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Abstract

We present a method of constructing generic single-centered and multi-centered
extremal black hole solutions in a large class of 4D N=2 supergravities coupled to
vector-multiplets with cubic prepotentials. The method is applicable to models
for which the 3D moduli spaces obtained via c*-map are symmetric coset spaces.
The attractor solutions are generated by certain nilpotent elements in the coset
algebra. We present explicit computations in 4D N=2 supergravity coupled
to one vector-multiplet, whose 3D moduli space is the symmetric coset space
G_{2(2)}/SL(2,R)"2. The non-supersymmetric multi-centered black holes in
this model are found to lack the intricate moduli space of bound configurations
that are typical of the supersymmetric case.

Full Text

Preamble

Non-Supersymmetric Attractors in Symmetric Coset Spaces

Wei Li
Jefferson Physical Laboratory, Harvard University, Cambridge MA 02138, USA
weili@fas.harvard.edu

1 Introduction

The attractor mechanism for supersymmetric (BPS) black holes was discovered
in 1995 [1]: at the horizon of a supersymmetric black hole, the moduli are
completely determined by the charges of the black hole, independent of their
asymptotic values. In 2005, Sen showed that all extremal black holes, both
supersymmetric and non-supersymmetric (non-BPS), exhibit attractor behavior
[2]: it is a result of the near-horizon geometry of extremal black holes, rather
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than supersymmetry. Since then, non-BPS attractors have been a very active
field of research (see for instance [3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15)).

In particular, a microstate counting for certain non-BPS black holes was pro-
posed in [16]. Moreover, a new extension of topological string theory was sug-
gested to generalize the Ooguri-Strominger-Vafa (OSV) formula so that it also
applies to non-supersymmetric black holes [17].

Both BPS and non-BPS attractor points are simply determined as the critical
points of the black hole potential Vg [18, 7]. However, it is much easier to
solve the full BPS attractor flow equations than to solve the non-BPS ones:
the supersymmetry condition reduces the second-order equations of motion to
first-order ones. Once the BPS attractor moduli are known in terms of D-
brane charges, the full BPS attractor flow can be generated via a harmonic
function procedure, i.e., by replacing the charges in the attractor moduli with
corresponding harmonic functions: tzpg(z) = thps(p! — H (z),q; — H ().
In particular, when the harmonic functions (H(z), H;(z)) are multi-centered,
this procedure generates multi-centered BPS solutions [19].

The existence of multi-centered BPS bound states is crucial in understanding
the microscopic entropy counting of BPS black holes and the exact formulation
of OSV formula [20]. One can imagine that a similarly important role could be
played by multi-centered non-BPS solutions in understanding non-BPS black
holes microscopically. However, the multi-centered non-BPS attractor solutions
have not been constructed until [21], on which this talk is based. In fact, even
their existence has been in question.

In the BPS case, the construction of multi-centered attractor solutions is a
simple generalization of the full attractor flows of single-centered black holes:
one needs simply to replace the single-centered harmonic functions in a single-
centered BPS flow with multi-centered harmonic functions. However, the full
attractor flow of a generic single-centered non-BPS black hole has not been
solved analytically, due to the difficulty of solving second-order equations of
motion. Ceresole et al. obtained an equivalent first-order equation for non-BPS
attractors in terms of a “fake superpotential,” but the fake superpotential can
only be explicitly constructed for special charges and asymptotic moduli [22,
23]. Similarly, the harmonic function procedure was only shown to apply to a
special subclass of non-BPS black holes, but has not been proven for generic
cases [11].

In this talk, we will develop a method of constructing generic black hole attractor
solutions, both BPS and non-BPS; single-centered as well as multi-centered, in
a large class of 4D N = 2 supergravities coupled to vector-multiplets with cubic
prepotentials. The method is applicable to models for which the 3D moduli
spaces obtained via c*-map are symmetric coset spaces. All attractor solutions
in such a 3D moduli space can be constructed algebraically in a unified way.
Then the 3D attractor solutions are mapped back into four dimensions to give
4D extremal black holes.
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The outline of the talk is as follows. Section 2 lays out the framework and
presents our solution generating procedures; section 3 focuses on the theory of
4D N = 2 supergravity coupled to one vector-multiplet, and shows in detail how
to determine the attractor flow generators; section 4 then uses these generators
to construct single-centered attractors, both BPS and non-BPS, and proves
that generic non-BPS solutions cannot be generated via the harmonic function
procedure; section 5 constructs multi-centered solutions, and shows the great
contrasts between BPS and non-BPS ones. We end with a discussion on various
future directions.

2 Framework
2.1 3D Moduli Space M;p

The technique of studying stationary configurations of 4D supergravities by
dimensionally reducing the 4D theories to 3D non-linear o-models coupled to
gravity was described in the pioneering work [24]. The 3D moduli space for 4D
N = 2 supergravity coupled to ny, vector-multiplets is well-studied, for example
in [25, 26, 27, 28]. Here we briefly review the essential points.

The bosonic part of the 4D action is:

5= 7/ \/E(R —2G,dt" A ydP — FI A G)

where I = 0,1..ny, and G; = (ReN),;;F/ + (ImN);, * F/. For a theory
endowed with a prepotential F'(X), N;; = FU—I—%W where Fy; =
070, F(X) [28]. We will consider generic stationary solutions, allowing non-zero

angular momentum. The ansatz for the metric and gauge fields are:

ds? = —e?U(dt + w)? + e Vg, drodz®

Al = Al(dt +w) + AT

where g, is the 3D space metric and bold fonts denote three-dimensional fields
and operators. The variables are 3ny + 2 scalars {U,#', ¢, AL}, and ny + 2
vectors {w, AT}

The existence of a time-like isometry allows us to reduce the 4D theory to a
3D non-linear o-model on this isometry. Dualizing the vectors {w, A’} to the
scalars {0, By}, and renaming Al as A, we arrive at the 3D Lagrangian, which
is a non-linear o-model minimally coupled to 3D gravity:

/5 = V g(3> (R + aa¢’r”aa¢ngmn)

chinarxiv.org/items/chinaxiv-201708.00155 Machine Translation


https://chinarxiv.org/items/chinaxiv-201708.00155

ChinaRxiv [$X]

where ¢™ are the 4(ny + 1) moduli fields {U,t, 1,0, A, B;}, and g,,, is the
metric of the 3D moduli space M 5, whose line element is:

ds® = dU+e " (do+A'dB;—Bd A2 +g,5(t, T)dt"-dP—e 2V [(ImN) M7 (d B+ e dAK)-(dB 4N 5 dA)]

The resulting M5 is a para-quaternionic-Kéhler manifold, with special holon-
omy Sp(2,R) x Sp(2ny, + 2,R) [29]. It is the analytical continuation of the
quaternionic-Kéhler manifold with special holonomy USp(2,R) x USp(2ny, +
2, R) studied in [26]. Thus the vielbein has two indices (a, 4), transforming un-
der Sp(2,R) and Sp(2ny, + 2, R), respectively. The para-quaternionic vielbein is
the analytical continuation of the quaternionic vielbein computed in [26]. This
procedure is called the c¢*-map [29], as it is the analytical continuation of the
c-map in [25, 26].

The isometries of the M3, descend from the symmetry of the 4D system. In
particular, the gauge symmetries in 4D give the shift isometries of M5, whose
associated conserved charges are:

1 1
q; = E?{dTJAI = PBI—AIPU, pl = 1

78

1
drlg, = Pu+AP a= - %dTJU =P,

where the {P,, Py, Pp } are the momenta. Here 7 is the affine parameter

defined as dr = —x5sin0dfd¢. (p’,q;) are the D-brane charges, and a the NUT
charge. A non-zero a gives rise to closed time-like curves, so we will set a = 0
from now on.

2.2 Attractor Flow Equations
The E.O.M. of 3D gravity is Einstein’ s equation:

1 1
Rab — §gabR = K’Tab =K <8a¢)m8b¢"gmn - §gabac¢mac¢ngmn>

and the E.O.M. of the 3D moduli are the geodesic equations in M5 p:

VvV, Ve +17,,0,6m0%P =0
It is not easy to solve a non-linear o-model that couples to gravity. However,

the theory greatly simplifies when the 3D spatial slice is flat: the dynamics of
the moduli are decoupled from that of 3D gravity:

Tab =0= aa¢mab¢ngmn
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8,0%¢" + 7 9,™*¢P = 0

In particular, a single-centered attractor flow then corresponds to null geodesics
in Myp: ds? = d¢™dom =0.

Imn

The condition of the 3D spatial slice being flat is guaranteed for BPS attrac-
tors, both single-centered and multi-centered, by supersymmetry. Furthermore,
for single-centered attractors, both BPS and non-BPS, the extremality condi-
tion ensures the flatness of the 3D spatial slice. In this paper, we will impose
this flat 3D spatial slice condition on all multi-centered non-BPS attractors we
are looking for. They correspond to the multi-centered solutions that are di-
rectly “assembled” by single-centered attractors, and have properties similar
to their single-centered constituents: they live in certain null totally geodesic
sub-manifolds of M ;. We will discuss the relaxation of this condition at the
end of the paper.

To summarize, the problem of finding 4D single-centered black hole attractors
can be translated into finding appropriate null geodesics in M, and that of
finding 4D multi-centered black hole bound states into finding corresponding
3D multi-centered solutions living in certain null totally geodesic sub-manifold
of Myp.

The null geodesic that corresponds to a 4D black hole attractor is one that
terminates at a point on the U — —oo boundary and in the interior region
with respect to all other coordinates of the moduli space M5,. However, it is
difficult to find such geodesics since a generic null geodesic flows to the boundary
of M 4. For BPS attractors, the termination of the null geodesic at its attractor
point is guaranteed by the constraints imposed by supersymmetry. For non-BPS
attractors, one needs to find the constraints without the aid of supersymmetry.
We will show that this can be done for models with M5 that are symmetric
coset spaces. Moreover, the method can be easily generalized to find the multi-
centered non-BPS attractor solutions.

2.3 Models with M3, Being Symmetric Coset Spaces

A homogeneous space M is a manifold on which its isometry group G acts tran-
sitively. It is isomorphic to the coset space G/H, with G being the isometry
group and H the isotropy group. For M4, = G/H, H is the maximal com-
pact subgroup of G when one compactifies on a spatial isometry down to (1,2)
space, or the analytical continuation of the maximal compact subgroup when
one compactifies on the time isometry down to (0, 3) space.

The Lie algebra g has Cartan decomposition: g = h @ € where [, ] = h and
[h, €] = €. When G is semi-simple, the coset space G/H is symmetric, meaning:

The building block of the non-linear o-model with symmetric coset space M5p
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as target space is the coset representative M, from which the left-invariant
current is constructed:

J:Milszje‘i’Jh

where J, is the projection of J onto the coset algebra . The lagrangian density
of the o-model with target space G/H is then given by J, as:

L= Tr(JE A *3JE)

The symmetric coset space has the nice property that its geodesics M(T) are
simply generated by exponentiation of the coset algebra ¢:

M(7) = Mye*/2, ket

where M|, parameterizes the initial point of the geodesic, and the factor 1/2 in
the exponent is for later convenience. A null geodesic corresponds to |k|? = 0.

Therefore, in the symmetric coset space Msp, the problem of finding the null
geodesics that terminate at attractor points is translated into finding the appro-
priate constraints on the null elements of the coset algebra €.

The theories with 3D moduli spaces M3y that are symmetric coset spaces in-
clude: D-dimensional gravity toroidally compactified to four dimensions, all 4D
N > 2 extended supergravities, and certain 4D N = 2 supergravities coupled
to vector-multiplets with cubic prepotentials. The entropies in the last two
classes are U-duality invariant. In this talk, we will focus on the last class. The
discussion on the first class can be found in [21].

Parametrization of M;p,: The symmetric coset space My, = G/H can be
parameterized by exponentiation of the solvable subalgebra solv of g:

Msp=G/H =e*°" g=hdsolp

The solvable subalgebra solv is determined via Iwasawa decomposition of g.
Being semi-simple, g has Iwasawa decomposition: g = h @ a @ n, where a is the
maximal abelian subspace of £, and n the nilpotent subspace of the positive root
space X1 of a. The solvable subalgebra solv = a @ n. Each point ¢ in M,
corresponds to a solvable element Y(¢) = €*°'®, thus the solvable elements can
serve as coset representatives.

We briefly explain how to extract the values of moduli from the coset repre-
sentative M. Since M is defined up to the action of the isotropy group H, we
need to construct from M an entity that encodes the values of moduli in an
H-independent way. The symmetric matrix S defined as:
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S = MSOMT

has such a property, where S is the signature matrix. Moreover, as the isometry
group G acts transitively on the space of matrices with signature S, the space
of possible S is the same as the symmetric coset space M5 = G/H. Therefore,
we can read off the values of moduli from S in an H-independent way.

The non-linear o-model with target space M5y can also be described in terms
of S instead of M. First, the left-invariant current of S is Jg = S~'dS, which
is related to J, by:

Jg = S1dS = 2(SyMT) LT, (SyMT)

The lagrangian density in terms of S is thus £ = 1Tr(Jg A*3Jg). The equation
of motion is the conservation of current:

V.J=V-(S1VS) =0

where we have dropped the subscript S in Jg, since we will only be dealing with
this current from now on.

2.4 Example: ny, =1

In this talk, we will perform the explicit computation only for the simplest case:
4D N = 2 supergravity coupled to one vector-multiplet. The generalization to
generic ny, is straightforward. The 3D moduli space M 5p, for ny, = 1 is an eight-
dimensional quaternionic Kéhler manifold, with special holonomy Sp(2,R) x
Sp(4,R). Computing the killing symmetries of the metric (6) with ny, = 1 shows
that it is a coset space Gyo)/(SL(2,R) x SL(2,R)) [30]. Figure 1 [Figure 1: see
original paper| shows the root diagram of Gy in its Cartan decomposition.
The six roots on the horizontal and vertical axes {L7, L3, L¥, L3} generate the
isotropy subgroup H = SL(2,R), x SL(2,R),. The two vertical columns of
eight roots a, 4 generate the coset algebra ¢, with index « labeling a spin-1/2
representation of SL(2,R); and index A a spin-3/2 representation of SL(2,R),.

The Iwasawa decomposition, g = h & solv with solv = a @ n, is shown in Figure
2 [Figure 2: see original paper]. The two Cartan generators {u,y} form a,
while n is spanned by {z,0, A4y, A;, By, By}. {u,y} generates the rescaling of
{u,y}, where u = 2V, and {z,0, Ay, A, By, By} generates the translation of
{z,0,Ay, Ay, By, By} [27].

The moduli space M5 can be parameterized by solvable elements:

E(¢) _ 6(ln u)u/2+(In y)yexm+AIAI+BIBI+0'a

chinarxiv.org/items/chinaxiv-201708.00155 Machine Translation


https://chinarxiv.org/items/chinaxiv-201708.00155

ChinaRxiv [$X]

The symmetric matrix S can then be expressed in terms of the eight moduli:

S(¢) = X(¢)S,x(¢)"

which shows how to extract the values of moduli from S even when S is not
constructed from the solvable elements, since it is invariant under H-action.

3 Generators of Attractor Flows

In this section, we will solve 3D attractor flow generators k as in (15). We will
prove that the extremality condition ensures that they are nilpotent elements
of the coset algebra t. In particular, for ny, = 1, both BPS and non-BPS
generators are third-degree nilpotent. However, despite this common feature,
kgpg and kyp differ in many aspects.

3.1 Comnstruction of Attractor Flow Generators

Construction of kppg: Since the 4D BPS attractor solutions are already
known, one can easily obtain the BPS flow generator kgpg in the 3D moduli
space Msp.

The generator kppg can be expanded by coset elements a,, 4 as kgpg = @, 4C*4,
where C®4 are conserved along the flow. On the other hand, since the conserved
currents in the homogeneous space are constructed by projecting the one-form
valued Lie algebra g~' - dg onto £, a procedure that also gives the vielbein:
Je = g tdgl, = a, A V4, the vielbein Vo4 are also conserved along the flow:
dVe4 = 0. Since both the expansion coefficients C*4 and the vielbein V4
transform as (2,4) of SL(2,R),, x SL(2,R), and are conserved along the flow,
they are related by:

v

CaA _ VaA

up to an overall scaling factor. In terms of the vielbein V4, the supersymmetry
condition that gives the BPS attractors is: V4 = 22V4 [29, 30, 33]. Using
(22), we conclude that the 3D BPS flow generator kppg has the expansion:

— A
kpps = aq427C

A 4D supersymmetric black hole is labeled by four D-brane charges
(,p' q1,q0).- A 3D attractor flow generator kppg has five parameters
{CA,2}. As will be shown later, z drops off in the final solutions of BPS
attractor flows, under the zero NUT charge condition. Thus the geodesics
generated by kppg are indeed in a four-parameter family.

chinarxiv.org/items/chinaxiv-201708.00155 Machine Translation


https://chinarxiv.org/items/chinaxiv-201708.00155

ChinaRxiv [$X]

kgpg can be obtained by a twisting procedure as follows. First, define k%,
which is spanned by the four coset generators with positive charges under
SL(2,R),:

0o — A
kpps = a14C

Then, conjugate k‘%PS with lowering operator L :

— 2L} 1.0 zLy,
kpps = e rkppge™

Using properties of k% g, it is easy to check that kgpg is null: |kgpgl? = 0.
More importantly, kgpg is found to be third-degree nilpotent:

khps =0

A natural question then arises: Is the nilpotency condition of kgpg a result of
supersymmetry or extremality? If the latter, we can use the nilpotency condition
as a constraint to solve for the non-BPS attractor generators k. We will prove
that this is indeed the case.

Extremality implies nilpotency of flow generators: We will now prove
that all attractor flow generators, both BPS and non-BPS, are nilpotent ele-
ments in the coset algebra €. It is a result of the near-horizon geometry of
extremal black holes.

The near-horizon geometry of a 4D attractor is AdS, x S2%, ie. eV —

/' Vgrler — 00. As the flow goes to the near-horizon, i.e., as u = €2V — 0, the

Inwu)u/2+

solvable element M = e! is a polynomial function of 7:

M(7) ~u 2~ 7t

where —/ is the lowest eigenvalue of u.

On the other hand, since the geodesic flow is generated by k € € via M(7) =
Mye*7/2) M(7) is an exponential function of 7. To reconcile the two statements,
the attractor flow generator & must be nilpotent:

ké+1 =0
where the value of £ depends on the particular moduli space under consideration.

In Gyy)/SL(2,R)?, by looking at the weights of the fundamental representation,
we see that ¢ = 2, thus:

K =0
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The nilpotency condition of the flow generators also automatically guarantees
that they are null: £* = 0 = (k?)?2 =0 = Tr(k?) = 0.

Construction of kyp: To construct non-BPS attractor flows, one needs to
find third-degree nilpotent elements in the coset algebra £ that are distinct from
the BPS ones. In the real Gy /SL(2, R)?2, there are two third-degree nilpotent
orbits in total [35].

We have shown that kppg = e *Lnk%,ce*ln, with k%, spanned by the four
generators with positive charge under SL(2,R),. Since there are only two
SL(2,R) s inside H, a natural guess for kyp is that it can be constructed
by the same twisting procedure with SL(2, R);, replaced by SL(2,R),:

kng = e "ok gerly, kg = a,,C,  a,a=1,2
where k(])VB is spanned by the four generators with positive charge under
SL(2,R),.

Using properties of k%, 5, one can easily show that &y p defined above is indeed
third-degree nilpotent:

k?’\, =0
That is, kyp defined in (33) generates non-BPS attractor flows in M.

A 4D non-BPS extremal black hole is labeled by four D-brane charges
(p°,p', 41, qp). Similar to the BPS case, the 3D attractor flow generator kyp
has five parameters {C*®,z}. As will be shown later, z can be determined
in terms of {C**} using the zero NUT charge condition, thus the geodesics
generated by kyp are also in a four-parameter family.

3.2 Properties of Attractor Flow Generators

We choose the representation of Gy group to be the symmetric 7 x 7
matrices that preserve a non-degenerate three-form w,j;, such that n,, =

wijkwstuwmnoejkt“emno is a metric with signature (4,3) and normalized as

n* = 1. We decompose 7 as 3@ 3769 1 of SL(3,R) and choose the non-zero
components of w, 3A3A3,3A3A3and 33 R®1, as:

w = da! Adz? A dx® + dyt A dy? A dy3 — dz® A dy® A dz

which gives n = dz®dy® —dz?. Written explicitly, an element of GQ(Q) Lie algebra

is:
A v w
wl —AT o
ul T 0
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where A is a traceless 3 x 3 matrix. The signature matrix S, is thus
Diag[l,—1,—-1,1,—1,—1,1].

The real Gy, group has two third-degree nilpotent orbits. In both orbits, k?

is of rank two and has Jordan form with two blocks of size 3. Thus k2 can be
written as:

2 __ T
k= = E : CabVaVp SO

a,b=1,2

with v, null and orthogonal to each other: v, -v, = v Syv, = 0, and c,;, depends
on the particular choice of k. Therefore, k can be expressed as:

k= Z (vowl +w, v S,
a=1,2

where each w, is orthogonal to both v,: w,-v, = 0, and w, satisfies w,-w;, = c,p-
Next we solve for v, and w, for kgpg and kyp and compare their properties.

Properties of kypg: The null space of k? is five-dimensional, with v, spanning
its two-dimensional complement. For kgpg, v4pg and whpg in (38) are solved
in terms of C4 and z.

In basis (36), from inspection of k% pg, we find that v%p¢ can always be chosen
to have the form:

’U}BPS = (Vh —771V1» 0)7 U%PS = (_‘/Za 771‘/27 0)

where n; is a 3D signature matrix n = Diag[l,—1,—1], and V,, are two three-
vectors satisfying:

V1‘V1:()a Vl'VQZO, ‘/'2.‘/2:—1

We drop the superscript “BPS” for V,, here since, as will be shown later, v$ g
can also be written in terms of V,, though in a slightly different form. Note
that for kgpg, V5 is defined up to a shift of V;: V, — V, — ¢V}, since any linear
combination of v} pg forms a new set of v} pg.

Written in twistor representation, V, are given by the twistors z and u as:

VP = 2z028 VPP = zouf 4 By

where we have used the rescaling freedom to set z'u? — z?u' = 1. Note that for
kppg, the twistor u is arbitrary, due to the shift freedom of V5.

The condition wjpg - U%PS = 0 dictates that wpg has the form:

chinarxiv.org/items/chinaxiv-201708.00155 Machine Translation


https://chinarxiv.org/items/chinaxiv-201708.00155

ChinaRxiv [$X]

wlBPS = (Wéps’nlwéps»o)v szPs = (WL%PS,MW/%PS’ 0)

with W5 pg solved as:

Wps: WIQBPS)ocﬁ = (Pagyu”, Popy27)

where the totally symmetric P, is defined in terms of C4 as:

P111:Cd7 P112:CQ7 P122:CB7 P222:C4

o . . . . . a
In summary, v%pg span a one-dimensional space (since u is arbitrary) and w¥ pg
span a four-dimensional space.

3.3 Properties of kyp

V4 and whp are solved in terms of {C*® z}. The forms of v are only
slightly different from those of v} pg:

vjl\’B = (V1,mV1,0), vJQVB = (Vo,—mV3,0)

where V,, are the same three-vectors given in (41), with one major difference:
the twistor u is no longer arbitrary, but is determined by C'** as:

022

U= O12

since the V, in v 5 no longer has the shift freedom.
The forms of w$, 5 are also only slightly different from the BPS ones (42):
wiyp = Wyp, —mWip,0), wip=WipmWip0)

with W§ 5 solved in terms of {C'*%, z, u} as:

(WJ{[B)QB = uau['} + <Cllu2 - 012’&1)2’&2’6

(W]%/'B)aﬁ = (Zo/u[i + uazﬂ) + <021 - CHZ - 311,1)2&2/3

Since the value of v imposes an extra constraint on the vectors w; g, they span
a three-dimensional space instead of a four-dimensional one as in the BPS case
(43). In summary, in contrast to the BPS case, v%p span a two-dimensional
space and w%; 5 span a three-dimensional one.
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4 Single-centered Attractor Flows

Having solved the attractor flow generators for both BPS and non-BPS cases, we
are ready to construct single-centered attractor flows. A geodesic starting from
arbitrary asymptotic moduli is given by M(7) = M,e*™/2, which gives the flow
of S as S(1) = Mye*"SyM{", which in turn can be written as S(7) = eX(7) S,
where K (7) is a matrix function. From now on, we use capital K to denote the
matrix function which we exponentiate to generate attractor solutions.

The current of S is:

J=81VS=5,(VK + [VK,K]| + [[VK,K],K] + ) Sy

The equation of motion is the conservation of currents: V- (S71VS) = 0, which
is solved by K(7) being harmonic:

V2K(1)=0= K(1)=kTt+g

where g parameterizes the asymptotic moduli. Using the H-action, we can
adjust g such that g € £, and g has the same properties as the flow generator k,
namely, g3 = 0 and g2 is of rank two. Therefore, for single-centered flow given
by S(7) = eX(7)S,, the harmonic matrix function K (1) has the same properties
as the flow generator k:

K3(1) =0, K?2(7) rank two

To find the harmonic K(7) that satisfies the constraints (52), recall that the
constraints dictate K (7) to have the form:

K(r)= Y (0w, ()" +w,(r)v,(7)") Sy

a=1,2

with v,(7) being null and w,(7) orthogonal to v,(7) for all 7. Then the con-
straints (52) can simply be solved by choosing v,(7) to be the constant null
vectors v, (1) = v, and w,(7) to be harmonic vectors which are everywhere
orthogonal to vy:

wy(T) =w,m+m,, w, -vy=m, v,=0

The two 7-vectors w, contain the information of the black hole charges, and the
two T-vectors m, contain that of asymptotic moduli.

To summarize, the single-centered attractor flow starting from an arbitrary
asymptotic moduli is generated by S(7) = e%(7) S, with harmonic matrix func-
tion K (1) = kT + g where:
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k= [v,wl +w,vl]S,, g= Z [v,mI +m,vl]S,
a=1,2 a=1,2

Since k and g share the same set of null vectors v, and both w, and m, are
orthogonal to v,, g has the same form as that of flow generator k, namely:

_ aYA _ ,—=zL; « L
9Bps = 0aa?"G?,  gyp =€ v (a,,GY e

which guarantees that g is also third-degree nilpotent. Moreover, that g and
k have the same form implies [[k,g],g] = 0, thus the current is reduced to
So(k + %[k, g])S, from which we can solve v, and w, in terms of charges and
asymptotic moduli.

Now that we are able to construct arbitrary attractor flows in the 3D moduli
space, we can lift them to the 4D black hole attractor solution. First, in the
representation given by (36), the 4D moduli ¢ = = + iy can be extracted from
the symmetric matrix S via:

2(7) =  Sas(7) ) = S53(7)55(T) — S35(7)°
(") Sa3(7)’ y(7) \/ S33(7)?

and u = €2V via:

u(r) = £/ Sya(r)Ss5(r) — Sys(7)?

Since both k and ¢ are third-degree nilpotent, S(7) is a quadratic function
of 7. Moreover, since g has the same form as k, S(7) is composed of harmonic
functions of 7: HA(7) = CA7+G# for BPS attractors and H*?(1) = C**74+G*®
for non-BPS attractors. Generic single-centered attractor flows with arbitrary
charges and asymptotic moduli can thus be generated. The attractor moduli
are read off from S(7) with 7 — oo, and asymptotic moduli with 7 — 0.

The D-brane charges can be read off from the charge matrix defined as Q =
ﬁ $ V- J. The 4D gauge currents sit in the current J = S'VS as:

Q = 5 (J31,I515 J72s J12, J30) = <2JB0a_2J317JA172JA0a —2J,)

N | =

Therefore Q relates to the D-brane charge (p°,p!, g, ¢y) and the vanishing NUT
charge a by:

(Q31,Qs1, Qa5 Qr2) = (2p07_2p17q1’2q0>7 Q32 =—2a=0
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4.1 Single-Centered BPS Attractor Flows

As an example, a single-centered BPS black hole constructed by lifting the
attractor solution in M is shown in Figure 3 [Figure 3: see original paper]. It
has D-brane charges (p°,p',q;, ) = (5,2,7,—3). The four flows, starting from
different asymptotic moduli, terminate at the attractor point (2% pg, Ypg) With
different tangent directions. The reason is that the mass matrix of the black
hole potential Vg at the BPS critical point has two identical eigenvalues, thus
there is no preferred direction for the geodesics to flow to the attractor point.

We now discuss in detail how to determine kgpg and ggpg for given charges and
asymptotic moduli. There are nine parameters in kppg and ggpg: {C4, G4, 2},
since the twistor u is arbitrary. On the other hand, there are eight constraints in
a given attractor flow: four D-brane charges (p’, ¢;), the vanishing NUT charge
a, and the asymptotic moduli (x4, yy, ug). We will use these eight constraints
to fix C4 and G4 in kppg and gppg, leaving the twistor z unfixed.

Integrating the current (57) for the BPS case produces five coupled equations:

Qpps = Solkpps + [kpps: 95ps])So

where [kppg, gpps] = (C,G)O, with (C,G) = C'G, — 3C2Gy +3C3Gy — CAG,,

and:

4 _ _
— —zL zL
@:—1+226 hay g€*7h

In order to show that the BPS flow can be expressed in terms of harmonic
functions: H(7) = Q7 + h, with Q = (p’,q;) and h = (h!,h;), we will solve
9gppg in terms of h instead of (z(,yy, uy). h relates to the asymptotic moduli
(0, Yo, Ug) ps = (, Yy, u) 3 pg(Q — h) and there is one extra degree of freedom
to be fixed later.

First, for later convenience, we separate from ggpg a piece that has the same
dependence on (h,z) as kgpg on (Q, 2):

9pps = 9pps.n TN 9dppsh = kpps(Q — h, 2)

that is, gppgp = aaa2Gi with Gif = C4(Q — h). We can use the unfixed
degree of freedom in h to set (C,G;) = 0, so that (62) simplifies into:

Qpps = Solkpps + [kpps: A])Sy

A can then be determined using the three constraints from (63) and the zero
NUT charge condition in (65):
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A =a,,2°EA
with £, = —E4 = —H% and B, = —FE; = 17%5. The form of A will ensure

that the twistor z drops off in the final attractor flow solution written in terms
of @ and h.

The remaining four conditions in the coupled equations (65) determine C* as
functions of D-brane charges and the twistor z: C4 = C4(Q,z). Then G4
are given by GA = Gi with h = C4(Q — h,z). The product (C4,G7) is
proportional to the symplectic product of (p!,q;) and (hf, h;):

1
(C4,Gh) = W(Qﬂ)

where (Q, h) = p°hq + p'hy — g, ht — gyh°. The condition (C4, G4) = 0 is then
the integrability condition on h: (Q,h) = 0.

BPS attractor flows in terms of (p!, q;) and (h!, h;) are obtained by substituting
solutions of C4(Q, z) and G (h, ) into the flow of S(7). The attractor moduli
are determined by the charges as:

o= Potrla V004 6)
BES T 2(p)? +p%] PP 2((ph)? +p0g)]

where J,(p°,p", 1, qp) is the quartic Ey;) invariant:

J,(0°, 0" a1, 90) = 3(0'q1)? — 6(0°q0) (P q1) — (PYq0)* — 4(p")?q + 4p°(q1)?

thus J,(p°, p*, ¢1,q0) is the discriminant of charges. Charges with positive
(negative) J,(p°,p', q;,q) form a BPS (non-BPS) black hole. The attractor
value of uw is u* = /J,(p°, ', qy,qp).- The constraint on h from uy, = 1 is
Jy(hg, hyy Rt hy) = 1. The attractor moduli (67) match those from Type II
string compactified on diagonal T, with ¢; — ¢,/3.

Now we will prove that the BPS attractor flows constructed above can indeed
be generated by the “naive” harmonic function procedure, namely, by replacing
charges Q in the attractor moduli with the corresponding harmonic functions
Q7 + h. First, using the properties of A, the flow of ¢ = x + iy can be gener-
ated from the attractor moduli by replacing kppg with the harmonic function

kppsT + 9pps.n

tgps(T) =tsps(kpps — kT + dppsh)
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Then, since kppg and ggpg ) share the same twistor z, this is equivalent to
replacing C with harmonic functions H4(7) = C47 + G4 while keeping the
twistor z fixed:

tpps(T) = typs(CH = CAT 4+ G, 2)

Finally, since C4 is linear in @ and G;? linear in h, and since z drops off after
plugging in the solutions C4(Q, z) and G (h, z), we conclude that the flow of
tpps(T) is given by replacing the charges @ in the attractor moduli with the
corresponding harmonic functions Q7 + h:

tpps(T) =tpps(Q — QT+ h)

4.2 Single-Centered Non-BPS Attractor Flows

A non-BPS attractor flow with generic charges and asymptotic moduli can be
generated using the method detailed earlier. Figure 4 [Figure 4: see original pa-
per] shows an example of non-BPS attractor flow with charges (p°, p',q;,q0) =
(5,2,7,3). Note that J,(5,2,7/3,3) < 0, so this is indeed a non-BPS black hole.

Unlike the BPS attractor flows, all non-BPS flows starting from different asymp-
totic moduli reach the attractor point with the same tangent direction. The
reason is, unlike the BPS case, the mass matrix of the black-hole potential Vi
at a non-BPS critical point has two different eigenvalues. The common tangent
direction for the non-BPS flows corresponds to the eigenvector associated with
the smaller mass.

Now we discuss how to determine kyp and gyp for given D-brane charges and
asymptotic moduli. Unlike the BPS case, there are only eight parameters in
kng and gnp: the two twistors {z,u} and {C**, G**} under the constraint
u = C?2/C*2. On the other hand, there are still eight constraints in a given
non-BPS attractor flow as in the BPS case. Therefore, while kzpg and ggpg
can parameterize black holes with arbitrary (pf,q;) and (xy,7,) while leaving
{z,u} free, all the parameters in kyp5 and gy, including {z,u}, will be fixed.

Another major difference from the BPS case is that [ky g, gy 5] = 0 guaranteed
by the form of v%; 5 and w% . Thus the charge equation (62) becomes simply:

QNB = SO(kNB)SO

Unlike the BPS case, g, 5 does not enter the charge equations, thus cannot be
used to eliminate the dependence on the twistor z. The three degrees of freedom
in gy p are simply fixed by the asymptotic moduli (z,y,) and vy, = 1, without
invoking the zero NUT charge condition. The four D-brane charge equations in
(73) determine C** = C*%(Q, z), which then fixes u via u = C?2/C'2. Finally,
the zero NUT charge condition imposes a degree-six equation on twistor z:
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P28 + 6pte® — (3p° + 4qy)2t — 4(3pt —2q) 2% + (3p° +4q;)2% + 6plz —p® =0

Similar to the BPS case, the full non-BPS attractor flow can be generated from
the attractor moduli by replacing C** with the harmonic function H**(r) =
C**1 + G**, while keeping z fixed as in (70):

tnp(T) = typ(Co® — CooT 4 Goa, 2)

However, there are two important differences. First, the harmonic functions
H** have to satisfy the constraint:

H22 (7_) . 022

H2(r) O

Second, unlike the BPS flow, a generic non-BPS flow cannot be given by the
“naive” harmonic function procedure:

tnp(T) #typ(Q@ — QT+ h)

The reason is that the twistor z in a non-BPS solution is no longer free as in
the BPS case, but is determined in terms of D-brane charges via (74). Thus
replacing @@ with Q7+ h, for generic @ and h, would not leave z invariant. That
is, replacing C“® in the attractor moduli with harmonic functions H**(7) is not
equivalent to replacing the charges @ with H = Q7+ h as in the BPS case (71).

It is interesting to find the subset of non-BPS single-centered flows that can be
constructed via the “naive” harmonic function procedure. The ny, = 1 system
can be considered as the STU model with the three moduli (S, T, U) identified.
Since the STU model has an SL(2,Z)3 duality symmetry at the level of E.O.M.,
the ny, = 1 system has an SL(2,7Z) duality symmetry coming from identifying

these three SL(2,7) s, namely, [ = <CCL Z) with ad — bc = 1. The modulus

at+b "and the transformation on the charges

ct+d?

t = x + iy transforms as t — I't=
is given by [34].

Given an arbitrary charge @, there exists a transformation fQ such that @ =
f‘QQ4O for some D%—DO charge system Q,, = (0,p%,0,q,). The solution of (74)
with charge @ = I'nQ,o has a root z = a,/c,, independent of Q9. Thus
for arbitrary h,, = (0,h',0,h,), replacing Q with Q7 + th40 would leave
the twistor z invariant. We thus conclude that the non-BPS single-centered
attractor flows that can be generated from their attractor moduli via the “naive”
harmonic function procedure are only those with (Q, k) being the image of a
single transformation I' on a D4-D0 system (Q 40, hyg):
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typ(T) = t’JFVB(me — f‘Q4OT + Iqh40>

5 Multi-Centered Attractor Flows

Similar to the single-centered attractor solutions, the multi-centered ones are
constructed by exponentiating harmonic matrix functions K (z):

S(z) = K@,

Recall that for single-centered attractors, using the H-action on g, K(7) = k7+g
can be adjusted to have the same properties as the flow generator k as in (52).
For BPS multi-centered solutions, supersymmetry guarantees that the matrix
function K (x) also has the same properties as the generator k:

K3(z) =0, K?(z) rank two

We will impose these constraints on all non-BPS multi-centered solutions as
well, since presently we are more interested in the multi-centered solutions that
are “assembled” by individual single-centered attractors and thus have similar
properties to their single-centered constituents. It is certainly interesting to
see if there exist non-BPS multi-centered solutions with K(x) not sharing the
constraints (80) satisfied by the flow generator kyp.

The harmonic matrix function K (z) satisfying all the above constraints is solved
to be:

N L
K@ =3 ooyt
where:

ki = Z [Ua(wa>zT + <wa)ivz;]507 g = Z [vamaT + mavaT]SO

a=1,2 a=1,2

with v, being the same two constant null vectors in single-centered k, and the
7-vectors (w,), contain the information of the D-brane charges of center-i, and
the two 7-vectors m, contain that of asymptotic moduli. Both (w,); and m,
are orthogonal to v,. Since v, only depends on the twistor {z,u}, and w, are
linear in C4 or C®®, the above generating procedure is equivalent to replacing
C# and C°® with the multi-centered harmonic functions H4(x) and H*%(z)
while keeping the twistor {z,u} fixed.
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5.1 Multi-Centered BPS Attractors

Using @); to denote the charge matrix of center-i, we have 5V coupled equations
from Q; = ;- §V - J:

(kpps.ikeps,j]
Qpps,; = Sy (kBP&i + [kpps.i»9pps] + Z T =S,
i Ly

i#i

We now show in detail how to determine kppg, and ggpg for given charges
and asymptotic moduli using equation (83). There are 4(N + 1) + 1 parameters
in kppg,; and ggpg: {C{*,G*, 2z}, since the twistor u is arbitrary. Different
from the single-centered BPS case, there are also 3N — 3 degrees of freedom
from the positions of centers on the L.H.S. of (83). On the other hand, there
are BN + 3 constraints in a given BPS multi-centered attractor: 4N D-brane
charges (p!, qr.;); N vanishing NUT charges, the asymptotic moduli (z(,y,) and
uy = 1. We will use these 5N + 3 constraints to fix the 4(N + 1) parameters
{CA, G2} in kgps,; and gppg, and impose N — 1 constraints on the distances
between the N centers, while leaving the twistor z free.

First, integrating V - J over the sphere at infinity gives the sum of the above N
matrix equations:

b5 = So(k5pbs + [k5ps, 95ps])So

which is the same as the charge equation for a single-center attractor with charge

tohg- This determines g to be g = g, + A, same as the single-centered case
as in (64), using the three asymptotic moduli (xg, ¥y, 1) and the constraint of
zero total NUT charge. The I’ s are fixed by the asymptotic moduli and the

integrability condition (Q'%%¢, h) = 0.

It is easy to see that the solutions of C* are simply given by the single-centered
solutions C4 = C4(Q, z) with Q replaced by Q,;. Thus the flow generator of
each center kppg ; (given by kppg; = a,42*C;) satisfies:

Qpps: = So(kpps.i + kpps.i: Al)Sy

which is the multi-centered generalization of the single-centered condition (65).

Using the solutions of kppg; and ggpg, the charge equations (83) become:

|xz‘*xj|

(@pps,ish) +2°...(Qpps,in @ i)
Qpprs,i = S (kBPS,i + [kBPS,ivA] + el jri COPS T TBPR O | S,

from which we subtract (84) to produce the integrability condition:
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QBPS i Qpps,j)
<QBPS,za "‘Z =0

#i i

The sum of the N equations in the integrability condition (86) reproduces the
constraint on h: (Q%%g,h) = 0. Thus the remaining N — 1 equations impose
N — 1 constraints on the relative positions between the NV centers. The angular

momentum J, defined via w; = 2€;;,.J;2,/1° as 1 — oo, is non-zero:

Z |.’II QBPS z?QBPS,J>

Thus we have shown that our multi-centered BPS attractor solutions reproduce
those found in [19]. Same arguments as in the single-centered BPS case show
that multi-centered BPS attractors can be generated by replacing the charges
in the attractor moduli with corresponding multi-centered harmonic functions:

BPS,i
tpps(x) =tgps (QBPS - Z 7| Y + h)
1

5.2 Multi-Centered Non-BPS Attractors

A multi-centered non-BPS attractor has 3(N + 1) + 2 parameters inside its
non-BPS generators {kyp ;, gnp}: {C5¢, G} under the constraint (89) plus
two twistors {z,u}. Given {kyp;,gnp} in terms of {C{**, G, 2, u}, the non-
BPS multi-centered solution is the same as the single-centered one with H**(T)

£ GO satis-

replaced by multi-centered harmonic functions H**(z) =}, ‘w 7

fying the constraint:

H22(£L') e 022

H2(x) T o2

However, the process of determining kyp,; and gyp in terms of charges and
asymptotic moduli for a non-BPS multi-centered attractor is very different from
its BPS counterpart.

The reason is that the charge equations for a non-BPS multi-centered solution
simplifies a great deal since [kyp;, knp ;] =0 and [kyp;, gnp] = 0 guaranteed
by the forms of (w%;z); and m% 5. Therefore, the 5N equations (83) decouple
into IV sets of 5 coupled equations:

QNB,i = SO(kNB,i)SO
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As in the single-centered non-BPS case, gyp does not enter the charge equa-
tions (91), and its three degrees of freedom can be completely fixed by the given
asymptotic moduli (z,y,) and uy = 1 without using the zero NUT charge con-
dition. More importantly, unlike BPS multi-centered solutions, the positions
of centers x; do not appear in the charge equations (91), thus receive no con-
straint: all centers are free. Finally, since we are using the remaining 3N + 2
parameters {C, z, u} to parameterize an N-centered attractor solution under
5N constraints coming from charge equations (91), there need to be 2N — 2
constraints imposed on the D-brane charges.

As in the BPS multi-centered attractors, solutions of C{*® are given by the
single-centered non-BPS solutions C** = C**(Q, z) with @ replaced by Q.
The solutions of twistors z and u are the same as the single-centered ones with
charges Q y g replaced by Q%%. Among the aforementioned 2N — 2 constraints,
N — 1 come from demanding that all centers have the same twistor z, which
follows from the zero NUT charge condition at each center, and the other N —1

come from demanding that they have the same twistor u as in (89).

Solving these 2N — 2 constraints shows that all the charges {Qyp,} are the

image of a single duality transformation I’ on a multi-centered D4-D0O system

{QNB,40,i}5

QNB,i = FQNBAO,i

The charges at different centers are all mutually local:

<QNB,i’ QNB,j> =0

Like non-BPS single-centered attractors, the generic non-BPS multi-centered
attractors cannot be generated via the “naive” harmonic function procedure,
except for those with {Qyp ;, h} being the image of a single I on a pure D4-D0
system {Qnp.40.i» o }:

~ T N
typ(z) =typ (FQNBAO - Z m + Fh40>
7 1

In summary, the non-BPS multi-centered attractors are drastically different
from their BPS counterparts: there is no constraint imposed on the positions of
the centers, but instead on the allowed charges )y ;: they have to be mutually
local. The result is that the centers can move freely, and there is no intrinsic
angular momentum in the system.
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6 Conclusion and Discussion

In this talk, we summarized the construction of generic single-centered and multi-
centered extremal black hole solutions in theories whose 3D moduli spaces are
symmetric coset spaces. In this construction, all attractors, both BPS and non-
BPS, single-centered as well as multi-centered, are treated on an equal footing.
The single-centered black hole attractors correspond to those null geodesics in
M that are generated by exponentiating appropriate nilpotent elements in
the coset algebra. The multi-centered black hole attractors are given by 3D
solutions that live in certain null totally geodesic sub-manifolds of M 5p. The
construction of multi-centered attractors, even that of non-BPS ones, is merely
a straightforward generalization of the single-centered construction.

We presented a detailed computation in the theory of 4D N = 2 supergravity
coupled to one vector-multiplet, whose 3D moduli space is the symmetric coset
space Gyo)/SL(2, R)2. The attractor low generators are third-degree nilpotent
elements in the coset algebra. We explicitly constructed generic attractor solu-
tions, both single-centered and multi-centered, and showed that while the BPS
attractors can be generated from the attractor moduli via the “naive” harmonic
function procedure, the generic non-BPS attractors cannot be generated this
way.

In the ny = 1 model, besides the BPS generator, there is only one extra third-
degree nilpotent orbit to serve as non-BPS flow generators. Hence there is only
one type of non-BPS single-centered attractor. In models with bigger symmetric
moduli spaces, there should be more than one type of non-BPS generator. These
would give rise to different types of non-BPS attractor flows, which might have
different stability properties.

All multi-centered non-BPS attractors constructed in this work follow from the
ansatz in which 3D gravity is assumed to decouple from the moduli. The multi-
centered non-BPS black holes are found to be very different from their BPS coun-
terparts: the charges of all centers are constrained to be mutually local, while
the positions of centers are completely free. Thus the non-BPS multi-centered
attractor is not a “bound state” and carries no intrinsic angular momentum.

We would like to construct true multi-centered non-BPS “bound states” , i.e.,
solutions with constraints on the positions of centers but not on the charges.
There are two possible ways to achieve this. First, one could adopt a more
general ansatz in which 3D gravity is coupled to the moduli. For axisymmetric
configurations, the inverse scattering method could be used to perform an exact
analysis. One could also search in models with bigger moduli spaces. It is very
likely that in bigger moduli spaces, there exist true multi-centered non-BPS
“bound states” even within the ansatz with 3D gravity decoupled from moduli.
We are also interested in the possibility of generating multi-centered non-BPS
solutions with each center having different types of non-BPS generators kp 5.

Finally, with the hope of studying non-BPS extremal black holes in 4D N = 2
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supergravity coupled to m; vector-multiplets with more generic prepotential,
we would like to generalize our method to non-symmetric homogeneous spaces,
and even to generic moduli spaces eventually.
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