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Abstract

We present three holographic constructions of the fractional quantum Hall effect
(FQHE) via string theory. The first model studies edge states in FQHE using
supersymmetric domain walls in N = 6 Chern-Simons theory. We show that D4-
branes wrapped on CP! or D8-branes wrapped on CP? create edge states that
shift the rank or the level of the gauge group, respectively. These holographic
edge states correctly reproduce the Hall conductivity.

The second model presents a holographic dual to the pure U(N) (Yang-Mills-
)Chern-Simons theory based on a D3-D7 system. Its holography is equivalent
to the level-rank duality, which enables us to compute the Hall conductivity
and the topological entanglement entropy. The third model introduces the first
string theory embedding of hierarchical FQHESs, using ITA string theory on
C?/7 .

1 Introduction and Summary

The fractional quantum Hall effect (FQHE) is fascinating not only because of
its extraordinary experimental realizations, but more importantly because it
manifests the fundamental concept of topological phase. The fractional quantum
Hall states are characterized by the filling fraction . When is an integer,
the phenomenon is called the integer quantum Hall effect. The simplest series
of fractional quantum Hall states is known as the Laughlin state, which has

= 1/k with k being an odd integer. At low energies, the Laughlin states
are described by a (241)-dimensional U(1) Chern-Simons theory coupled to an
external electromagnetic field A:

S {QHE} = (k/4r) A dA + (e/2r) A dA

where A is the U(1) gauge field that describes the internal degrees of freedom
and e is the charge of the electrons. It follows straightforwardly from this action
that the Hall conductivity (defined by j = o E) is fractionally quantized: o
= e?/h. Since the Chern-Simons gauge theory is topological and has no propa-
gating degrees of freedom in contrast to Maxwell theory, the FQHE provides an
example of a gapped many-body system whose ground state can be described
by a topological field theory.

A more generic category of FQHEs is defined by filling fractions that are con-
tinued fractions:

=1/(a, - 1/(ay - 1/(ag - -)))
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Such FQHE appears in real materials and has a fascinating underlying structure
called hierarchy: they are described by a series of U(1) Chern-Simons gauge
fields, each providing quasi-particles that act as constituent particles forming
the quasi-particles at the next level—hence the name “hierarchy.”

[Figure 1: see original paper| shows the standard experimental realization of
QHE: a sample of two-dimensional electron gas is placed on the xy-plane, with
a magnetic field B_ z applied perpendicular to the plane. The sample has four
edges, to which four probes are attached. To measure the Hall conductivity
o , we apply an electric field E in the y-direction and measure the current j .
The filling fraction 1is defined as = N /N_ ¢, where N is the total electron
number and N_ ¢ the total flux number (which equals the maximal number of
electrons that can be accommodated in each Landau level). Odd integer values
of k are realized when the elementary particles are fermions (i.e., electrons),
for which the Laughlin state was constructed. Even integer values of k also
occur in realistic materials such as rotating cold atoms, as we will mention later.
In this paper, we mainly work with the effective Chern-Simons description of
FQHE (which does not depend on the statistics of elementary particles), without
asking much about microscopic origins of the effective field theory. Therefore,
we consider both cases of even and odd integer values of k in our models.

Since there is an energy gap and realistic samples contain impurities, the elec-
trons in the (2+1)-dimensional bulk suffer from localization and cannot move
around macroscopically; thus the bulk electrons do not contribute to the quan-
tum Hall conductivity. Instead, electrons can only move along the edges of
samples, since the electron orbit at the boundary is stable against impurities.
These are called edge states. In other words, the quantum Hall fluid is an insula-
tor except at its boundaries. For this reason, quantum Hall states are sometimes
called “topological insulators.” More general topologically insulating states, in-
cluding the quantum spin Hall state and its higher-dimensional relatives, have
been discussed, fully classified, and experimentally realized recently. In terms
of Chern-Simons theory, the quantization of Hall conductivity can be under-
stood as follows: since the Chern-Simons action is not gauge invariant in the
presence of (1+1)-dimensional boundaries of the (2+1)-dimensional spacetime,
there exists a massless chiral scalar field on the boundaries, and they contribute
to the conductivity.

The main purpose of this paper is to model fractional quantum Hall effect—
in particular its Chern-Simons theory description—in string theory and analyze
them via AdS/CFT. We will present three different models, each focusing on
different aspects of the FQHE. They are summarized as follows.

Model I: Supersymmetric edge states in N = 6 Chern-Simons theory.
The first model is based on the recently discovered AdS,/CFT; correspondence:
N = 6 Chern-Simons theory as the holographic dual to type ITA string theory on
AdS, x CP2. We construct two types of supersymmetric D-brane configurations
to model the edge state of FQHE. First, we wrap M D4-branes on the CP* inside
the CP3 and attach them to a stack of N D2-branes along one spatial dimension;
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the (141)-dimensional intersection acts as a domain wall across which the gauge
group jumps from U(N) x U(N) to UN+M) x U(N) . Similarly, we can also
wrap D8-branes on the entire CP3 and attach them to the N D2-branes in the
same way; the gauge group now jumps into U(N) x U(N) upon crossing the
edge.

These intersecting D-brane configurations with generic (N, k) and M (or ) are
interesting in their own right: first, they are new examples of supersymmetric
edge states in N = 6 Chern-Simons theory; second, they are stable configura-
tions that break parity symmetry. However, in this paper, we will only focus
on their application in modeling FQHE holographically. To model a realistic
FQHE, we simply set N = 1 and treat the U(N) part as a spectator. Then
the single D4-brane intersection produces a standard edge state for FQHE with

= 1/k; and the D8-brane intersection gives a novel construction of an edge
state between two abelian FQHEs with different filling fractions = 1/k and

= 1/(k- ). We then compute the Hall conductivity holographically. The D4-
brane computation correctly reproduces the standard FQHE result, while the
D8-brane result provides a prediction for the yet-to-be-measured Hall conduc-
tivity in such interfaces of quantum Hall fluids.

One may worry that realistic FQHE systems do not have any supersymmetry,
as opposed to the above examples. However, in the effective field theory de-
scription, the FQHE essentially occurs due to the presence of the Chern-Simons
gauge field, and its superpartners such as scalar fields and fermions do not con-
tribute in any important way. Therefore, we can still capture the standard
FQHE even in supersymmetric theories.

Model I1: Holographic realization of level-rank duality and topological
entanglement entropy. FQHE is described by pure Chern-Simons theories,
whereas Model I (which is based on N = 6 Chern-Simons theory) has additional
matter fields. Motivated by this, in the second model we realize holographically
the pure Chern-Simons gauge theory.

Model IT is based on the AdS/CFT for a D3-D7 system. We start with the famil-
iar non-supersymmetric AdS/CFT correspondence generated by N D3-branes
compactified on a circle with anti-periodic boundary conditions for fermions: at
low energies, the boundary theory is a 3D bosonic Yang-Mills theory with U(N)
gauge group, while the bulk side is the AdSy soliton of type IIB string theory.
We then deform this system by adding k D7-branes at the tip of the soliton.
The boundary theory now becomes a U(N) Yang-Mills-Chern-Simons theory,
and the bulk geometry becomes an AdS; soliton with additional k axion fluxes.
Finally, we take the IR limit: at the boundary the Chern-Simons term domi-
nates over the Yang-Mills term, while in the bulk the theory reduces to probe
D7-brane worldvolume action. Therefore, we arrive at a duality between the
U(N) Chern-Simons theory living on N D3-branes compactified on a circle with
the U(k) Chern-Simons theory living on the k probe D7-branes compactified
on S°.
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Interestingly, the holography in this D3-D7 system manifests itself as the level-
rank duality of the pure U(N) Chern-Simons theory in the low-energy limit. In
this model, we can holographically compute the Hall conductivity both from
the bulk supergravity and from the theory on a probe D3-brane or D7-brane
which is dual to an edge state.

The topological entanglement entropy is a quantity that can be computed from
a given ground state of the FQHE or the Chern-Simons effective field theory,
and encodes information on the type of quasi-particles (topological excitations)
that can be built on the ground state. We will clarify how the topological
entanglement entropy appears via the AdS/CFT duality.

Model III: Holographic realization of hierarchical FQHE via resolved
C?/Z singularity. As mentioned earlier, the single U(1) Chern-Simons theory
can only describe FQHE whose filling fraction satisfies = 1/k. To model more
generic (hierarchical) FQHESs, we need to employ systems with multiple U(1)
gauge fields. Inspired by the resemblance between the continued fraction form
of in hierarchical FQHEs and the Hirzebruch-Jung continued fraction in the
minimal resolution of the (in general non-supersymmetric) orbifold C2/Z , we
consider the holographic duality between the F1-NS5 system on C2/Z and type
ITA string theory in the C?/Z background. The FQH system now lives in the
bulk AdS;, and the RR 3-form compactified on the chain of blown-up 2-cycles
(exceptional divisors) gives rise to a chain of U(1) gauge fields, corresponding to
the hierarchy of U(1) fields in the effective description of the hierarchical FQHE.

Different from the previous two models, the FQH system in Model III lives in
the (241)-dimensional bulk geometry, and its edge states are at the boundary.
The holographic duality in string theory is then exactly the edge/bulk corre-
spondence in the condensed matter physics context.

This paper is organized as follows. Model I, II, and III are presented in Sections
2, 3, and 4, respectively. Section 5 summarizes the main merits of our construc-
tions and discusses several general issues in modeling FQHE using string theory
in view of recent developments in FQHE.

2 Edge States in N = 6 Chern-Simons Theory

The purpose of this section is to define and holographically study the super-
symmetric version of edge states, which are particular types of interfaces or
defects, in the N = 6 Chern-Simons theory. The N = 6 Chern-Simons theory
consists of bifundamental scalar fields and fermions in addition to the gauge
fields. Therefore, it includes dynamical degrees of freedom. However, the QHE
is a rather topological phenomenon, and these extra degrees of freedom do not
play important roles, as we will confirm from the holographic calculations.
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2.1 Holographic Dual of N = 6 Chern-Simons Theory

We consider the AdS,/CFT; duality of the N = 6 Chern-Simons theory (ABJM
theory). The duality can be generated by N M2-branes probing the singular-
ity C*/Z : the CFT side is a three-dimensional N = 6 superconformal Chern-
Simons-Matter theory; the gravity side is M-theory living in AdS, x S7/Z . The
N = 6 Chern-Simons theory consists of two gauge fields A and A for the
U(N) x U(N) gauge group in addition to bifundamental matter fields (scalars
and fermions). If we restrict to the gauge field sector, the action is:

Sg g “(N=6) = (k/4m) Te[AD)  dAW] - (k/47) Tr[A®  dA®)]

We represent this theory as U(N) x U(N) Chern-Simons theory, where k and
-k denote the levels. In our application to the quantum Hall effect, we will focus
on the first U(N) gauge group.

Assuming k is large, the gravity side is reduced to type ITA string theory in
AdS, x CP3. Before taking the Z quotient, the gravity side is AdS, x S”. In
11D:

ds?;;D = ds?_{Ads}, + 4ds?S" = (dy + A)? + ds*{CP}?

where R = (2°72kN)! 6 and y is the coordinate system with y y + 27. The
metric of CP3 is explicitly expressed as follows:

ds?_{CP}® = d? + cos? sin?(d + cos d¢; - cos odpy)? + sin? (d ;2 +
sin? ;d¢;?) + cos? (d 52 + sin? ,d¢,?)

Now we take the Z quotient: y = ky with ¥ § + 27; and reduce to ITA via the
reduction formula (in this paper we always work with the string frame metric
setting o = 1):

ds?;;D = €7 (-2¢/3) ds®>_{IIA} + " (4¢/3)(dy + A)?

with €7(2¢) = R?/k® and A = kA. The RR 2-form F(?) = dA in type IIA string
theory (we sometimes call this a D6-brane flux) is explicitly given as:

F? =kcos sin d (2d + cos ;d¢, - cos ,de,) - k cos? sin ;d; d¢, - k sin?

sin od 5  d¢y

while the RR 4-form remains the same: F4 = (3/R3) _ {Ads},, produced by
the background D2-branes.

The IIA string frame metric gives the AdS, x CP? background:

ds?{IIA} = R?(ds?{Ads}, + 4ds®>_{CP}?)

where R? = R3/k = (2°7%N/k)! 3. This background preserves 24 supersym-
metries after the near-horizon supersymmetry enhancement, which matches the
three-dimensional N = 6 superconformal symmetry on the CFT side. Note that
in this coordinate system the volumes of CP' and CP? are:

Vol(CP') = 47R2, Vol(CP?) = ©3R°
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At finite temperature, the AdS, is replaced with the AdS, black hole:
ds? = (r?/R?)(-f(r)dt?* + dx? + dy?) + (R?/r?)dr?/f(x)
where f(r) = 1 - 1,3/r3. The temperature is given by T = 3r,/(47R?).

2.2 Edge States from Intersecting D-branes

Now we consider the generalization of edge states in the QHE to those in the
pure U(N) Chern-Simons theory. The edge state is naturally defined by a line
defect beyond which the rank N of the gauge group or its level k changes. If
we set N = 1, then the first type of defect reduces to the ordinary edge state
of the QHE, at least formally. The latter reduces to an edge which separates
the quantum Hall liquid with different filling fractions = 1/k and = 1/k’ .
Recently this kind of interface has been realized experimentally to detect the
fractional statistics in the FQHE.

In our N = 6 Chern-Simons theory with gauge group U(N) x U(N) , we can
define the two types of supersymmetric edge states in the same way by concen-
trating on the first U(N) gauge group: one shifts the rank, and the other shifts
the level. Indeed, we can find two D-brane constructions of edge states in type
ITA string theory on AdS, x CP3. First, we can wrap a D4-brane on the CP!
inside CP3 and attach it to a stack of N D2-branes along one spatial dimension,
as shown in Fig. 2 [Figure 2: see original paper]. Alternatively, we can wrap
a D8-brane on the entire CP? and then attach it to the D2-branes, as shown
in Fig. 3 [Figure 3: see original paper|. These two kinds of intersections of the
D4 and D8 with the D2-branes are (141)-dimensional defects. We regard them
as the string theory descriptions of the two kinds of edge states in the N = 6
Chern-Simons theory. As we will see below, these two edge states affect the
boundary theory in different ways.

If we consider an edge state which consists of M D4-branes, the rank of the gauge
group jumps from U(N) x U(N) to U(N+M) x U(N) . On the other hand, at
the edge states defined by D8-branes, the level jumps from U(N) x U(N) to
U(N) x U(N) . Both constructions break the parity symmetry of the original
ABJM theory. The former argument is consistent with the interpretation of
fractional branes in the literature. If we consider an unstable configuration of M
D4-branes wrapped on CP! which are parallel with the background D2-branes,
then the D4-branes fall into the horizon of AdS, and only the flux remains. This
background is argued to be dual to the N = 6 Chern-Simons theory with gauge
group U(N+M) x U(N) .

The latter argument leads us to a new setup of the AdS,/CFT; correspondence
as a byproduct. The CP? with the RR flux due to D8-branes wrapped on CP?
is dual to ITA string theory on AdS, x CP? with the Chern-Simons theory with
gauge group U(N) x U(N) , which preserves supersymmetry. Though we will
not discuss it below, we can also find other types of similar brane configurations,
i.e., a D2-brane or D6-brane wrapped on CP2. They are edge states which shift
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the rank or level of both of the two U(N) gauge fields simultaneously.

2.2.1 D2-D4 Intersection We first consider the domain wall produced by a
probe D4-brane that wraps on the CP! inside CP3 and attaches to N D2-branes
along one spatial dimension:

AdS, x CP3: N D2: k D6-flux: 1 D4: (¢, x, 1) x (1, ¢1)

where the coordinate ( |, ¢1, o, ¢, , ) labels the CP?. We choose the CP!
to be the one defined by (;, ¢;) at = 0 so that the D4-brane in AdS, x
CP? preserves 12 out of the total 24 supersymmetries. One can show this by
lifting the system to M-theory and counting the number of supersymmetries.
The detailed proof is in Appendix A.1.

This D4-brane has the world-volume action:
S {D4} =T, d°0 e det(G + 27F) + 27°T, CY F F

where T, = (27)~* in the unit o = 1 and C) is sourced by the k D6-flux,
which leads to _ {CP}! F(?) = 2zk. Integrating over the internal CP', the D4
Chern-Simons term becomes:

S {D4} (k/4r) R'2A dA

Note that the D4-brane wrapped on CP! is charged only under one (i.e., the
first) of the two gauge groups U(N) x U(N) . The probe D4-brane ends on
a codimension-1 subspace of the boundary R!,? of the AdS,, thus creating a
domain wall on the D2-brane. The gauge group changes from U(N) x U(N)
to U(N+1) x U(N) . The disappeared U(1) is carried by the D4-brane that
extends into the bulk.

In order to relate to an ordinary QH system with a single gauge group, we can
concentrate on the first gauge group U(N) of our Chern-Simons theory, treating
the second one with U(N) as a spectator. Even though the two gauge fields are
interacting in our theory, this fact is not important when we consider the Hall
conductivity since it is quantized and determined by the topological structure
of the theory.

To understand the charge and statistics of a quasi-particle in the N = 6 Chern-
Simons theory, consider a fundamental string (F-string) which is charged under
one of the two gauge groups. To extract one of the gauge groups, we insert
a D4-brane wrapped on CP! (called the fractional D2-brane) as a probe and
consider an F-string which ends at a point (x,, y,) on the D4-branes. Such a
string can be found by considering the one between the edge D4-brane and a
D4 wrapped on CP? (called dibaryon). This corresponds to a static charge that
generates j° = §(x-%,)d(y-y,) on the edge D4-brane. The relevant part of the
edge D4-brane action including the F-string charge becomes:

S {D4} dt dx (j°A, - (k/47)AF)
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after integration over CP!. Solving the equation of motion, we obtain the mag-
netic field and its flux:

F = (27/k)é(x-x0)0(y-yy), dxdy F =2n/k

Therefore, when two such quasi-particles are interchanged, the total wave-
function acquires a phase factor e (im/k). Namely, the F-string creates an
anyon with fractional statistics. The same situation appears when we consider
the FQHE with filling fraction = 1/k. Indeed, the low-energy effective theory
of the FQHE with = 1/k is known to be described by the Chern-Simons
theory at level k. The dibaryon (a D4 wrapped on CP?) is interpreted as the
quasi-particle (anyon). In the ordinary FQHE, k is taken to be an odd integer
since an electron obeys fermionic statistics.

This means that an F-string should have fractional charge e/k in the boundary
quantum Hall system. Recall that in string theory, the F-string has unit charge
under the gauge field. To match with the experimental result, we rescale the
gauge field: A — kA, under which the Chern-Simons term becomes:

S {D4} (1/47) A dA

To summarize, a D4-brane wrapped on CP! and attached to D2-branes creates
an edge that divides the D2-brane into two parts: the gauge group of its CFT
is UN) x U(N) on one side of the wall and U(N+1) x U(N) on the other.
Though this is already an interesting edge state in a generalized sense, to relate
to the ordinary edge state in the QHE, one can simply set N = 1. Then treating
the second gauge field as a spectator, we can obtain a U(1) Chern-Simons gauge
theory which models a quantum Hall system with filling fraction = 1/k, and
the D2-D4 intersection describes the edge state of this quantum Hall system.

Generalizing to multiple D4-brane systems, we find that the edge between U(N)
x UN) and UN+M) x U(N) isdual to the U(M) Yang-Mills-Chern-Simons
theory.

Before we continue, let us compute the entropy of the D4-brane at finite tem-
perature. It is estimated as follows (we assume that it is extended in (t, x, r)
direction with the interval 0 < x < L. We also put the UV cutoff at r = roo):

S {D4} =e T, -Vol(CP!) drr
This leads to the entropy:
S_{D4} = (#NLT)/3

We might be able to compare with the standard result S = (7c/3)LT in two-
dimensional CFT and find the effective central charge ¢ = 2N. These degrees
of freedom represent the massless modes of the open strings between N D2
and the probe D4-brane. It is interesting to note that this entropy is of the
same order as its free field theory result, in contrast to the bulk entropy which
deviates strongly from its free field result—by a factor of vk as noted in the
ABJM literature.
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2.2.2 D2-D8 Intersection Now we consider the second domain-wall con-
struction: a D8-brane that wraps the entire CP3 and attaches to N D2-branes
along one spatial direction:

AdS, x CP3: N D2: k D6-flux: 1 D8: (¢, x, r) x CP?

Same as the D4 case, this system preserves 12 supersymmetries. To prove it,
we can no longer use the strategy applied in the D4 case earlier, since there is
no M-theory lift for D8-brane in massless ITA theory. Instead, we can count the
number of supersymmetries by directly solving the Killing spinor equation. The
detailed proof is in Appendix A.2.

The D8-brane world-volume action is:
S {D8} =Ty d% e det(G + 27F) + 272Ty C® F F

where Tg = (27)~® in the unit o’ = 1 and C® gives the background RR-flux
generated by N D2-branes. Integrating over the internal CP3, the D8 Chern-
Simons term becomes:

S {D8} (N/4r) R'2A dA

The analysis is similar to the D4 case. The intersection between the probe D8-
brane wrapped on CP? and the stack of N D2-branes creates a domain wall on
the D2-brane. Since the D8-brane background induces a Chern-Simons coupling
of D2-branes, the sum of levels of the first and second gauge group jumps across
the domain wall: i.e., the gauge group U(N) x U(N) changes into U(N) x
U(N) . Same as the D4 case, we will concentrate on the first gauge group as
the edge does not affect the second one.

Due to the same reason we explained for the D4 edge, the F-string charge should
be regarded as fractional charge e/k in the FQHE interpretation. By rescaling
the gauge field A — kA, we obtain the D8 Chern-Simons term:

S_{D8} (/4rk) A dA

If we set N = 1 and ignore the U(N) part, we obtain an edge state which sits
between a U(1) Chern-Simons gauge theory and a U(1) theory. This gives
the edge state between two quantum Hall liquids (QHL) with different filling
fractions: = 1/k and = 1/(k-). Generalizing to multiple D8-brane systems,
we see that the edge between two QHL with different filling fractions k and k’ is
dual to the level-1 U(k-k’ ) Yang-Mills-Chern-Simons theory. More generally, if
we add both M D4-branes and D8-branes to the N D2-branes with k D6-flux
system, the theory changes into the UN+M) x U(N) Chern-Simons theory
when crossing the edge.

Finally, by computing the thermal entropy of the CFT we can find the effective
central charge:

c = 2N? /k
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2.3 Holographic Action of Edge State

We analyze the holographic description of the edge states by studying the D4
and D8-brane action. We assume the finite temperature background which is
dual to the AdS, black hole. We work with the following metric by setting z =
r

ds? = (1/2%)(-dt? + H(z)dx? + dy?) + dz?/H(z)
where H(z) = 1 - z3/z 3.
After integrating the internal CP!, the D4-brane worldvolume action is:

S _{D4} = a dtdxdz [/(1 + z*HF 2 + z*H'F ? + z*H(z 2 + z*HF 2)F ?)
+ (k/2) A A]

Similarly, a D8-brane wrapped on CP? has the same action, except that (a{D4},
kE{DA4}) is replaced by (a{D8}, K{D8}). The values of coefficient o for D4-brane
and D8-brane are:

a{D4} = Vol(CP')T, e~ R® = N/(47) a{D8} = Vol(CP3)Tge~ R? = N2?/(87k)
The levels k of the Chern-Simons terms are:
k{D/} =k k{D8} =

Since the D2-D4 and D2-D8 systems provide the same action to model the
edge state, we will analyze the two systems simultaneously using the action
with generic parameter (o, k). Plugging their values for D4 or D8-brane then
produces the result for the corresponding system.

2.3.1 Gauge Choice and Boundary Term There are two codimension-
1 boundaries in our system: z = 0 (the position of the edge state) and z =
z = 1/r, (the position of the horizon). The z = 0 boundary is particularly
important, as we will explain, it requires the addition of a boundary term for
the Chern-Simons action. The contribution from the surface term is crucial to
the holographic computation of the conductivity.

The existence of a boundary creates two problems. First, it breaks the gauge
invariance of the Chern-Simons term: under the gauge transformation A =
d, 0S_{CS} = _¥(z=0) dtdx F . This means that the gauge symmetry is
preserved only if we restrict to the subspace with the flat connection F = 0 at
z=0.

Second, the on-shell variation of the Chern-Simons action has both A and 6A
terms on the z = 0 boundary:

0S_{CS}|_{on}-shell = _¥(z=0) dtdx (A A + A JA)

However, only one of the two terms should appear if A and A are considered
as a pair of canonical variables with respect to z.
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These two problems are improved simultaneously by adding a boundary term
as in the literature at z = 0:

S _{bdy} = _ ¥(2=0) dtdx A A

First, after including the boundary term, the full action transforms under A =
d as:

5(S_{CS} + S {bdy}) = %(z=0) dtdx [(1+) A + (1-) A]

Even though we need to assume A =0 when =-1(or A =0 when =1),
we can still realize any non-vanishing electric flux F .

The second problem is resolved similarly. The on-shell variation of the total
action contains either JA or A term:

0(S_{CS} + S_{bdy})| {on}-shell = { ¥(z=0) dtdx (AJA), = 1;
_¥(z=0) dtdx (AJA ), =-1}

In our later computation of the Hall conductivity, we will set = -1.

2.4 Holographic Computation of Hall Conductivity

2.4.1 Set-up The left part of Fig. 4 [Figure 4: see original paper] shows the
standard experimental setup to measure the quantum Hall conductance: an E-
field runs across the y-direction and the Hall current flows along the two edge
states in the perpendicular x-direction. The right part depicts our D-brane
configuration to model the two edge states: the probe D4-brane or D8-brane
bends into an arch-bridge shape; its two ends are attached to the boundary CFT
and form the two edge states. Near the boundary z = 0, the system looks like
a pair of parallel D4 and D4 (or D8 and D8). In the high temperature regime,
the single bending-brane will break into a pair of parallel D4 and D4 (or D8 and
D8) that end at the horizon as in previous work, but the analysis can be done
essentially in the same way.

The probe bending D-brane is described by the world-volume coordinates (o,
ol, 0?) = (t, x, y). Its profile is specified by the function z = z(y), with -L/2
<y < L/2. This is a holographic dual of the two parallel edge states separated
by distance L.

Since we are interested in computing the Hall conductance, we do not apply an
E-field along the edge state (i.e., E = 0). Thus we can always choose:

A=A®ly),A=A@Fy),A =0

up to a gauge transformation. The probe D-brane action with the boundary
term is then simply:

S=a dtdxdy f(H+ 7z 2+ z*HF 2) + (k/2)(A A -A A)]+S_{bdy}
with “bdy-1" at y = -L/2 and “bdy-2" at y = L/2.

Its equations of motion are:
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[azF /yD] = 0 [azHF /yD] + (k/2)F =0 [azHF //D] - (k/2)F =0
[23/D/(z'F 2 + z*H'F )] =0

where D = H 4+ 2’2 + z*HF 2. At zero temperature, it allows analytical solutions
as shown in Appendix B. However, to obtain the Hall conductance, it is enough
to compute the conserved charges. The bulk conserved charges corresponding
to the translation symmetries of A and A are:

Q_A =azF /D Q_A = azHF //D

2.4.2 Fractional Quantum Hall Conductivity The conserved currents on
the boundary are charge density and current density j. Following the arguments
in the literature, they are defined as:

= §S/5A |_z=0, j = 6S/6A |_z=0

In the holographic computation of the currents, we need to specify the boundary
interaction. Recall that the two choices of correspond to different boundary
conditions of A:

= 1: §A |{bdy} = 0, 6A [{bdy} free =-1: §A |{bdy} = 0, 6A [{bdy} free

Since we are interested in computing the Hall conductance, we need to choose =
-1 so that on the boundary, A is allowed to vary and A is fixed. The boundary
values of A correspond to the static electric potential, and their difference is
determined by the E-field:

A |{bdy}-2 - A [{bdy}-1=V =EL

There is an additional subtlety for the high temperature regime: as the tempera-
ture is increased, the horizon z = z moves closer to the tip of the bending-brane
and eventually forces the single bending-brane to break into a pair of parallel
D-branes that end at the horizon. In such a case, we need to also specify the
boundary condition for the z = z boundary of the probe D-brane. As claimed
in the literature, the most natural one is simply 0A|_z=z = 0: the boundary
condition at the horizon does not influence the physics at spatial infinity. We
will adopt this argument throughout this work.

The charge and current density at each edge are then:
=Q A,j =QA +A| {bdy}

Since the edge is (141)-dimensional, the current is equal to the current density:
I =j. What is measured experimentally is the net current along both edges; and
since currents from the two edges flow in opposite directions, the net current
along the x-direction is:

I =1 {bdy}-2-1 {bdy}-1=j {bdy}-2-j {bdy}-1= (A [{bdy}-2- A [{bdy}-
1) = (k/2r)E L

This gives the Hall conductance:
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G =1/V =k/2r

In the last step we restored h which has been set to 1. Note that this is the
conductance for the entire (2+1)-dimensional quantum Hall system, and in this
dimension, the conductance is equal to the conductivity: ¢ = G = k/2m.

Now we translate the result into the quantum Hall effect. For the D4-brane case,
recall that the D4-brane models the edge states of a QHL with filling fraction

= 1/k, and plugging (k, )_{D4} = (k, 1/k) into the conductivity formula
reproduces the correct fractional quantum Hall conductivity:

o = (e?/kh)

Notice that our holographic calculation of the quantum Hall conductivity does
not depend on the temperature. This is expected since in the Chern-Simons de-
scription of the QHE the excitation gap is infinitely large, thus no quasi-particle
(including excitation into higher Landau levels) can be thermally excited. This
is the reason that we can measure the quantized Hall conductivity with remark-
able accuracy.

On the other hand, the D8-branes model the edge state that separates two
QHL with different filling fractions = 1/k and * = 1/(k-), setting N = 1.
By preparing two edges as in the D4 case, we can realize a setup in which the
QHL with is surrounded by the QHL with * from both left and right sides.
Then we can consider the Hall conductivity 6 for the QHL with under this
circumstance. Plugging k_{D8} = into the conductivity formula then predicts
that:

& = (2e2/2mk?) = (2/kh) - (¢2/(k- )h)

where we took into account that k is taken to be large in the supergravity
description of the AdS,/CFT; duality. This result can be naturally understood
if we remember that the difference of the current between the left and right of
the interface contributes to the conductivity in these generic examples.

2.5 Hall Conductivity from Single Edge

2.5.1 Set-up: Edge D-brane Parallel to E In the previous subsection, we
obtained the current density j by computing the current flowing along the two
edges perpendicular to the field E . Experimentally, one actually measures j as
the current density flowing out of the edge parallel to E , as shown in the left
part of Fig. 5. Therefore we can also construct an edge state parallel to E , and
compute j as the current density perpendicular to the edge state.

[Figure 5: see original paper] illustrates the brane construction of the edge state
parallel to the E-field. The graph on the left side highlights the two edge states
parallel to the E-field. The current j flows along these edge states and j flows
across them. The graph on the right depicts an infinite D4-brane extending to
the horizon and intersecting with D2-brane along the y-direction: this (141)-
dimensional intersection models the edge state shown on the left.
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The continuity equation relates j to (charge density inside the edge) and j
(current density along the edge):
i+ i+ =0

To compute and j holographically, we can model this edge by a single D4-
brane (or D8-brane) wrapped on CP!, intersecting with D2-brane along the
y-direction. This construction is actually simpler than the previous one: since
we only need to compute the current flowing out of one edge, it’ s enough to
have a single brane that extends all the way to the horizon. Notice that even in
this case we assume there are two edges which connect in the bulk or which end

at the black hole horizon so that the electric current comes from one of them
and flows into the other.

The D4-brane world-volume action is:
S_{D4} = a dtdydz [{(1 + z*H(2)F 2 + z*H(z)"'F %) + (k/2) A A]
The full equations of motion are:

_zlazHF _z/{D] + (k/2)F =0 _z[azF _z/D]-(k/2)F =0 _z[azF _z/yD]
+ (k/2)F =0

where D = 1 + z*H(z)F 2 + z*H(z)"'F 2. At zero temperature, it allows
analytical solutions as shown in Appendix C.

2.5.2 Hall Conductivity from A Single Edge The variation of the on-shell
action gives the boundary currents:

=Q.A,j =Q_A + Al {bdy}

almost in the same way as we did previously. Note that for the z = z boundary
of the probe D-brane, we again used the assumption dA| z=z = 0 as in previous
work.

Then we plug these into the continuity equation and finally obtain:
A = (k/2m)E

where we assumed A = 0 using the argument of gauge invariance. This cor-
rectly reproduces the Hall conductivity:

o =Ek/2r

Thus we reproduced the previous results from this independent argument.

3 Holography of Pure Chern-Simons Theory and Topolog-
ical Entanglement Entropy

So far we have studied the supersymmetric Chern-Simons theory since it can
be holographically realized in a clear way. This theory includes matter fields in
addition to the Chern-Simons gauge theory and is a dynamical CFT. However,
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if we have in mind the application to topological insulators in condensed matter
physics, we need a mass-gapped gauge theory. In this section we will consider
a (2+1)-dimensional gauge theory which flows into a pure Chern-Simons gauge
theory. We will also present its holographic dual. A holographic background
dual to a pure N = 1 Chern-Simons model has already been given in the lit-
erature, and our model shares several similar properties such as the level-rank
duality.

3.1 A Holographic Dual to Pure Chern-Simons and Level-Rank Du-
ality

We start with N = 4 super Yang-Mills in four dimensions and compactify one
of its three spatial directions (denoted by ). Then we impose anti-periodic
boundary conditions on , which makes the fermions massive. The quantum
corrections give a mass to scalar fields, and in the end we obtain a pure Yang-
Mills theory in (2+1) dimensions in the IR limit. This theory is dual to the
AdS; soliton (or double Wick-rotated AdSy black brane) in IIB string theory:

ds? = (R?/v?)[dr?/f(r) + r2(-dt? + f(r)d ? + dx? + dy?)] + R2dQ;>

where f(r) = 1 - ry%/r%. The coordinate is compactified as + L, where
L = 7R?/ry, so that the total geometry becomes smooth. The cycle shrinks
at r = ry. Thus the two-dimensional space spanned by (r, ) is topologically a
two-dimensional disk D2. The boundary of the disk is at r = oo, and this is the
boundary of the AdS. The dual gauge theory lives in R!,2 whose coordinate is
(t, x, y).

Now we would like to deform this theory so that it includes the Chern-Simons
term. Remember the WZ-term of a D3-brane:

S {D3} (1/2r) Ti(F F)

where is the axion field in IIB theory. If we assume the background axion field
= k /L, this leads to the CS coupling:

S {CS} = (k/4r) R'2Tr(A dA)

In this way, we get a Maxwell-Chern-Simons theory which flows into the level k

pure Chern-Simons theory in the IR. This argument can be easily generalized

to N D3-branes, and we get the non-abelian Chern-Simons term (k/47) Tr(A
dA - (2i/3)A A A).

The axion field =k /L can be regarded as k D7-branes located at r = ;. There-
fore, we find that the U(N) Yang-Mills-Chern-Simons theory is holographically
dual to this AdSj soliton background with the k D7-branes (see Fig. 6 [Figure
6: see original paper]). The IR limit of the CFT side is dual to the small r
region of the dual background, and this is given by the D7-brane theory. Due
to the Chern-Simons term from the RR 5-form flux, we get U(k) pure Chern-
Simons theory. Thus this holography in the low-energy limit is equivalent to the
level-rank duality of the Chern-Simons theory. Indeed, the level-rank duality
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becomes more direct for U(N) than for SU(N) as shown in the literature. We
can prove the following identity for partition functions on S3:

Z(S?, U(N) ) = Z(S%, U(k) ) Z(S?, SU(N) ) = Z(S?, SU(k) )

The reason that the theory on the D7-branes should be regarded as a pure Chern-
Simons theory without the Yang-Mills term can be understood by looking at
the excitations on them. In the dual gauge theory side (the D3-brane theory),
the mass gap due to the Kaluza-Klein compactification is given by m {KK}
1/L. On the other hand, the gravity theory is given by IIB supergravity and
the D7-brane theory. In the presence of the ordinary Yang-Mills term obtained
from the D-brane action, the D7-brane theory has a mass gap due to the Chern-
Simons term, which is estimated as m_ {gauge} 1,/(c’ 2°Y_M) m_{KK}.
Thus the excitations on the D7-branes can be neglected, and it reduces to the
pure Chern-Simons theory.

3.2 Relation to Quantum Hall Effect

Now we would like to examine the gauge theory dual to the gravity background
with k D7-branes. To interpret our model as one for the quantum Hall effect,
we need to couple it to an external gauge field. To this end, we assume that the
background RR 2-form field has the form B {RR} = A {RR} d /L, where
A_{RR}isa l-form in R!,? and will serve as the external gauge field. We define
~ = /L so that the period of ~ is 2.

The relevant RR-coupling on D3-branes reads:
B_{RR} TrF = RY2 A{RR} (1/2m) _S'TrF

so the IR limit of the QFT side becomes the Chern-Simons theory coupled to
an external gauge field:

S {D3} = (k/47) Tr(A dA- (2i/3)A A A)+ (1/2r) A_{RR} TtF

This is a non-abelian version of the standard Chern-Simons description of the
quantum Hall effect.

It is also important to identify the anyons in this system. A D5-brane wrapped
on S% is the baryon vertex in AdS; x S°. Due to string creation, it comes with
N F-strings stretching between the D5 and N D3-branes. The F-strings induce
a unit charge for each U(1) gauge theory in U(1)" U(N). Thus according to
the same argument as before, when two baryons are interchanged, the full wave-
function acquires a phase factor e (im/k), which means that the baryons are
anyons for generic values of N.

Now we would like to compute the Hall conductivity in the holographic dual
gravity side. Usually, the D7-branes extend to the boundary of AdS. However,
in our case, they are localized at the IR region r = r,. Therefore we can replace
them with a background axion flux = k /L instead of treating them as probe
D-branes. Below we are only interested in the leading-order effects produced by
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this axion flux, so we will not take the backreaction to the metric, dilaton, and
fluxes into account.

The holographic current is computed as the on-shell variation of the action:
j_ =06S_{IIB}/6A_{RR} " |_{on}-shell

where A_ {RR} is the 1-form that comes from the RR 2-form field B_ {RR} and
serves as the external gauge field in the D3-brane system. S_ {IIB} is the type
IIB supergravity action evaluated on-shell in the presence of D7-brane flux.

After we integrate over S, the action which involves the NS-NS and RR 3-
form flux H {NS} and H {RR} can be written as follows (in the convention
of Polchinski with o/ = 1):

S H-flux = (1/24(2m)%) H_{NS} H _{NS} - (1/2{(2x)*) H_{RR}
H {RR}- (1/2(2r)}) H_{NS} H_{RR}

where the final term comes from the Chern-Simons term and the cross terms in
H_{RR}? after compactifying on S® with 5-form flux.

Since the background field of quantum Hall effect on D3-branes is F_{RR} =
dA_{RR}, we assume B_ {NS} = 0 in the solution we are looking for. This is
consistent with equations of motion if ;H {RR} = 32r%N to the leading order
of k; here 5 denotes the Hodge dual in the 5D spacetime. Plugging this into the
remaining action of H_{RR}:

S_{HRR} = (1/24(2m)*) H_{RR} *;H_{RR}
and integrating over , we finally obtain:
S _{IIB} = (N/8z?) F_{RR} F_{RR} (d/L)

Since this topological term leads to the boundary Chern-Simons term in the
AdS/CFT procedure, the x-component of the current gives:

j = (Nk/2m)E
Thus we find the fractional quantum Hall conductivity:
o = (Nk/2m)(e?/h) = (e?/h)

This clearly agrees with what we find from the field theory action. Note that
the quantization of D7-brane and D3-brane charges leads to the fractional quan-
tization of the Hall conductivity.

In this formalism, we can also easily see that the longitudinal conductivity
vanishes:

o =0
as expected in the standard FQHE.
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3.3 Topological Entanglement Entropy

The topological entanglement entropy S_ {top} is defined as the finite part of
the entanglement entropy S_A = «(l/a) - S_{top}, where a is the UV cutoff
and v a certain numerical factor proportional to the number of UV degrees
of freedom. The entanglement entropy S_A is defined as the von-Neumann
entropy when we trace out a subsystem A on a time-slice. We assume A is a
two-dimensional disk in a time-slice. 1 is the length of the boundary A of A.
When the theory has a mass gap, the quantity S_{top} can be shown to be
invariant under a continuous deformation of the region A.

Conformal field theories such as the N = 6 Chern-Simons theory do not have
any mass gap, so the finite part of S_A for these theories is not a topological
invariant. In contrast, the pure Yang-Mills theory is a good example where we
can define S_ {top} non-trivially. Indeed we can show that it becomes the log of
the partition function Z(S*) of Chern-Simons theory on S® using the standard
surgery method.

On the other hand, the holographic calculation of topological entanglement
entropy has recently been attempted employing the holographic formula of the
entanglement entropy. However, S_ {top} for the (2+1)-dimensional Yang-Mills
theory without Chern-Simons term turns out to be trivial. Therefore here we
would like to see how the holographic computation of the topological entangle-
ment entropy is modified in the presence of the Chern-Simons term.

In the holographic calculation, we introduce a (negative) deficit angle § = 27 (1
- 1/n) on the A at r = co. Then we extend this deficit angle surface toward
the bulk AdS, called «y. Since the entanglement entropy is defined by S_ A =
log Z | _n=1, where Z is the partition function on the manifold with the deficit
angle 6 = 27(1 - 1/n), in our setup we obtain:

S_A = (Area(y)/4G_N) + S_{D7}

where the part S_{D7} is the contribution of k D7-branes. The action principle
tells us that « is the minimal area surface whose boundary coincides with A.
It is clear from this holographic expression that the topological entanglement
entropy is given by S_ {D7} as the Chern-Simons term appears due to the D7-
branes.

Since we are interested in the (2+41)-dimensional Yang-Mills-Chern-Simons the-
ory, the Kaluza-Klein modes need to be negligible. This requires that the size
of region A be much larger than the compactified radius L. When there is no
D7-brane, the surface v ends at the bubble wall r = r; as shown in previous
work. In our case with D7-branes, and with their backreactions neglected, the
deficit angle surface v is extended into the (241)-dimensional theory on the k
D7-branes.

Since the large N limit corresponds to the large level limit, the D7-brane theory
becomes the classical Chern-Simons theory. Then, the AdS/CFT tells us that
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S_ {top} is given by S_ {D7}, i.e., the topological entanglement entropy of U(k)
Chern-Simons theory. Using the level-rank duality, this reproduces the S_ {top}
of the original CS theory. In this way, we find how to reproduce the correct
topological entanglement entropy via AdS/CFT.

If we reduce the size of the subsystem A, eventually the surface v separates from
the tip r = ry. In the absence of D7-branes, this is interpreted as the confine-
ment/deconfinement transition as the smaller size of A probes more UV region
of the gauge theory. Indeed the derivative of the entanglement entropy S_A
jumps under this transition. In our case with D7-branes, the topological term
S_ {top} also disappears when A gets sufficiently small. It would be interesting
to confirm this by direct calculations in specific models.

It would also be intriguing to find the backreacted geometry and compute
S_{top} from purely bulk calculations. However, this seems to be not straight-
forward since the direct Chern-Simons result shows the behavior (using the
series expansion formula of Z(S?)):

S_{top} -log N

in the large N limit with k kept finite. This suggests that this is not obtained
at tree-level supergravity.

Finally we would like to mention that we can discuss holographic Wilson loops
in exactly the same way.

3.4 Edge States

Since our holographic model is completely gapped in the low-energy regime, it
is interesting to see how to add some dynamical degrees of freedom in the UV.
One of the best examples is the N = 6 Chern-Simons theory. The edge state
which appears in the interface between U(N) and U(N+1) is described by a
D3-brane which stretches from r = oo to r = ry and wraps the cycle. On the
other hand, the edge which appears in the interface between U(N) and U(N) ,
is described by a D7-brane which stretches from r = 0o to r = r; and wraps the

S5,

First consider the edge state generated by D3-branes. In the dual gravity side,
the k D7-branes are regarded as the background axion source; thus the holo-
graphic edge state is described by the U(1) DBI-Chern-Simons theory living on
the edge D3-brane that wraps on . The Hall conductivity can then be computed
in the same way as in Section 2. In contrast to the pure Chern-Simons theory
living on the probe D7-branes that are localized at the tip r = ry and wrapped
on S, this D3-brane theory has propagating degrees of freedom since the probe
D3-brane extends to the boundary of the AdS. Similarly, in the case of the edge
state generated by D7-brane, due to the presence of F(® flux, the dual theory
is a U(1) DBI-Chern-Simons theory living on the D7-brane wrapped on S°.
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4 Hierarchical Fractional QHE from String Theory

So far we have only discussed the Chern-Simons gauge theory with a single
gauge group. However, it can only describe those fractional QH systems with
filling fractions in the form = 1/k, where k is an integer and corresponds to
the level of the Chern-Simons theory. This integer should be odd in the usual
electronic systems since electrons have fermionic statistics.

When is a more generic fractional number, an important effective description
is given by Chern-Simons theories with multiple U(1) gauge fields, which is
called the hierarchical (or general) description. Explicitly, it is described by the
following action on a three-dimensional spacetime X:

S=13_1ij (K _{ij}/4r) AU dAU) + % i(q i/2n) A dAU)

where K_ {ij} is an integer matrix; q i are integers and q = (qy, qg, ) is called
the charge vector, which characterizes a fractional quantum Hall theory. The
field A is the external U(1) gauge field, and the r fields A( ) are dynamical U(1)
gauge fields that describe the internal degrees of freedom.

The equations of motion are:
K {ij} «a AV +q i adB=0
The electric current is then given by:
j_a=(1/2m) _apyqi B Ay =(e?/27h) q iK q j _aBy B Ay
where K is the inverse matrix of K_ {ij}.
Thus we can find the filling fraction and the Hall conductivity:
=qiK qjo =(’/h)q iK q ]

The i-th quasi-particle (with charge vector 1 = (14, 15, -+, 1_r1)) is defined by a
particle which carries a unit charge only under Al). Its electric charge becomes:

Q) =11iK qj

and the phase €7 (i ) which appears when we exchange a quasi-particle with
charge | and another one with I’ is given by:

=7LiK I _j

This angle becomes in general fractional, and thus the quasi-particles obey
fractional statistics, called anyons.

In this way, the theory is defined by the pair (K, q). Two theories related by
an SL(r, Z) transformation (K, q) - (M K M, M q), where M is an SL(r, Z)
matrix, are considered equivalent as they preserve the charge lattice.

One of the most interesting classes of FQH systems can be described by:

K=[K {ij}]= a,-100~ -lay-10- 0-lag-1- 00-1a,
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q=(1,0,0,0,-)

where a; should be an odd integer because electrons have fermionic statistics,
while a_i$ $2 are even integers since all quasi-particles are bosons if they are
not dressed by statistical interactions of the Chern-Simons gauge fields. Then
the i-th quasi-particle can be regarded as a quasi-particle whose constituent
particles are the (i-1)-th quasi-particle. This interesting structure is called the
hierarchy. The filling fraction is now given by the continued fraction:

=1/(a; - 1/(ay - 1/(ag - -+)))

where the integer r is the depth of the continued fraction, namely the number
of times we need to take the fractions.

It is a very interesting question as to whether we can realize such gauge theories
in string theory. It would be very hard if we only consider gauge fields living
on D-branes since D-branes usually lead to non-abelian gauge theories, whose
gauge symmetries are not consistent with the action when K_ {ij} # 0 for i #
j. Instead, we will look for the gauge fields A() among the bulk supergravity
fields.

Motivated by the observation that the matrix K resembles the intersection ma-
trices of four-dimensional manifolds, we consider type IIA string theory on:

AdS; x M,

where we take the four-dimensional manifold M, to be an orbifold C?/Z (p). We
introduce k units of H = dB__{NS} flux on S3:

_S3H =473k

whose backreaction induces a linear dilaton in one of the space-like coordinates
in ¥ = R,2. The background can be realized as the near-horizon limit of NS5-
branes wrapped on the orbifold C2/Z . We can add F-string charge and consider
in almost the same way the type IIA string on AdS; x M,, which has a clearer
holographic dual via the AdS;/CFT, correspondence.

The orbifold is non-supersymmetric for generic p and is supersymmetric only
when p = $£81. The type ITA GSO projection requires p to be an odd integer;
otherwise, the theory becomes type 0 string and suffers from a bulk tachyon.
Though in general we cannot avoid localized closed string tachyons, we ignore
this issue in this paper.

The action of Z (p) orbifold is defined by (zy, z,) — (¢”(27i/n)z;, ¢~ (27ip/n)z,).
The minimal resolution of the orbifold singularity C2/Z (p) is given by a chain
of r blown-up 2-cycles [i] (exceptional P! divisors). The intersection number
between successive 2-cycles is 1, and the self-intersection number of cycle [i] is
-a_i. The integers a_ i are given by the Hirzebruch-Jung continued fraction:

n/p=a;-1/(ay-1/(ag-))
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where a_i > 2 (i = 1, 2, ---, r). The integer r is the depth of the continued
fraction. Thus the intersection matrix of the resolved C?/Z (p) takes exactly
the same form as the K matrix except for an overall minus sign, and thus we
call it K_ {ij}.

Now we are interested in the fields in the twisted sectors, and such a theory
lives on the fixed points of the orbifold. Then we perform Kaluza-Klein com-
pactification on S to get a theory on R!,2. We expand the 3-form potential
as:

C —@m2Y A0 W)

where w' ) is the harmonic 2-form dual to the i-th 2-cycle, namely [i] wl) =
§_{ijtand w!) wl) =K .

The Chern-Simons term in ITA supergravity leads to:
S {CS} =% ij (K _{ij}/4n) AL} dAl)

To couple the system to an external gauge field, we add a D4-brane wrapped
on a linear combination of 2-cycles weighted by the charge vector q (with the
resulting 2-cycle denoted by ¥_i q_i[i]). Then it is easy to see that the WZ
term (1/27)2 F F on this D4-brane gives:

S {ext} =% _i(q i/2r) A dAU)

where A is the U(1) gauge field on the D4-brane and serves as the external gauge
field that couples to the FQHE system.

Because the Chern-Simons term dominates over the Maxwell term in the low-
energy theory, the effective theory with the D4-brane coincides with the Chern-
Simons description of the hierarchical FQHE if we set the minimal value k =
1. The electric charge is defined with respect to the gauge field A. It is also
intriguing to note that the i-th quasi-particle (anyon), which has a unit charge
under A() via the coupling A(), is the D2-brane wrapped on the 2-cycle [i].

If we go back to the orbifold limit, the wrapped D2 and D4-branes can be
regarded as linear combinations of fractional DO and D2-branes. It is very
amusing to notice that this fractionality of D-brane charge is related to that
of FQHE, which essentially comes from the surprising resemblance between the
continued fraction forms.

Thus we have found a remarkable relation between string theory on the orbifold
and the hierarchical description of the FQHE. It is intriguing to consider what
holography tells us. In our setup with F-strings and NS5-branes, we have the
ITA string on AdS; x M,, so we can apply the AdS;/CFT, correspondence.
Indeed, the boundary CFT can be identified as the chiral boson theory which
precisely describes the edge state. Note that the FQH system lives in the bulk
AdS;, and the boundary of the AdS; is the edge of the FQH system. In this
way, we learn that the edge/bulk correspondence in condensed matter physics,
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which is sometimes called ‘holography’ in condensed matter contexts, can be
understood as the AdS;/CFT, correspondence.

Before we finish this section, we would like to mention the issue of statistics.
One of the most important cases is the supersymmetric orbifold given by p
= 1 (ALE singularity). One might think that this cannot be experimentally
realized since it has a_i = 2 for all i, whereas ordinary FQHE are constructed
from strongly-interacting electrons and fermionic statistics requires a; to be an
odd integer. Nevertheless, even in realistic FQHESs, it is no longer absolutely
necessary to start from fermionic degrees of freedom. Indeed, we can realize
the FQHE at = 1/k with k being an even integer in rotating Bose-Einstein
condensates (BECs) in cold atomic gases. While cold atoms are neutral under
the electromagnetic U(1) gauge field, rotation plays the role of a magnetic field.
For more general filling fractions which can be written as continued fractions,
the bosonic analogue of the hierarchical FQH states is expected to be realized,
where a; is an even integer.

5 Discussions

In this paper, we realized three different holographic constructions of fractional
quantum Hall effect in string theory. Our models offer systematic understand-
ings of important theoretical concepts in FQHE, such as the fractional quantiza-
tion of Hall conductivity, edge states, hierarchy, and topological entanglement
entropy. In Model I, the classification of edge states is reduced to that of par-
ticular configurations of D-branes. Similarly in Model III, we find that the
classification of hierarchical FQHEs is equivalent to that of the minimal resolu-
tions of C?/Z (p) orbifold singularities. Furthermore, Model II reveals a deep
insight into holography: the AdS/CFT correspondence, when applied to the
pure U(N) Chern-Simons theory, reduces to the level-rank duality.

Since the main results are already summarized in Section 1, below we would
like to discuss a few connections between our results and recent developments
in FQHE in condensed matter literature.

In both the first and second models, to apply the AdS/CFT correspondence, it
is necessary to take the large-N limit, whereas the most common QH systems are
described in terms of U(1) (or a collection of U(1)) Chern-Simons gauge fields.
However, we can break the non-abelian U(N) into N copies of independent U(1)
and extract the FQHE for any one of the U(1) factors as we did in Section 2. In
Section 3, we concentrated on the diagonal U(1) of U(N) and considered FQHE
for it. In both models, the holographic calculations of Hall conductivity seem
to be closely related to those of anomalies.

More interestingly, non-abelian Chern-Simons theories also appear directly in
the effective description of some new types of FQHEs. For example, SU(2)
Chern-Simons gauge theory was suggested to describe fractional QHE at =
5/2 and the spin QHE in time-reversal symmetry breaking, singlet topological
superconductors. The candidate FQH state for = 5/2, called the Moore-Read

chinarxiv.org/items/chinaxiv-201708.00151 Machine Translation


https://chinarxiv.org/items/chinaxiv-201708.00151

ChinaRxiv [$X]

Pfaffian state, is an example of non-abelian FQH states, and excitations built
on the ground state obey non-Abelian statistics. Besides = 5/2, a FQH state
at = 12/5 (and 13/5), which was observed more recently with a very small
energy gap, is also suspected to support non-Abelian statistics. The prospect
of realizing generic non-abelian Chern-Simons gauge theories in FQHE systems
is very exciting from string theory’ s perspective: we will have table-top exper-
iments to realize some of the most fascinating aspects of string theory, such as
holographic duality and D-brane resolution of orbifold singularities.

We considered the supersymmetric edge states in the N = 6 Chern-Simons theory
in Model I. They are 1/2 BPS objects and are described by D4 or D8-branes.
The N = 6 Chern-Simons theory has the U(N) x U(N) gauge symmetry. As
one way to relate this system to realistic FQHE, we simply set N = 1 and treat
the U(N) sector as spectators. We indeed reproduced the expected result of
Hall conductivity. Moreover, if we take this model literally, our edge states
have application beyond the FQHE: they provide a holographic description for
interfaces in any systems whose effective theory is the N = 6 Chern-Simons
theory. This is not a remote possibility. In fact, recently it has been suggested
that the double Chern-Simons theory can serve as effective theories for a number
of quantum critical phenomena in realistic materials, such as the quantum spin
Hall effect, three-dimensional topological insulators, and lattice models with Z,
topological order. It is an intriguing possibility that string theory can give a
nice classification of general topological insulators in various dimensions.

Note Added: We noticed that the paper [61], which appeared on the arXiv
on the same day, has partial overlap with this paper in the interpretation of
D8-brane charge in the AdS, x CP? background as the shift of the total level
in the N = 6 Chern-Simons theory.
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Appendices
A Supersymmetries Preserved by the Edge State Configuration

A.1 D4-brane Edge We show that the D4-brane wrapping on CP! defined
by (1, ¢;) with = 0 and extending along r and one spatial direction of AdS,
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boundary (R!,?) preserves 6 supersymmetries (or 12 supersymmetries by taking
into account the superconformal symmetry). This can be proved in the M-theory
lift of ABJM, i.e., M2-branes probing the orbifold C*/Z . We take (x°, x!, x2)
to be directions along the M2-branes and (x3, x*, -, x19) in the orbifold. An
11D spinor can be represented as eigenstates:

2 34 56 78 910\ _— : 3 : :
('7 y YT YT Y ) _(SO7 15171S27183a 184)

where s i = $tlands{1}s{2}s{3}s{4}$ = 1. Since the orbifold acts as
e (ik(s;+sy+s3+84)/2), the orbifold projection only allows combinations where
Sy + sy + s3 + s, = 0. The M2-brane preserves half of the supersymmetries:

7?12 = | which gives s, = 1. Thus the ABJM theory has 12 supersymmetries.

Now we introduce the M5-brane extending in the (x°, x!, x3, x*, x°, x%) direction,

which preserves the supersymmetry ~913456 — This means that for each
configuration, 72 is now fixed, breaking half of the supersymmetries: we now
have six supersymmetries. Finally, due to supersymmetry enhancement at the
horizon, the D2-D4 system preserves twelve supersymmetries.

A.2 D8-brane Edge We show that a D8-brane wrapped on CP? and extend-
ing in the (t, x, r) direction preserves 12 supersymmetries in AdS, x CP3. The
two ten-dimensional 16-component Killing spinors can be written as the 11D
32-component Killing spinor after adding the 11th dimension as y in the reduc-
tion formula. Following the convention in the literature, we set (x°, x!, -+, x10)
=(t,r, ,é, & B,7 1, 25 3, 4)- Then the Killing spinor is given by a product
of rotation operators acting on a constant spinor .

The I'-matrix that gives the projection operator from the D8-brane is:
I_{D8} =4 v {o! 00}y

where I' = ()2 +sin? ( ¢)2 ( v + ¢v3). This simplifies to:

I_{D8} = ( )* +sin® ( ¢)* ( - ¢9°)

The D8-brane preserves only those parts of the Killing spinors which satisfy
I' {D8} = . There are two equivalent solutions: = x, ¢ = ¢, or ¢ = x,

with corresponding projection conditions. The condition breaks half of the 24
supersymmetries preserved in AdS, x CP3, leaving 12 supersymmetries.

B Solution of the Bending Probe Brane at Zero Temperature

We present an exact solution to the equations of motion at zero temperature.
First, it is useful to notice that we have the “Hamiltonian” :

D=1+7 2+2'F 24+ 2H'F 2 =d2/(z*(1 + 2 ?))
where d > 0 is a constant.

After performing constant shifts of the gauge fields, we find the equations of
motion are conveniently summarized as:
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F = (2 2/25)(1- 28%22) G = (z 2/25) 23222
where we set = 27a’ and f3 is a constant defined by G? = F2 + 2.

The profile of the D-brane is determined by solving these equations. Its turning
point is z = z* defined by d? = 23%z*2. We can solve F and G as:

F=A -e(I(y), G=Ay - (1y))
where A; A, = 3% and the function I(y) is:
I(y) = dy (z ?/2°)(1- *B%2*)

If we denote odd and even functions which are two independent solutions for F
by F;(y) and Fy(y), then we can write:

A(y) = a;Fi(y) + aFy(y) +ag A (y) = a1 Fa(y) + aoFy(y) + a4

where a;, a,, a3, and a, are integration constants.

C Solution for Single-Edge at Zero Temperature

Assuming zero temperature (r, = 0), the profiles of A = g(z) and A = {(z) can
be solved exactly. Their equations of motion become:

Z4(F’ )2 +Z4(G’ )4 — (1 4 2G2)2 Z4(F’ )2 +Z4(G’ )4 — (1 4 2F2)2

where we defined F = {(z) - £(0) and G = g(z) - g(0). Below we assume k < 0
and define = [K|/27a’ .

First, we notice (F2 - G2)’ = 0. Thus we can set G2 = F2 + 32, where 3 is a
constant. The relation G2 > F2 will be made clear later.

Then the equations of motion reduce to the differential equation for F(z):
= (F? + 5%)/(z*(1 + ?5°2%))

Its solution is given by:

F(z) = (8/2) [(1+1 82)/(1-1 8]/ 82) - (B/2) [(1-1 B2)/(1 + 1 B (i/ 5°)
In summary, we find:

2F = A(z= +Az)+ -2G=A(z" -Az) + -~

Thus the general solutions take the form:

f(z) =ay + a1z= 4+ ayz + -~g(z) = by + byz= + byz + -

The leading term z~ implies that the operator dual to the gauge field has
conformal dimension A =1+ (> 1).
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D Another Derivation of Hall Conductivity in D3-D7 Model

We compute the Hall conductivity in the holographic dual gravity side treating
the D7-branes as probe D-branes instead of replacing them with the background
axion flux. Since we are interested in the Hall conductivity in the low-energy
theory, we place the holographic screen (i.e., the boundary of AdS) near r = r;:
at r =r1; withr; 1. Then the holographic current is computed as the on-shell
variation of the action:

i =6S {IIBY/6A {RR}"| r=r,

where A {RR} is the 1-form from the RR 2-form field B_ {RR} and serves
as the external gauge field in the D3-brane system. S_{IIB} is the type IIB
supergravity action plus the D7-brane world-volume action evaluated on-shell.

In the leading-order calculation, only B_ {RR} and B_ {NS} are important. The
type IIB supergravity action includes their kinetic terms. In the presence of the
5-form flux, the Chern-Simons term with cross terms gives a coupling (after
compactifying on S°):

S_{CS} = (N/2r) B_{NS} dB_{RR}
We fix the surface term by requiring that gauge symmetries are preserved.

The D7-brane world-volume action (with U(k) gauge field A proportional to
identity) gives terms involving B_ {NS} and B_ {RR}. The equation of motion
of the gauge field A on D7-branes integrated over S° leads to:

dB_{NS}| {D7} + kdA =0

Now we assume a Dirichlet boundary condition for B_ {RR} and Neumann for
B_{NS} at r = ry. The variation of B_ {INS} vanishes at r = r, by cancellation
between bulk and D7-brane contributions only if A {RR}|{D7} + kA = 0.
These equations determine A{RR} completely.

The holographic charge density and current density j are defined via a 1-form
J = dt + jdx + jdy. Assuming r; is very close to r:

JAD7} = (N/27k) *3(F_{RR}| _{D7})

The x-component gives j = (Nk/27)E . Thus we find the fractional Hall con-
ductivity:

o = (NK/2m)(c/h) = (2/h)

This agrees with the field theory result.
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