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Abstract

We continue to study the holographic p-wave superconductor model in the
Einstein-Maxwell-complex vector field theory with a non-minimal coupling be-
tween the complex vector field and the Maxwell field. In this paper we work
in the AdS soliton background which describes a conformal field theory in the
confined phase and focus on the probe approximation. We find that an applied
magnetic field can lead to the condensate of the vector field and the AdS soliton
instability. As a result, a vortex lattice structure forms in the spatial directions
perpendicular to the applied magnetic field. As a comparison, we also discuss
the vector condensate in the Einstein-SU(2) Yang-Mills theory and find that in
the setup of the present paper, the Einstein-Maxwell-complex vector field model
is a generalization of the SU(2) model in the sense that the vector field has a
general mass and gyromagnetic ratio.

Introduction

The gauge/gravity duality [?, ?, ?] allows us to map a strongly interacting
quantum field theory to a weakly coupled gravity theory living in a higher
dimensional spacetime. The applications of the gauge/gravity duality have been

extended to various fields in recent years, especially in condensed matter physics
[?7,7,7].

A well known example is the holographic superconductor model [?, ?]. By intro-
ducing a charged scalar field coupled to a (3+1)-dimensional Einstein-Maxwell
theory with a negative cosmological constant, this model admits a second order
phase transition. At high temperature, the scalar field vanishes and one obtains
the standard AdS Reissner-Nordstrom black hole. However, when one lowers
the temperature, the AdS Reissner-Nordstréom black hole becomes unstable and
is replaced by a charged black hole with non-trivial scalar “hair” . The higher
temperature AdS Reissner-Nordstréom black hole describes a conductor phase,
while the low temperature black hole solution has the expected behavior for a
superconducting phase. Since the condensed field is a scalar field dual to a scalar
operator in the field theory side, it is therefore a holographic s-wave supercon-
ductor model. Holographic p-wave models were realized by the condensation of
a vector-like field [?, 7, ?, 7], while holographic d-wave models were built up by
introducing a charged spin-two field propagating in the bulk [?, ?].

On the other hand, some novel properties of QCD matter in a strong magnetic
field have been revealed recently, see ref. [?] for a review. In particular, the QCD
vacuum may undergo a phase transition to an exotic phase with charged -meson
condensed in a sufficiently strong magnetic field, which is a kind of anisotropic
superconducting phase [?, ?, ?]. Similar phenomena have also been studied
by holography based on the Sakai-Sugimoto model [?, ?, ?]. In particular,
the holographic -meson studied in the confined phase at zero temperature [?]
suggests that the effective mass of the -meson would become tachyonic in a
sufficiently strong magnetic field, which gives rise to the condensate of the -
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meson in a strong magnetic field. In principle, the holographic p-wave model
proposed in refs. [?, ?] can also describe the condensate of the -meson in low
energy QCD.

In a recent paper [?], we constructed a holographic model with vector conden-
sate in the Einstein-Maxwell-complex vector field theory in (341)-dimensional
spacetime. In this model there exists a non-minimal coupling between the com-
plex vector field and the Maxwell field. Working in the probe limit, we found
that there is a critical temperature below which the charged vector condenses
via a second order phase transition. The DC conductivity becomes infinite and
the AC conductivity develops a gap in the condensed phase. In addition, it was
found that the background magnetic field can induce the condensate of the vec-
tor field even in the case without chemical potential/charge density. In the case
with non-vanishing charge density, the transition temperature raises with the
applied magnetic field, and the condensate of the charged vector operator forms
a vortex lattice structure in the spatial directions perpendicular to the applied
magnetic field. Thus, this model is also relevant to the -meson condensate in
an applied magnetic field. In a follow-up paper [?] we studied the model in
some detail by taking into account the back reaction of matter fields on a black
hole background geometry. Depending on the mass and charge of the vector
field, we found that not only second order, but also first order and zeroth order
phase transitions exist in this model. In particular the so-called “retrograde
condensation” can also appear, where the hairy black hole solution exists only
for temperatures above a critical value, and its free energy is much larger than
that of the black hole without vector hair. For details please see ref. [?].

In the previous studies, we limited ourselves to the black hole background, which
corresponds to a dual field theory in the deconfined phase at finite temperature,
according to the gauge/gravity duality. It is worth generalizing our study to the
AdS soliton background case dual to a field theory in the confined phase. Such a
study can not only shed light on the p-wave insulator /superconductor transition
at zero temperature, but is also relevant to the condensate of -meson appearing
in a confined phase. In this model the background magnetic field is from the U(1)
gauge field, so we shall call it Abelian magnetic field for convenience. The black
hole instability induced by a background non-Abelian magnetic field coming
from an SU(2) gauge field has been reported in refs. [?, ?] where a vortex
lattice structure forms due to the condensation of some non-Abelian current
operators. To distinguish our model from the p-wave model with SU(2) gauge
field [?], we may call our model Abelian p-wave model, while the latter non-
Abelian. To compare the two models, we will also investigate the AdS soliton
instability induced by non-Abelian magnetic field in the non-Abelian p-wave
model.

To immerse the strongly coupled system into an external magnetic field back-
ground, we turn on a uniform magnetic field B in the bulk. For the Abelian
p-wave model, we find that the increase of the Abelian magnetic field will in-
duce the instability of the AdS soliton background. It is well known that the
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increase of the chemical potential can induce the instability of the AdS soli-
ton background, which mimics the insulator/superconductor transition in many
holographic s-wave [?, 7, 7, ?] and non-Abelian p-wave [?, ?] models. The mag-
netic field here plays the same role as the chemical potential and a family of
condensates can be induced by the applied magnetic field in the dual strongly
coupled system. Although there is a tower of “droplet” solutions in the sense
that they are localized in a finite region for finite magnetic field [?], it is quite
different from the s-wave soliton case [?], where the presence of the magnetic
field makes the phase transition much more difficult. We then study the non-
Abelian p-wave model in the AdS soliton background with constant magnetic
field. Similarly, the non-Abelian magnetic field can also induce the AdS soli-
ton instability. In particular, if we take the mass of the charged vector field
to be zero and the non-minimal coupling constant between the charged vector
field and the Maxwell gauge field to be one, we find that in the setup of the
present paper, the reduced equations of motion of the Abelian p-wave model are
exactly the same as those of the non-Abelian model. In this sense, the Einstein-
Maxwell-complex vector field model can be viewed as a generalization of the
SU(2) p-wave model. We also manage to construct the vortex lattice solution
in the condensed phase near the transition point, which is very reminiscent of
the Abrikosov lattice in common type-II superconductors.

The plan of this paper is as follows. In section 2, we first introduce the holo-
graphic model with a complex vector field charged under a U(1) gauge field in
the AdS soliton background. We turn on a uniform magnetic field and give
details about how to recover the Landau levels of the vector field in this holo-
graphic model. Then we study the phase diagram. In section 3, we investigate
the magnetic field effect for the non-Abelian p-wave model in the AdS soliton
background. We construct the general vortex lattice solutions in section 4 for
both models. The conclusion and further discussions are included in section 5.

2 Einstein-Maxwell-Complex Vector Model

In this section, we study the AdS soliton instabilities induced by an applied mag-
netic field in the Einstein-Maxwell-complex vector field theory. Let us introduce
a charged vector field into a (4+41)-dimensional Einstein-Maxwell theory with a
negative cosmological constant.

The full action reads

5= 2712 /dsx\/fg [je + % B iFwF”” - %Plvp“” —m2plpt + iqyp, ol M

where k2 = 87 is associated with the gravitational constant in the bulk and L is
the AdS radius which is chosen to be unity. m and q are related to the mass and
charge of the vector field p,,, respectively. F,, =V, A, —V A  is the strength
of the U(1) field A,. The covariant derivative is defined by D, =V, +iq4,,.
The field strength tensor p,,,, is defined by p,,, = D, p, —D,p,. The last term in
(1) describes the non-minimal coupling between the charged vector field p, and
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U(1) gauge field A,,, characterizing the magnetic moment of the vector field p,,.
The coupling constant v can be thought of as an effective gyromagnetic ratio of
the charged vector field.

The equation of motion for the charged vector field p,, is given by
D, p"* —m?pH + igyp, F*" =0,

while the equation of motion for gauge field A4, is
Y, E = iq(p,pt" — plhp") +iqyV (0¥ pl — p,pt?).

By taking the limit ¢ — oo with gp, and gA,, fixed, the back reaction of the
matter sources to the background spacetime can be ignored. This is the probe
limit we will adopt in this paper. Since we want to study the phase transition in
the confined phase, the background geometry is taken to be a (4-+1)-dimensional
AdS soliton )
ds?® = % +r2(—dt? + dz? + dy?) + f(r)dn?,

where f(r) = r2(1 — ri/r*) and r, is the tip of the soliton. This is a self-
consistent solution of action (1) by neglecting the matter sources. To avoid the
potential conical singularity at r = r(, the spatial direction 1 must have a period
n ~ n+m/ry. The AdS soliton looks like a cigar with the asymptotical geometry
RY2 x S! near the AdS boundary. Since the spacetime exists only for r > 7,
the dual field theory is in a confined phase and has a mass gap E, ~ r,. The
AdS soliton spacetime can describe an insulator in condensed matter physics [?],
due to the presence of this mass gap.

2.1 Turning on a Constant Magnetic Field

We now turn on a magnetic field to study how the applied magnetic field influ-
ences the system. Similar to the black hole case studied in ref. [?], a consistent
ansatz turns out to be

A, da¥ = [§(r) + O(e?)]dt + [Bx + O(e?)]dy,

puda” = [ep, (r, 2)e + O())]da + [ep, (r, x)evel + O(e2)]dy,

where p, (1, ), p,(r,r) and ¢(r) are all real functions, p is a real constant, and
the constant 6 is the phase difference between the x and y components of the
vector field p,. The constant Abelian magnetic field B is perpendicular to the
x-y plane. The parameter € is a small quantity characterizing the deviation
from the critical point at which the condensate begins to appear.

Substituting the ansatz (5) into equation (3), the equation of motion for ¢ can
be read off at the zeroth order

o)+ 200 =0,
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The asymptotic value of ¢ gives the chemical potential u = ¢(c0) of the dual
field theory. Imposing the Neumann-like boundary condition at the tip of the
AdS soliton ¢’(ry) = 0, we find a unique solution

o(r) = p.

The equations of motion for p, and p, can be deduced from (2) at linear order
O(e). We can further make a variable separation as p,(r,z) = ¢,(r)X(z) and
py(r,z) = ¢,(r)Y(x). To satisfy the equations of motion, 6 can only be 6, =
/24 2nm or _ = —w /24 2n7 with n an arbitrary integer. We then obtain the
equations of motion for ¢, (r), ¢,(r), X(x) and Y (x) as

6. %+ | Lo - w2 LY 6.+ (1+7)qB| X + (¢Bx —p)p,Y =0
z T2 x T2f x )4 q p y — Y

¥ i r_ 2 q2¢2 _ _ -
¢, Y + 2 by m 2 ¢, £ (1+7)¢B|Y — (¢Bx —p)¢g, X =0,

where the prime and dot denote derivatives with respect to r and x, respectively.

Here and below, the upper signs correspond to the §, case and the lower signs
to the 6_ case. To satisfy (8) and (9), one should impose the constraint

1

¢, =cd,, c(gBr—p)Y = X, -

with ¢ a real constant. We can see that only two of the four functions are
independent.

Substituting (12) into the remaining equations, we can find the following three
equations
oo (3 . 9 E
2Pt (it )9\ ey et e =0
X+ [E— (¢Bx —p)?] X =0,
c(1+~)gBY + (¢Bx —p)X =0,

where F is a constant. It is clear that (14) and (15) are the same as the
corresponding ones in the black hole case discussed in ref. [?]. For the sake of
brevity, we therefore just list the main results in this paper. More details can
be found in ref. [?]. By defining a new function as ¢(x) = X(x) + icY (z), one
gets its equation from (14) and (15) as

P(z) + [E — (¢Bx — p)? + c(1 +7)¢B] y(z) = 0,

where we have imposed the condition ¢? = 1 [?]. This eigenvalue equation can
be solved exactly with the eigenfunction

() = Ny H00 i, (V1aB] (2= 1))
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and the corresponding eigenvalue
E, = (2n+1)|gB| — c(1 +7)qB,

where H, is the Hermite function, N,, is a normalization constant, and n is a
non-negative integer labeling each “energy level” . The solutions of ¢, and ¢,
corresponding to the eigenvalue E,, denoted by ¢,,, and ¢,,,, can be obtained
by solving equation (13) with E, given in (19). So far, we have recovered the
Landau levels. As we approach the transition point, we should encounter a
marginally stable mode at the critical point. Those solutions obtained from
(13) correspond to these marginally stable states.

One can see from (13) that the effective mass of p,, is given by

¢°¢* ¢>9°

r2f r2f’
which is clearly corrected by the magnetic field B. The appearance of a magnetic
field can increase or decrease the effective mass, thus hindering or enhancing the

transition from the normal phase to the condensed phase. In what follows, we
consider the solution with the lowest Landau level n = 0, which reads

=m?+ (2n+1)|¢B| — c(1 +v)¢B —

2 _ .2
mig =m-+ E, —

2

Yolw;p) = No‘ii%qu‘(wi"%) :

The general falloff of ¢, near the boundary r — oo behaves as

pzf per
¢{L’ TA7 —"_ ”’A+ + )

with A, = 1+ v1+m2. According to the AdS/CFT dictionary, up to a
normalization, p,  and p,, multiplying the spatial dependent part are regarded
as the source and the expectation value of the x-component of the dual vector
operator denoted as jx in the boundary theory, respectively. A similar statement
holds for ¢, corresponding to the y-component of the dual vector operator jy
Since we want the U(1) symmetry to be broken spontaneously, we turn off the
source term, namely take p, = 0.

2.2 Phase Diagram

We are interested in how the applied magnetic field can influence the critical
point from the normal phase to the condensed phase. As we can see from (20),
the effective mass of the charged vector field p, in the lowest Landau level n = 0
depends on the magnetic field B and the non-minimal coupling parameter v as

P
r2f’
It is clear that the increase of the magnetic field B decreases the effective mass

and thus tends to induce the phase transition. The magnetic field plays the
same role as the chemical potential p.

mZg =m? + |qB| — c(1 4 v)¢B —
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We introduce a new coordinate z = r/r, then the equation of motion (13) can
be rewritten as

m2
(-0 - 220+ 5 - T e =0

3—2*

z

z
where A = ¢?u? + |ygB|r3. We further define a new function for numerical
convenience
z A
0= (2) Fea
To
then the equation of motion for F(z) is given by

14324 (AL —2)(A_ +m? +4)
Z2

(1—24)F”(z)+< —4A> F’(z)+[A— F(z)=0.
For brevity, we also use prime to denote the derivative with respect to z, but

the meaning of the derivative in the text will be clear and not confused.

To solve such a second order equation, we should impose suitable boundary
conditions. Remember that the leading term of F' near the boundary z — 0
gives the source term which is set to zero, so one has the condition F(z = 0) =0
at the boundary. We impose the regularity condition at the tip z = 1. Thanks
to the linearity of (26), we take F'(» = 1) = 1 in our numerical calculation
without loss of generality. It is clear that (26) depends on two parameters m?
and A. For a given m?, only for certain values of A can the boundary conditions
be fulfilled.

Solving (26) by the shooting method, we present the three lowest-lying
marginally stable modes in figure 1 for m? = 5/4. The three modes are in
the sequence Ay, < Ay < A,. The mode with Ay =~ 7.7562 (the red curve) is
regarded as a mode with node n = 0 since the curve has no intersecting points
with the horizontal axis except at the origin z = 0. Following such terminology,
the blue curve corresponding to A; =~ 27.992 is considered as a mode with node
n = 1, and the purple one corresponding to A, =~ 59.601 as a mode with node
n = 2. Due to the radial oscillations in the z-direction of ¢, (2), the latter two
modes are therefore thought to be less stable than the first one. Thus, the
lowest value A, gives the critical value above which the AdS soliton is unstable
to developing vector “hair” .

We plot the value of A for different squared masses of the vector field in figure
2, from which one can see that A, increases as we increase the squared mass.

[Figure 1: see original paper] Three marginally stable modes of the charged
vector field. The three curves from top to bottom correspond to A, =~ 7.7562
(red), A; ~27.992 (blue), and A, =~ 59.601 (purple), respectively. We here take
m? = 5/4. We have normalized the value of ¢, at the tip to be one.

[Figure 2: see original paper] The critical value of A, with respect to m? of the
vector field. The black points are obtained by solving equation (26) numerically
using the shooting method.
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It should be stressed here that it is the combination A, = ¢*u? + |ygB|r2
that determines the phase transition point of the system. More specifically,
turning off the chemical potential u, we can see that the magnetic field itself
can also induce the instability. This result is totally different from the case in
the holographic s-wave superconductor/insulator model [?], where the presence
of the magnetic field makes the normal phase more stable rather than unstable.
The result here is reminiscent of the QCD vacuum instability induced by a
strong magnetic field to spontaneously develop -meson condensate. Just as
pointed out in the finite temperature case [?], this is due to the non-minimal
coupling of the vector field p, to the gauge field A, in the last term in (1).
The reader would be familiar with such a term used to describe the coupling of
magnetic moment for charged vector particles to a background magnetic field
in the literature, see refs. [?, ?] for example.

3 Einstein-Yang-Mills Model

The black hole instability induced by an applied non-Abelian magnetic field in
the SU(2) p-wave model was studied in refs. [?, ?]. In this section, we will study
the AdS soliton instability induced by the non-Abelian magnetic field.

The five-dimensional Einstein-SU(2) Yang-Mills theory with a negative cosmo-
logical constant can be written as [?]

1 5 12 1 mauw
S:ﬁ dl‘ﬁ{ﬂ‘Fﬁ*@F‘uyFﬂ R

where ¢ is the Yang-Mills coupling constant. The SU(2) Yang-Mills field
strength is given by

a __ a a abc Ab Apc
Fi, =0,A7 —0,A] + €A} A7,

where €%¢ is the totally antisymmetric tensor with €'?* = +1. The gauge field
is given by A = Afr%dx", where 7% = 0*/2i with 0 being the Pauli matrices.

The equation of motion for A}, reads

apv abc Ab peuv
U, Fom 4 eabe Ab Fenv =,

We work in the probe limit and treat marginally stable perturbations as probes
in the AdS soliton background (4).
3.1 Adding a Constant Magnetic Field

We turn on a background non-Abelian magnetic field B and also allow for a
non-Abelian chemical potential y in the dual system. Both of them come from
the 73 component of the Lie algebra. We take the following ansatz

Agdat = [p(r) + O(€%)]0%3dt + [Bx + O(€)]63dy,
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aydat = [eay(r, 2, y) + O()|dx + [eai (r, 2, y) + O(2)]dt + [O(e)|dy,
aZdat = leal(r,z,y) + O(*)]dx + [eai (r, z,y) + O(*)]dt + [O(e*)]dy,

with e the small deviation parameter. Substituting the above ansatz into (29),
we obtain the equation of motion for ¢(r) at leading order, which is just the
same as (6) with the solution given in (7). At linear order O(¢), the equations
of motion turn out to be

0,V, + (9, — iBx)V, = 0,
9,0,V, + (9, — iBx)d,V, = 0,

2.2 2,2
q° P B4x . .B
[8% + 27 — } V, + {8768?/ +iBx0, — zT—Q] V, =0,
. 2B q2¢2 B2I2
[6xay +iBzd, +i—5 ] V. + [65 R V, =0,

1 2

where V,, = a, and V, = ag.

In order to solve the above four equations of motion, we further make a variable
separation

Va(ra,y) = (51(7«))?(3;)6@@;’ Vy(r,x,y) = Ggy(r)?(x)eipye"é,

where qu, qu, X and YV are all real functions and p is a real constant. We
also introduce a constant 6 describing the phase difference between V, and V.

Further analysis shows that 6 can only be §+ =7/2+ 2n7 or 6 = —7/24 2n7w
with n an arbitrary integer. Then we obtain the following equations of motion

’ 2 12 I
f<25§;+<f +3f)(5;_<m2_q¢>~ + L5 =0,

2 r2 3 r2f Ty
e (f 3\~ . P*\ - B
2%t )= (e )t 2® =0

where the prime and dot denote derivatives with respect to r and z, respectively.
The same as in the previous section, the upper signs correspond to the 6, case

and the lower to the f_ case. Comparing the above four equations of motion
with equations (8)-(11), we can find that the two sets of equations are the same
if we choose parameters ¢ = 1, m? = 0 and v = 1 in (8)-(11). Thus, the
results obtained in the previous section can be used here by simply restricting
the model parameters to ¢ = 1, m? = 0 and v = 1. In this sense, the complex
vector field model can be thought of as a generalization of the SU(2) p-wave
model.
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3.2 Phase Diagram
In the presence of a constant magnetic field and chemical potential, the field ¢,
acquires an effective mass in the lowest Landau level n = 0 as

2 2 2,2
= g9 q*p
mls = By — 27 = |¢B| —c(1 +v)gB — ey

Since the non-Abelian p-wave model in our ansatz is the same as the Abelian
p-wave model with parameters ¢ = 1, m? = 0 and v = 1, in what follows we
shall omit the tilde in all functions in this non-Abelian model for clarity.

It is clear that the increase of the magnetic field B decreases the effective mass
and thus tends to induce the instability. For a given chemical potential u, as
we increase the magnetic field B to the critical value Ayrd ~ 5.1313, the AdS
soliton background will become unstable to developing non-trivial vector “hair”
. It is clear here that even without the chemical potential, the magnetic field
will induce the vector condensate and the AdS soliton instability. In addition,
note that the critical value A is comparable to the critical magnetic field found
in the black hole background [?].

[Figure 3: see original paper] The value of chemical potential at the phase tran-
sition from the normal phase to the condensed phase as a function of magnetic
field. It corresponds to the lowest Landau level with Ay >~ 5.1313. p, = /Ay /7,
is the critical chemical potential in the case without applied magnetic field.

The (p, B) phase diagram for the lowest Landau level with A, =~ 5.1313 is
drawn in figure 3. In order to determine which side of the phase boundary is
the condensed phase, we look at equation (40) which suggests that the magnetic
field decreases the effective mass. As one increases the strength of the magnetic
field at a fixed chemical potential, the normal phase will become unstable for
sufficiently large magnetic field. Therefore, the region in the upper right in
figure 3 corresponds to the condensed phase. In addition, let us mention here
that the (u, B) phase diagram for a fixed m? for the Abelian p-wave model
discussed in the previous section should be extremely similar to figure 3.

4 Vortex Lattice Solution

Following ref. [?], let us now construct the vortex lattice solution for the Abelian
and non-Abelian p-wave models. We consider the case with the lowest Landau
level n = 0.

Since the eigenvalue E, is independent of p, it is easy to find that a linear
superposition of the solutions e®Y¢,o(r)X,(xz;p) and ¢, q(r)Yy(2;p) with
different p is also a solution of the two models at linear order O(¢e). Therefore,
the following two functions

Wa(r,2,y) = dap(r) D e Xo(23p,),

l=—00
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(oo}
Wy(ra Z, y) = CewiqszO(T) Z Ceezpeyyo(ﬂc;pz%
{=—00
are solutions of the full equations of motion, where ¢, = T with 1 = aq/as
and ay, a, arbitrary constants. According to ref. [?], we can construct the

vortex lattice solution

W(r,z,y) =W, (r,z,y) + ce’ietWy(r, ,Y) = Pyo(r) Z co®PYeh (5 p,),

{=—00

2

where 1) (z;p,) = Noe’%\qBW*%) and p, = QWVQI‘qB‘(E + %). The solution
W (r,z,y) exhibits a pseudo-periodicity

2mag
V0aBl’

and has a zero at

) =Wirz,y), Wiyt ) = & VBl o)

VIaBl

- 1 . 1
Thn i = (m-i— 5) v + (n+ 5) Vg,
_ 2may _ 2may ~ o~ .
where two vectors v; = maz and vy = maw and m, n are two integers.
Remember that the corresponding results for the SU(2) model can be directly
obtained by choosing the parameters ¢ = 1, v = 1 and m? = 0.

W(r,z+—=

According to the AdS/CFT dictionary, the coefficient of the sub-leading term
near the boundary r — oo of W (r,z,y) gives the vacuum expectation value of
the dual vector operator. For the Abelian p-wave model, the expectation value
of the operator J dual to p, is glven by the coefficient of 1/r®+ at boundary
r — 00. The combination J, = J :I:ZJ does exhibit the vortex lattice structure
which has its cores located at x4, 5 Thls result is the same as that we reported
in the black hole background ["] In particular, to obtain the triangular lattice
we can choose the parameters

a; =V2m, a,=V2me™3,

We notice that it is the linear combinations J_ which exhibit the vortex lattice
solution. In particular, for ¢ > 0, it is J_ that corresponds to the lowest Landau
level, while for ¢ < 0, it is J,. The SU(2) p-wave model corresponds to the case
with ¢ = 1, so its vortex lattice solution is related to J_. This further provides
evidence for the correctness of choosing ¢ = 1 in section 2.1.

As a concrete example, the vortex lattice is presented in figure 4 in the x-y
plane perpendicular to the magnetic field for the triangular structure. For other
values of a; and a,, one can obtain different vortex lattice configurations. To
determine the true ground state, one must go beyond the linear analysis to find
the values of a; and a, which minimize the free energy of all possible lattice
structures. What is more, the overall normalization of W (r,z,y) can only be
fixed at higher order. The calculation of higher order contributions can be done
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straightforwardly as in refs. [?, ?]. Nevertheless, it is much more involved and
is not very relevant to our purpose in this paper. Thus, we shall leave it for
further study.

[Figure 4: see original paper] The contour plot of the vortex lattice structure for
the triangular lattice in the z-y plane. Darker shading indicates smaller values
of the norm of the condensate. In particular, the condensate vanishes at the
core of each vortex.

5 Conclusion and Discussion

As a continuation of our recent studies on a holographic p-wave supercon-
ductor model in the Einstein-Maxwell-complex vector field model proposed in
ref. [?], in this paper we generalized to the case with vector condensate of
dual conformal field theory in the confined phase, i.e., in an AdS soliton back-
ground (see the metric (4)). This study is relevant to the p-wave superconduc-
tor(superfluid) /insulator phase transition as well as charged -meson condensa-
tion in confined QCD vacuum in a strong magnetic field. We focused on the
behavior of the model in the presence of a constant magnetic field B. At linear
order the spatial part of the vector field p, can be solved analytically, which
gives the Landau level of the vector field in a magnetic field background. It
was found that the effective mass of the vector field is reduced by turning on a
magnetic field in the lowest Landau level case.

More precisely, it is the combination A = (¢%u? + |yqB|r3)/r2 that determines
the instability of our system, where  is the chemical potential of the dual field
theory, while r, is related to the mass gap of the field theory. When we increase
the value of A to the critical one, the AdS soliton background becomes unstable
to developing non-trivial vector “hair” . Interestingly, it can be seen from A
that the magnetic field itself can induce the instability even without chemical
potential . It is clear that the essential point for this is due to the non-minimal
coupling between the vector field and the background magnetic field.

To gain further understanding, we also studied the Einstein-SU(2) Yang-Mills
theory in the AdS soliton background with a non-Abelian magnetic field. In-
terestingly, at least under our ansatz in the present paper, we found that the
reduced equations of motion for the non-Abelian model are the same as those of
the complex vector field model in the case with parameters m? = 0 and ~ = 1.
Therefore, the presence of a non-Abelian magnetic field can also make the AdS
soliton background unstable. In some sense, the Einstein-Maxwell-complex vec-
tor field model is a generalization of the SU(2) model to a general mass squared
m? and gyromagnetic ratio v of the vector field.

The phase diagram in terms of B and p is drawn in figure 3. The critical chemi-
cal potential above which a condensed phase appears decreases with the applied
magnetic field, which means the presence of a magnetic field can enhance rather
than suppress the phase transition. This result is reminiscent of the condensa-
tion of W-meson [?] and -meson [?, ?] in a strong magnetic field. Of course, this
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result is opposite to the well-known behavior reported in ordinary superconduc-
tors as well as holographic s-wave superconductor/insulator models [?], where
the presence of an applied magnetic field suppresses the superconducting phase
transition. Remember that the action (1) describes a p-wave model, and for
p-wave superconductors, theoretical studies [?, 7, 7, ?] as well as experimental
evidence [?, ?] suggest the possibility that the magnetic field can induce su-
perconductivity in some cases, particularly for ferromagnetic superconductors.
Therefore our results are understandable.

In the present study, we limited ourselves to the probe approximation by ne-
glecting the back reaction of matter fields on the bulk AdS soliton geometry,
which may work only near the critical point with continuous phase transition.
Although it does reveal some significant properties, something would be lost in
this approximation, especially regarding the whole phase structure, see ref. [?]
as an example. Indeed, in the black hole background case, going beyond the
probe approximation, we found a rich phase structure in this Einstein-Maxwell-
complex vector field model [?]. Depending on the mass squared m? and charge
¢, the phase transition can be zeroth order, first order or second order. In addi-
tion, there also exists the so-called “retrograde condensation” . The behavior
of entanglement entropy in this model has also been studied in ref. [?].

In some sense, although the Einstein-Maxwell-complex vector model appears to
be a generalization of the SU(2) p-wave model, it can have a much richer phase
structure and distinguished properties compared to the latter. Therefore, it is
interesting to go beyond the probe limit in the soliton background. Our ongoing
work shows that this model has much more interesting behaviors in the soliton
background.

The Einstein-Maxwell-complex vector field model described by the action (1) is
just a phenomenological model. At the moment it is not clear whether this model
can be embedded into some effective theory of string/M-theory. If the answer
is yes, it is certainly of great interest to understand those interesting properties
of the model from the dual field theory side. This must be quite helpful to
understand some high temperature superconductors and QCD vacuum in strong
magnetic fields.
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