherical-box approach” [24], where the en-
ergy and width of resonances in finite-range potentials are determined from the
variation of discrete positive energies with the box radius. The spherical-box
approach for short-range potentials has been rigorously validated [31], and in
recent work [30], single-neutron resonances in atomic nuclei were investigated
by combining the RSM with the relativistic mean-field model [32, 33].

In many atomic, molecular, and nuclear processes, long-range Coulomb interac-
tions play crucial roles. Therefore, it is necessary to extend the spherical-box
approach to resonances in the presence of long-range forces and to verify its
validity and accuracy. In the present work, we generalize the spherical-box
approach to incorporate the influence of the Coulomb force.

The paper is organized as follows. Section 2 presents the formalism of the
spherical-box approach for resonances with Coulomb interaction. Section 3 pro-
vides numerical details, results for a model potential, and discussion. Finally,
Section 4 summarizes our work.
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2. FORMALISM

We consider a central field problem. The radial Schrédinger equation reads (in
atomic units):

1d?> I(l+1)

2 dr? 2r2

+Vo(r) + Ve(r) | ¥i(r) = BV, (r),

where V,(r) is a finite-range potential and E = k?/2. Under box boundary con-
ditions, the continuum becomes discretized, reducing the problem to a bound-
state formulation. When the box size is sufficiently large, the energies of any
bound states become independent of the box dimension. In the continuum
region, certain states remain stable against box-size variations—that is, their
energies remain nearly constant as the box radius changes. These stable states
correspond to resonances. It should be noted that the spherical-box approach
is fundamentally different from the “variable phase approach,” where the poten-
tial is truncated beyond a distance r and one must solve a series of scattering
problems for different 7 values [34].

In the spherical-box approach, the resonance energy is determined by a stability
condition. The width can be evaluated from the stability behavior of positive-
energy states [24]. When r is large enough that the finite-range potential V;(r)
vanishes, the wavefunction W, (r) satisfies the asymptotic form:

U, (r) ~ sin (kr — vIn(2kr) + 1),

where 7; is the phase shift and v = Z/k arises from the long-range Coulomb
interaction. The box boundary condition ¥, (R) = 0 yields:

kR — vIn(2kR) + 1, = nx.

Thus, the derivative of the phase shift with respect to box size is:

= —k+ L
IR k:—i—R.

Around an isolated resonance, the energy E and phase shift n;(E) satisfy:

_ r/2
771(E> :nl,pot(E) + tan ! (ET/—E) ’

where E_ is the resonance energy and I' is the width. Under the assumption
that the potential scattering phase shift », . (E) varies slowly with box size
(i-e., O pot/OR =~ 0), we derive the width formula:
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where k, = /2F, and R is the box size at the stable point. Note that this
formula reduces to equation (8) in [24] when the Coulomb interaction is absent
(Z =0).

R=R

3. A MODEL PROBLEM

To test the capability and accuracy of the spherical-box approach for resonances
in potentials with long-range interactions, we solve a model problem and com-
pare our results with predictions from other methods. We employ the potential:

A4
V(r)=Vyrle ™ + =,
T

which has been extensively studied for Z = 0 and/or Z =1 [35, 24, 26, 36, 37].
In the present work, we take V) = 7.5.

3.1. Numerical procedure

The Schrodinger equation (1) with potential (8) is solved under box bound-
ary conditions using the shooting method [38, Chapter 18] with a fourth-order
Runge-Kutta algorithm. For Z = 0, the energy calculated from the shooting
method converges as the step size decreases, achieving a relative error within
1078 with step size ér = 0.001. For Z = 1, a step size of ér = 0.0001 yields
relative accuracy comparable to literature values. In the following, we present
results for potential (8) with Z = 1 using §r = 0.0001 to achieve high precision.

3.2. Resonance parameters

We first present results for s-states. Figure 1 [Figure 1: see original paper] shows
the potential V(r) from equation (8) and the energies of s-states versus box size.
Examination of the figure reveals two resonances with energies near 1.8 and 4.0
atomic units, respectively. The former is very narrow, as indicated by sharp
avoided crossings, while the latter lies above the barrier and is very broad.

Table 1 lists the resonance parameters for the narrow resonance evaluated at
different stable regions. For comparison, results from complex-scaling meth-
ods are also included [36, 37]. As R increases, the resonance energy converges
rapidly to a stable value. For this narrow resonance, the spherical-box approach
yields extremely precise energy and width comparable to the exact values in [37].
Seven-significant-digit accuracy for the energy is achieved at the third avoided
crossing with R = 8.7509, and four-significant-digit accuracy for the width at
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the ninth avoided crossing with R = 18.5633. These high precisions are very
encouraging, suggesting that the spherical-box approach can be reliably applied
to narrow resonances with computational effort far less than that required for
complex calculations.

Table 2 presents parameters for the second s-wave resonance, which is quite
broad. When R > 13.3808, no stable region satisfying the condition 9?F /0 R? =
0 can be found within our numerical accuracy. At the last observed avoided
crossing, the resonance energy deviates from the exact value by 8% and the
width by 15% [37]. This provides a guide for estimating the accuracy of the
spherical-box approach for broad resonances.

A third s-wave resonance was predicted at 4.66 by the complex method [37],
with a width of 5.34. Figure 1 shows no hint of this resonance, indicating that
such broad resonances lie beyond the capability of the spherical-box approach.
For very broad resonances, the assumption that the potential scattering phase
shift 7, ,o4(F) in equation (6) varies slowly with box size may not hold, which
could explain why the method performs poorly for broad resonances.

Figure 2 [Figure 2: see original paper| shows p-state energies as a function of
box size, along with the effective potential V g(r) = V(r) + (I + 1)/2r%. Only
one resonance is found near the barrier, with energy around 3.8. This state is
broader than the first but narrower than the second s-wave resonance. Table
3 lists the parameters for this resonance. Both energy and width converge
well with increasing R. At the sixth stable point with R = 9.6945, the relative
deviation of the energy from the converged value (obtained from the last avoided
crossing near 19.8229) is less than 0.1%, and that of the width is less than 1%.

Figure 3 [Figure 3: see original paper| shows the energy plot for d-states. The
effective potential has almost no pocket, yet slightly stable regions can still
be identified in the energy curves. Indeed, we find stable points satisfying
0?P JOR? = 0 at the first six avoided crossings for the d-state. The resonance
parameters are listed in Table 4 . At R = 9.3164, the relative deviation of the
resonance energy is within 3% and that of the width is about 8% compared
with values at the previous stable point R = 8.1438. Similar to the second
s-wave resonance, no further stable behavior is found for R > 9.3164. No higher
partial-wave resonances are observed in the present study.

3.3. Wave functions of the resonances

Since the Schrodinger equation (1) is solved within a spherical box, we obtain
only the real part of the wavefunction for each resonant state. Figure 4 [Figure
4: see original paper| shows the wavefunctions for the resonances identified in
this work. The wavefunction behavior correlates with the resonance width. For
the very narrow first s-wave resonance, the wavefunction is almost completely
localized within the range of the finite-range potential V,(r) = 7.5r2¢ . In
contrast, for the broad s-wave resonance, the radial wavefunction inside the po-
tential barrier is strongly suppressed and exhibits pronounced oscillations in the
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asymptotic region. The p-wave resonance wavefunction still shows localization,
though less prominent than the first s-wave state. The d-wave resonance wave-
function resembles that of the second s-wave state (note the different scales in
the upper and lower panels), except that it vanishes at the origin.

The real stabilization method is based on the principle that a resonance is more
or less localized, making its energy only weakly dependent on the spherical-box
size, as demonstrated in [24, 30] and the present work. Figure 5 [Figure 5: see
original paper] illustrates the convergence of the real radial wavefunction with
respect to box size for the p-wave resonance. To clearly show the asymptotic
behavior, the wavefunction ¥(r) is multiplied by the radial coordinate r. As R
increases, more nodes appear while the wavefunction inside the potential barrier
decreases only slightly, confirming that the wavefunction of a narrow resonance
is largely unaffected by box-size variations due to its localization property.

4. SUMMARY

The spherical-box approach, an effective implementation of real stabilization
methods for single-particle resonances, has been extended to cases where long-
range forces such as the Coulomb interaction are present. The formalism is
presented and numerically implemented for this extended approach.

Using model potential (8) as a test case, we have demonstrated the capabil-
ity and precision of the method. In the presence of Coulomb interaction, the
spherical-box approach remains effective for narrow resonances, yielding res-
onance parameters with high precision for very narrow states. The energy
and width converge reasonably quickly with increasing box size. Within the
spherical-box framework, the real wavefunctions of these resonances are ob-
tained, with the localization behavior of the radial wavefunction consistent with
the resonance width. The convergence of the radial wavefunction with box size
further shows that the wavefunction of a narrow resonance is “stable” against
box-size variations.
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