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Abstract
In establishing non-parametric models for radar altimeter Sea State Bias (SSB),
the Local Linear Regression (LLR) estimator is commonly employed. Tradi-
tional local linear regression estimators involve high-dimensional matrix oper-
ations; when the volume of modeling data is large, estimating sea state bias
requires substantial computational time, thereby rendering non-parametric es-
timation methods difficult to apply to high-dimensional sea state bias models.
This paper proposes an Improved Local Linear Regression (ILLR) estimator
that avoids the high-dimensional matrix operations required by traditional LLR
estimators. Without affecting sea state bias estimation results, it reduces the
time complexity of obtaining the weighting function for the local linear regres-
sion estimator from to, thus significantly decreasing the time required for sea
state bias estimation and establishing a foundation for real-time computation
of high-dimensional non-parametric sea state bias models.
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Abstract: When developing nonparametric models for radar altimeter Sea
State Bias (SSB), the Local Linear Regression (LLR) estimator is commonly
employed. However, conventional LLR estimators involve high-dimensional ma-
trix operations, which require substantial computational time when modeling
large datasets, making nonparametric estimation methods impractical for high-
dimensional SSB models. This paper proposes an Improved Local Linear Re-
gression (ILLR) estimator that avoids the high-dimensional matrix operations
required by traditional LLR estimators. The proposed method reduces the time
complexity of obtaining the weight function from 𝑂(𝑁3) to 𝑂(𝑁) without affect-
ing SSB estimation accuracy, thereby significantly reducing the time required
for SSB estimation and laying the foundation for real-time computation of high-
dimensional nonparametric SSB models.
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1 Introduction
Global sea level rise has attracted increasing attention, and one important appli-
cation of radar altimeters is measuring mean sea surface height [1, 2]. However,
due to Sea State Bias (SSB), altimeter measurements of mean sea surface height
are lower than the actual values, necessitating correction. SSB primarily arises
from the non-Gaussian characteristics of the sea surface, including electromag-
netic bias and skewness bias [3]. The uncertainty of SSB obtained using current
methods can reach 2 cm [4], making it the largest error source for Jason series
altimetry satellites [5, 6].

Currently, operational radar altimeter SSB corrections primarily employ non-
parametric SSB models that use wind speed and significant wave height from
altimeter measurements as inputs [6, 7]. Constructing nonparametric SSB mod-
els typically requires the Local Linear Regression (LLR) estimator, which in-
volves extensive matrix operations and consumes substantial computational
time, severely limiting the application of nonparametric estimation in high-
dimensional SSB models.

This paper proposes an improved LLR estimator that avoids high-dimensional
matrix operations and reduces the time complexity of obtaining the weight func-
tion from 𝑂(𝑁3) to 𝑂(𝑁). Numerical experiments demonstrate that under iden-
tical conditions, the improved LLR estimator produces the same SSB estimation
results as the conventional LLR estimator while substantially reducing the time
required for SSB estimation.
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2 Local Linear Regression Estimator and Its Application to
SSB Nonparametric Estimation
GASPAR et al. [8] first applied nonparametric estimation methods to SSB model
construction in 1998. Compared with parametric models [4, 9], nonparametric
models offer higher accuracy and have been more widely applied to SSB correc-
tion in altimeter sea surface height measurements. The main estimators used for
nonparametric SSB models are the Nadaraya-Watson (NW) estimator [8] and
the Local Linear Regression (LLR) estimator [10]. The NW estimator exhibits
large biases near boundaries, whereas the LLR estimator effectively addresses
this issue [11, 12], making the LLR estimator more widely adopted.

2.1 Local Linear Regression Estimator

Given 𝑁 observation pairs (x𝑖, 𝑦𝑖), where x𝑖 is a 𝑝-dimensional vector, 𝑦𝑖 and
x𝑖 satisfy:

𝑦𝑖 = 𝑟(x𝑖) + 𝜀𝑖

where 𝑟(⋅) is the regression function and 𝜀𝑖 is a zero-mean error term. For the
regression function 𝑟(x), performing a Taylor expansion in the neighborhood of
x yields:

𝑟(z) ≈ 𝑟(x) +
𝑝

∑
𝑗=1

𝜕𝑟(x)
𝜕𝑥𝑗

(𝑧𝑗 − 𝑥𝑗)

For the given 𝑁 observation pairs (x𝑖, 𝑦𝑖), we can find coefficients 𝛽0, 𝛽1, … , 𝛽𝑝
through weighted least squares to minimize:

𝑁
∑
𝑖=1

[𝑦𝑖 − 𝛽0 −
𝑝

∑
𝑗=1

𝛽𝑗(𝑥𝑖𝑗 − 𝑥𝑗)]
2

𝐾𝐻(x𝑖 − x)

where 𝐾𝐻(⋅) is a weighting function, typically chosen as a kernel function. Com-
mon kernel functions include the Gaussian kernel and the Epanechnikov kernel.
Let X be the design matrix and W be the 𝑁 × 𝑁 weighting matrix. Equation
(3) can be rewritten as:

(y − X𝛽)𝑇 W(y − X𝛽)

Minimizing equation (4) yields:

𝛽̂ = (X𝑇 WX)−1X𝑇 Wy
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The LLR estimator for 𝑟(x) is ̂𝑟𝐿𝐿𝑅(x) = ̂𝛽0, while the other components are
first-order partial derivatives of the function 𝑟(x), i.e., ̂𝛽𝑗 = 𝜕𝑟(x)

𝜕𝑥𝑗
for 𝑗 = 1, … , 𝑝.

For the given 𝑁 observation pairs (x𝑖, 𝑦𝑖), according to nonparametric estima-
tion theory, the conditional expectation 𝐸[𝑦𝑖|x𝑖] represents the mean of 𝑦𝑖 given
x𝑖. Its kernel estimator ̂𝑟(x) can be viewed as a weighted average of observations
𝑦𝑖:

̂𝑟(x) =
𝑁

∑
𝑖=1

𝑤𝑖(x)𝑦𝑖

For the LLR estimator, setting e𝑇
1 = [1, 0, … , 0], the weight function can be

obtained as:

w(x) = e𝑇
1 (X𝑇 WX)−1X𝑇 W

2.2 Application of LLR Estimator to SSB Nonparametric Estimation

SSB models are typically constructed using sea surface height discrepancies
at crossover points. A satellite’s ground track includes two arcs per orbital
revolution: ascending and descending orbits. The intersection of ascending and
descending orbits is called a crossover point, and the crossover discrepancy refers
to the difference in sea surface height measured by the ascending and descending
orbits at this point [13].

Let ℎ represent the uncorrected sea surface height measurement. Assuming
SSB is a function of input variables x, and letting 𝑟(x) denote the SSB function,
according to [8] and [10]:

ℎ1 − ℎ2 = 𝑟(x1) − 𝑟(x2) + 𝜀

where 𝜀 is a zero-mean error term, and subscripts 1 and 2 correspond to the
ascending and descending orbits, respectively. Under the given conditions, the
LLR estimator can be applied to estimate the SSB function 𝑟(x).

3 Data and Experiments
3.1 Data Source and Processing

This study uses the Jason-2 altimeter Geophysical Data Record (GDR)
products. The Jason-2 satellite, launched in June 2008, is the successor to
TOPEX/POSEIDON and Jason-1 and is recognized as the most accurate
altimetry satellite currently available. For constructing the nonparametric SSB
model, data from cycles 51-100 (50 cycles total) were used. For evaluating the
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impact of the ILLR estimator on SSB estimation results, three years of data
were used: 2009 (cycles 19-55), 2010 (cycles 56-92), and 2011 (cycles 93-128).

Constructing SSB models requires wind speed, significant wave height, and un-
corrected sea surface height discrepancies at crossover points. All correction
terms needed for calculating sea surface height must be interpolated to crossover
points. This study employs cubic spline interpolation. To ensure better interpo-
lation quality, only crossover points with at least four consecutive measurement
points on each side are considered valid, which guarantees good altimeter data
quality.

3.2 Kernel Function and Bandwidth Selection

The selection of kernel functions and bandwidth is crucial for nonparametric SSB
models. Currently, the most commonly used kernel functions are the Gaussian
kernel and the Epanechnikov kernel. Bandwidths for nonparametric SSB models
include global bandwidth and local bandwidth. Global bandwidth uses fixed
values for wind speed bandwidth ℎ𝑈 and significant wave height bandwidth
ℎ𝑆𝑊𝐻 , whereas local bandwidth automatically adjusts ℎ𝑈 and ℎ𝑆𝑊𝐻 according
to data density.

Compared with the Gaussian kernel, the Epanechnikov kernel can transform the
matrix in linear system equation (14) into a sparse matrix, thereby significantly
improving computational efficiency, though its performance in data-sparse re-
gions is relatively poor. Compared with global bandwidth, local bandwidth
can adjust according to data density, offering advantages in data-sparse regions.
Since the numerical experiments in this paper aim only to evaluate the com-
putational efficiency of the improved local linear estimator and its impact on
estimation results, the choice of kernel function and bandwidth is not critical.
This study employs two combinations of kernel functions and bandwidths: (1)
Gaussian kernel with global bandwidth, corresponding to the model in [10]; and
(2) Epanechnikov kernel with local bandwidth, corresponding to the model in
[12].

3.3.1 Efficiency Comparison Between LLR and ILLR Estimators

We first compare the time required for SSB estimation using LLR and ILLR esti-
mators. Table 1 presents results obtained using the Gaussian kernel with global
bandwidth. As the number of crossover points 𝑁 used for each SSB estimation
increases, the matrix dimensions in the LLR estimator grow accordingly, leading
to significantly increased computation time. In contrast, the matrix dimensions
in the ILLR estimator do not change with 𝑁 , and although its required time
also increases with 𝑁 , the rate of increase is relatively small.

Table 2 shows the time required for SSB estimation using the Epanechnikov
kernel with local bandwidth. Normally, the Epanechnikov kernel can convert the
matrix in linear system equation (14) into a sparse matrix, thereby improving
computational efficiency and reducing SSB estimation time. However, due to
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the use of local bandwidth, determining the appropriate bandwidth for each grid
cell corresponding to every input x during SSB estimation adds computational
overhead, increasing the overall computation time. Similar to Table 1, as 𝑁
increases, the computation time for the LLR estimator increases substantially,
while the increase for the ILLR estimator remains relatively modest.

Both Table 1 and Table 2 demonstrate that the ILLR estimator can significantly
reduce SSB estimation time compared with the LLR estimator, with greater
improvements observed for larger 𝑁 .

Nonparametric SSB models ultimately produce a lookup table of SSB values as
a function of 𝑈 (wind speed) and 𝑆𝑊𝐻 (significant wave height). Using only 𝑈
and 𝑆𝑊𝐻 provides limited SSB information, and introducing new parameters
(such as wave period) into SSB models has become a new research direction [6,
16, 17]. When constructing high-dimensional nonparametric SSB models, the re-
sulting lookup table will have far more grid points than a two-dimensional table.
The time required using the LLR estimator would be enormous, and more data
would be needed to ensure model validity as dimensionality increases, posing
a significant challenge for the LLR estimator. The ILLR estimator effectively
solves this problem.

3.3.2 Comparison of SSB Estimation Results Between LLR and ILLR
Estimators

Figure 1 [Figure 1: see original paper] shows results obtained using the Gaussian
kernel with global bandwidth. Based on data density, the data are divided into
two regions: the shaded area represents regions with fewer than 100 altimeter
measurements, indicating data-sparse regions, while the remaining area repre-
sents data-dense regions. The contour lines in Figures 1(a) and 1(b) show the
distribution of SSB lookup tables obtained using the LLR and ILLR estimators,
respectively, in the (𝑈, 𝑆𝑊𝐻) plane, with contour units in cm. Clearly, the SSB
variations with 𝑈 and 𝑆𝑊𝐻 obtained by both estimators are identical: under
the same 𝑈 , SSB magnitude increases with 𝑆𝑊𝐻; under the same 𝑆𝑊𝐻, SSB
magnitude initially increases with 𝑈 but gradually decreases after 𝑈 reaches a
certain value. Figure 1(c) shows the distribution of differences between SSB
values obtained by the two estimators in the (𝑈, 𝑆𝑊𝐻) plane. In data-dense
regions, the differences are on the order of 10−4 cm, which is essentially negligi-
ble.

Figure 2 [Figure 2: see original paper] presents results obtained using the
Epanechnikov kernel with local bandwidth. The contour lines in Figures 2(a)
and 2(b) show the SSB lookup tables from the LLR and ILLR estimators, re-
spectively, in the (𝑈, 𝑆𝑊𝐻) plane (units in cm). As with Figure 1, the SSB
variations with 𝑈 and 𝑆𝑊𝐻 are identical for both estimators. Due to the use
of the Epanechnikov kernel, the results in data-sparse regions (low wind speed
with high sea state and high wind speed with low sea state) are less smooth
than those in Figure 1 because fewer data points are used. Figure 2(c) shows
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the differences between the two estimators’SSB values in the (𝑈, 𝑆𝑊𝐻) plane.
In data-dense regions, the differences are on the order of 10−6 cm, indicating
that the SSB values obtained by both estimators are essentially identical.

Figure 3 [Figure 3: see original paper] shows scatter plots of SSB estimates
obtained using the LLR and ILLR estimators. These results were produced by
applying the SSB lookup tables from both estimators to Jason-2 altimeter data
from 2011. The SSB estimates from both estimators show excellent consistency.
Applying both lookup tables to Jason-2 data from 2009-2011 and performing
annual statistical analyses yields the results shown in Table 3 . When using the
Gaussian kernel with global bandwidth, the maximum difference between SSB
estimates from the two estimators is on the order of 10−3 cm, with the mean
difference on the order of 10−4 cm. When using the Epanechnikov kernel with
local bandwidth, the maximum difference is on the order of 10−5 cm, with the
mean difference on the order of 10−6 cm. Therefore, regardless of the kernel
function and bandwidth combination, the impact of the ILLR estimator on SSB
estimation results is negligible.

Currently, explained variance is the primary metric used internationally to eval-
uate SSB models. Explained variance is defined as the variance of uncorrected
sea surface height discrepancies minus the variance after SSB correction. It
represents the portion of variance in sea surface height discrepancies that can
be explained by SSB, with larger explained variance indicating a more effective
SSB model. Using three years of data (2009-2011), we calculated the explained
variance for SSB obtained by both estimators for the two kernel function and
bandwidth combinations. Table 4 shows the differences in explained variance
between the two estimators. When using the Gaussian kernel with global band-
width, the difference in explained variance is on the order of 10−5 cm². When
using the Epanechnikov kernel with local bandwidth, the difference is on the or-
der of 10−9 to 10−7 cm². Thus, regardless of the kernel function and bandwidth
combination, the ILLR estimator has negligible impact on SSB model effective-
ness compared with the LLR estimator, and consequently does not affect the
final altimetry measurement precision.

4 Conclusion
Nonparametric models have been widely used for radar altimeter SSB correction
due to their high accuracy. When estimating SSB using nonparametric methods,
the LLR estimator is typically employed to obtain the weight function in the
weighting matrix. However, the LLR estimator involves high-dimensional matrix
operations that require substantial computation time when dealing with large
datasets.

This paper proposes an ILLR estimator that avoids high-dimensional matrix
operations and significantly improves computational efficiency. Using two com-
binations—Gaussian kernel with global bandwidth and Epanechnikov kernel with
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local bandwidth—the differences between SSB values obtained by the ILLR
and LLR estimators are essentially negligible. The ILLR estimator substan-
tially reduces the time required for SSB estimation, with more pronounced
improvements for larger datasets. Currently, operational altimeters employ
two-dimensional SSB models based on wind speed and significant wave height.
Introducing new parameters into SSB models has become a new research direc-
tion for empirical SSB models. The ILLR estimator proposed in this paper can
significantly reduce SSB estimation time without affecting estimation accuracy,
thereby laying the foundation for real-time computation of high-dimensional
nonparametric SSB models.
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