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Abstract

Constructing structured peer-to-peer networks that support efficient informa-
tion query requires consideration of both the characteristics of the underlying
network topology and distance metrics in the data space. Small-world models
can help us establish a universal model for constructing structured peer-to-peer
networks, enabling the design of efficient routing methods based on distance
metrics in the data space. This paper introduces a virtual ring model that
constructs long links tailored to different distance metric methods and underly-
ing network topologies, forming a small-world topology that supports efficient
deterministic greedy routing. By leveraging the four properties provided by
the virtual ring model, one can analyze whether the underlying topology of a
structured peer-to-peer network can support effective greedy routing through
the addition of long links by mapping the underlying network topology onto
a virtual ring network. The virtual ring model provides corresponding topol-
ogy analysis methods and routing table long link construction methods for two
major categories of network underlying topologies. This paper applies the vir-
tual ring model to add long links and construct structured small-world networks
supporting deterministic greedy routing in ring networks based on ring distance,
d-dimensional torus networks based on Manhattan distance, and ring networks
based on tree classification distance. The paper also discusses other networks
such as De Bruijn networks and routing hops in dynamic scenarios. Theoret-
ical analysis and experimental validation demonstrate the effectiveness of the
network topology and routing methods constructed based on this model. As a
relatively universal and practical routable small-world model, the virtual ring
model provides a systematic foundational theoretical and methodological frame-
work for implementing efficient distributed routing oriented toward information
retrieval queries in data spaces with specific distance metrics.
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Abstract: Building structured peer-to-peer networks that
support efficient information query requires consideration
of both the underlying network topology characteristics
and distance metrics in the data space. Small-world models
can help us establish a general framework for constructing
structured peer-to-peer networks, designing efficient rout-
ing methods based on distance metrics in the data space.
This paper introduces a virtual ring model that, for dif-
ferent distance metrics and underlying network topologies,
constructs long links to form small-world topologies sup-
porting efficient deterministic greedy routing. Using the
four properties provided by the virtual ring model, we can
analyze whether the underlying topology of a structured
peer-to-peer network can support effective greedy routing
by mapping it to a virtual ring network. The virtual ring
model provides corresponding topology analysis methods
and routing table long-link construction methods for two
major classes of network underlying topologies. This paper
applies the virtual ring model to add long links on ring net-
works based on ring distance, d-dimensional torus networks
based on Manhattan distance, and ring networks based on
tree classification distance, constructing structured small-
world networks that support deterministic greedy routing.
The paper also discusses routing hops in other networks
such as De Bruijn networks and under dynamic condi-
tions. Theoretical analysis and experiments verify the ef-
fectiveness of the network topology and routing methods
constructed based on this model. As a relatively general
and practical routable small-world model, the virtual ring
model provides a systematic theoretical framework for im-
plementing efficient distributed routing for information re-
trieval queries in data spaces with specific distance metrics.

Keywords: small-world networks; peer-to-peer networks; structured; routing
hops
1. Introduction

Peer-to-Peer (P2P) technology provides effective technical means for scalable
data publishing, querying, and sharing in large-scale distributed environments.
Among them, structured Distributed Hash Table (DHT) peer-to-peer networks

chinarxiv.org/items/chinaxiv-201611.00005 Machine Translation


https://chinarxiv.org/items/chinaxiv-201611.00005

ChinaRxiv [$X]

support scalable deterministic routing in large-scale distributed environments
and have received widespread attention from researchers. Structured peer-to-
peer networks achieve efficient distributed routing algorithms by adding long
links on a specific underlying network topology [12], [20], [26], [27], [28], [36].
In structured peer-to-peer networks, nodes are assigned positions in an identi-
fier (ID) space, and nodes closest to each other in the ID space are connected
through short links to form the underlying network topology. On top of this
underlying topology, each node adds several long links to support efficient rout-
ing. Typically, the number of links is logarithmic in network size, and the
length of nodes’ long links grows exponentially in the ID space. During routing,
the current node selects the long link with the shortest distance to the target
node as the next hop. This way, using only local information at each node can
achieve logarithmic routing efficiency. Although researchers have proposed vari-
ous structured peer-to-peer networks, most structured networks achieve routing
efficiency of O(logn) when each node maintains O(logn) long links.

Researchers have proposed some models for analyzing the topology and routing
characteristics of structured peer-to-peer networks [11], [17], [25], [29]. How-
ever, we still need a general theoretical analysis framework for constructing
structured peer-to-peer networks based on specific underlying topologies in a
given ID space with specific distance metrics, and for analyzing the correspond-
ing routing properties. This paper introduces a general model called the vir-
tual ring model for building and analyzing small-world networks on structured
networks. The virtual ring model leverages Jon Kleinberg’ s routable small-
world model [14] to construct structured small-world peer-to-peer networks. The
small-world phenomenon was first discovered in social networks, where letters
between two strangers could be delivered through no more than six interme-
diaries [18]. In the late 1980s, researchers began using random graph models
to analyze the diameter and clustering characteristics of small-world networks
[2]. Small-world networks are generally considered to have short network diam-
eters (logarithmic) and large clustering coefficients. Many natural and artificial
networks, such as the World Wide Web, have been confirmed to possess small-
world network characteristics [32]. Many unstructured peer-to-peer networks
like Gnutella also have small-world network characteristics [22], but cannot sup-
port deterministic routing. In fact, most small-world network models cannot
explicitly support deterministic routing—that is, quickly (in logarithmic time)
discovering routing targets using local information. Kleinberg pioneeringly pro-
posed a routable small-world model. This model adds one long link for each
node on a two-dimensional grid, with the probability of building a link between
two nodes inversely proportional to their distance. This model can be seen as a
small-world network model supporting deterministic greedy routing strategies
[14]. Kleinberg’ s model provides a feasible theoretical foundation for building
peer-to-peer networks. Based on Kleinberg’ s model, researchers have proposed
methods for constructing small-world peer-to-peer networks on various under-
lying topologies including rings and Delaunay graphs [Figure 2: see original
paper] [4], [6], [10], [16], [19], [30].
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Compared with previous work [7], [14], [15], [17], [23], [25], [29], [33], the virtual
ring model can not only be used to construct routable structured small-world
peer-to-peer networks in a given ID space, but also to analyze the routing ef-
ficiency of the proposed methods. The model takes the underlying topology,
ID space, and distance metric in the ID space as core factors, providing meth-
ods for verifying the routability of the underlying topology, designing routing
methods, and analyzing routing hops. It answers three questions: (1) Given an
underlying topology network structure, ID space, and distance metric, can we
support effective greedy routing by adding a certain number (logarithmic level)
of long links to each node? (2) If yes, how to add them? (3) What is the routing
efficiency after addition?

The remainder of this paper is organized as follows:

2. Related Work

Structured peer-to-peer networks use distributed hash tables to map both data
and nodes to the same linear ID space. The publication location of data is
determined by the linear order relationship between data IDs and node IDs.
Node routing tables are constructed in the linear ID space to effectively sup-
port exact queries. Each node adds O(logn) links, and routing can achieve
O(logn) hops. Both the underlying topology and the construction of long links
in structured peer-to-peer networks are determined by the distance metric de-
fined on the ID space. Tapestry [36] and Pastry [27] algorithms, based on the
work of Plaxton et al. [24], construct routing tables based on the shared pre-
fix of b-ary digital IDs, where the distance in ID space is the length of the
shared prefix between two nodes, achieving O(log, n) routing hops. Chord [28]
constructs routing tables in an integer ID space, where the distance between
two points is the numerical distance of integer IDs. The routing table size is
O(logn). CAN [26] partitions a d-dimensional Cartesian coordinate space and
establishes direct neighbor links for adjacent nodes in the space, supporting
multi-dimensional data location queries. In CAN peer-to-peer networks, nodes
uniformly partition the d-dimensional Cartesian coordinate space into multiple
hypercube intervals. The distance between two points is Manhattan distance.
Each node links to its O(d) adjacent neighbor nodes in the space, and greedy
query routing along neighbor nodes has a path length of O(dn'/?). If d is
O(logn), then O(logn) routing hops can be achieved, with each node main-
taining O(logn) direct neighbors. Numerous studies have proposed theoretical
analysis frameworks and models for various topology and routing characteristics
of existing structured peer-to-peer networks [1], [11], [17], [25], [29], [33].

Kleinberg’ s small-world model can serve as a general constructive model for
building small-world peer-to-peer network topologies [14]. Previous small-world
models could not directly implement deterministic greedy routing. Kleinberg’ s
model adds long links on a two-dimensional grid, which can effectively support
distributed greedy routing. In Kleinberg’ s model, long links are added accord-
ing to a harmonic probability distribution in the lattice distance space of a mesh
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network [8]. Considering two nodes v and u on an n x n grid, the grid distance
between nodes is defined as d(v,u) = |k, — k, | + |1, — I, |, where the coordinates
of nodes v and u are (k,,l,) and (k,,[,) respectively. In addition to 4 direct
neighbor links between adjacent nodes, each node adds one long link according
to the harmonic probability distribution. The probability that node v links to
node w is inversely proportional to the distance between them. That is, for a
node u on the grid, the probability that v connects to it is d(v,u)™" /T, where T
is the normalization parameter of the harmonic probability distribution. Since
probabilities are normalized across all network nodes, there must be one node
linking to v. Queries are routed along the link whose grid distance to the target
node is closest. When r = 0, the link length follows a uniform distribution, and
the greedy routing hops between two points on the network are O(nQ/ 3). In
[15], Kleinberg further extended the two-dimensional grid model to hierarchical
tree network structures and general group structure models. Network topolo-
gies conforming to this model can be extended into small-world networks using
Kleinberg’ s model method, supporting deterministic greedy routing. Kleinberg’
s model requires precise topology information 7" as the normalization parameter
for the probability space of long links. Therefore, when actually constructing
links, it is necessary to traverse the entire network or know the exact network
size. When 7 = 2, routing hops can achieve O(log” n).

Literature [5] analyzed the routing efficiency of Kleinberg’s small-world model on
ring topologies and extended it to more general network structures. When the
network topology has the property of distance-maintaining epimorphism with
ring networks, Kleinberg’ s small-world model can be used to add long links sup-
porting deterministic greedy routing. Literature [21] verified that O(log” n) is
the tight bound for the routing efficiency of Kleinberg’ s small-world model and
generalized it to d-dimensional mesh topologies. When d = 1, adding one long
link can achieve O(log”n) query efficiency in d-dimensional meshes. In [23],
the authors proposed a general model defining a class of network topologies
that can be transformed to have the characteristics of Kleinberg’ s small-world
model. In [9], the authors used neighbor-of-neighbor information to improve
routing efficiency to O(logn/d) in d-dimensional mesh networks. The Sym-
phony protocol uses Kleinberg’ s small-world model on ring networks to build
long links through a local harmonic probability distribution generator [19]. The
authors proved that adding k long links can achieve O(log2 n/k) routing hops.
Symphony’ s local random function requires the actual network size as a normal-
ization parameter, so it uses random sampling to estimate network size. The
Mercury query protocol supports multi-attribute queries by building multiple
Symphony rings [6], but adding long links requires estimating the current num-
ber of nodes in the network. Literature [4] and [30] add long links based on
Kleinberg’ s small-world model on d-dimensional Voronoi diagrams [11] to sup-
port multi-dimensional queries in different distance metric spaces. Long links
are added using random walk methods. In [10], the authors studied how to
build long links based on Kleinberg’ s small-world model when node IDs are
unevenly distributed in ring networks. In [7], the authors studied the char-
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acteristics of topologies in routable small-world networks. In [8], the authors
used random sampling methods to add long links on a tree-shaped peer-to-peer
network topology to build a routable small-world network. Many unstructured
peer-to-peer networks naturally have small-world network characteristics, such
as Gnutella [22], but cannot support deterministic greedy routing. The method
introduced in this paper targets the most general underlying network topologies
in structured peer-to-peer networks, providing a general model framework for
building routable structured small-world peer-to-peer networks, along with cor-
responding routing table construction methods and routing analysis methods.

3. Building Long Links in Ring Networks Based on Ring
Distance

Let I be a linearly ordered ID space. Both network nodes and data select IDs
from I. For unified discussion, we assume I is a continuous real interval [0, H],
where H > 1. n nodes randomly select a real number from I as their node
ID. All nodes are arranged in increasing order of ID as id,,id,,...,id,,, with
neighboring nodes connected, and the node with the maximum ID connected
to the node with the minimum ID, forming a ring underlying network. Data
objects also select IDs from I. Node id; is responsible for data objects whose
IDs fall in the interval (id,_,id;]. Looking up a target data ¢ means finding the
node responsible for that data. For two IDs x and y in I, the ring distance from
z to y is defined as d,;,,(z,y) = min{(y —2) mod H,(r —y) mod H}. When
processing a query request, a node selects the link in its routing table with the
shortest ring distance to the target ID as the next hop. Each node maintains
two short links pointing to its immediate predecessor and successor neighbors
in the ring. To improve query speed, each node adds k long links. All long links
are added in the same way. To add a long link, node id,; first generates a real
number 7 in the interval [0, H] according to a harmonic probability distribution
as a LINK ID. It then finds the remote node responsible for this LINK ID in
the network and adds it to the routing table as a long link.

Since we do not know the actual network size n, the LINK ID is actually gener-
ated in a virtual ring network S of size N, where N > n is a predefined integer.
The LINK ID r is generated by:

r=(id; + H/e*) mod H (1)

where z is a real number randomly selected from the interval [0, NInbd]. It
should be noted that the natural logarithm base e can be replaced by any other
real number b > 1, then the interval for generating = becomes [0, N Inb], and
it does not affect the distribution of r in the virtual ring network S. Node id;
finds the remote node j responsible for LINK ID 7 in the actual network and
adds it to its routing table. The network generates k LINK IDs for each node
to add multiple long links.
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The parameters required for building long links include: node ID id,, predefined
ID space [0, H], and predefined large integer N. These parameters are set by
the application scenario, and all nodes use the same configuration without re-
quiring additional dynamic global information. The only requirement is that
node IDs are randomly selected and uniformly distributed in I. Compared with
Symphony [15], this method does not need to estimate the actual network size.
Using Symphony’s proof method, we can prove that this method can construct a
network structure approximating Kleinberg’ s small-world model characteristics
in ring networks.

First, consider the routing efficiency of the virtual ring network S with N virtual
nodes. Let S denote the set of N virtual nodes arranged in increasing order of
node IDs, S = {v;,vy,...,v5}. That is, the virtual nodes in S divide the ID
space I into N + 1 equal-sized continuous intervals. Each virtual node adds &
long links in the virtual ring network S according to equation (1). The routing
efficiency has the following property.

Theorem 1. Each virtual node in S adds £ = O(log N) long links, then the
routing efficiency in S is O(log N) hops.

Proof: The detailed proof of this theorem can be found in [37].

If each node uses £ LINK IDs to build long links in its routing table, when
N > n and nodes are uniformly distributed in I, the number of corresponding
actual remote network nodes for these LINK IDs is O(logn), and the routing
hops in the actual network are also O(logn).

Theorem 2. In a ring network with n nodes, each node uses k = O(log N)
LINK IDs to add long links. If N > n and nodes are uniformly distributed
in the ID space, then the number of different remote nodes corresponding to
the & LINK IDs is O(logn) with high probability, and the routing hops are
also O(logn). Here “uniform distribution” means the ratio between maximum
distance and average distance is bounded by a constant.

Assume n uniformly distributed network nodes in I are arranged in increasing
order of node IDs as id;,ids, ..., id,. Obviously, the n nodes divide the virtual
ring network S into n + 1 intervals, and the expected number of virtual nodes
each node is responsible for is N /n.

Arrange node id;” s LINK IDs ry,r,,...,r; in increasing order. Then the j-th
LINK ID r; can be expected to span 27 virtual nodes from node id, in the virtual
ring network S. Thus, the first k—log, n LINK IDs of id,; can be expected to fall
under the jurisdiction of id;” s direct successor neighbor node id, ; (see Figure
1(a)). The remaining m = log, n LINK IDs correspond to at most log, n network
nodes. Since actual nodes are randomly selected, the number of virtual nodes
they govern will not be exactly N/n. In intervals where the number of virtual
IDs on virtual ring S is close to N /n, the maximum number of actual nodes
will not exceed O(logn) with high probability. There may be very few intervals
where the number of actual nodes exceeds logn. This is equivalent to the classic
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model of randomly throwing n balls into n+1 bins, where the maximum number
of balls in any bin does not exceed O(logn) with high probability. Therefore, in
general, k LINK IDs actually correspond to O(logn) network nodes.

If N < n, the n actual network nodes are divided by the N virtual nodes in
S into N intervals, with each virtual node responsible for n/N actual network
nodes. log N long links in the virtual network, i.e., LINK IDs, correspond to
log N different actual network nodes. The query first goes through log N steps
in S to reach the virtual node responsible for the target actual network node.
After that, long links no longer work, and the query can only be forwarded along
direct neighbor nodes in the actual network, requiring O(n/N) steps. The total
routing hops are O(log N +n/N). Figure 1(b) shows the routing scenario when
N < n. Therefore, we need to choose a large integer N to ensure N > n.

Using the analysis method of Theorem 1, we can derive Lemma 1. This lemma
gives the probability that a long link from a given node connects to another
given node. Lemma 1 will be used in the virtual ring model introduced later.

Lemma 1. In a uniformly distributed ring network with n nodes, the proba-
bility that a long link built from node v connects to node u at distance [ from
vis O(1/(llogn)).

4. Virtual Ring Model

Next, we further extend the method of building long links based on the small-
world model in ring networks from the previous section, and add long links on
general structured peer-to-peer network underlying topologies using this method
to form routable small-world network topologies. Our approach is: for a given
underlying topology and a distance metric, first map the underlying topology
to a ring network, then examine whether we can support deterministic greedy
routing by adding long links. If yes, we can add long links in the virtual ring
network and then map them back to the actual underlying network topology to
build the actual node long links. To facilitate the introduction of the virtual
ring model, we present its basic formal notation:

Let G = (I,d, g, f) be a structured peer-to-peer network with n nodes, where: -
I: represents the node ID space, - d(v, u): represents the distance between nodes
v and uw in I, - g: represents the connected undirected underlying topology
network. In the underlying topology network, each node links to its nearest
nodes in the node space I, - f,: is the hop count distribution of node v, i.e., the
distribution of distances from node v to other nodes in the underlying topology,
represented by f, (1), whose function value is the number of nodes at hop distance
[ from node v.

Queries use deterministic greedy routing, i.e., selecting the neighbor node closest
to the target node (distance in ID space) as the next hop in routing. We use
d,(v,u) to represent the shortest number of hops required to reach the target
node during routing on the underlying network g, called the hop distance. The

chinarxiv.org/items/chinaxiv-201611.00005 Machine Translation


https://chinarxiv.org/items/chinaxiv-201611.00005

ChinaRxiv [$X]

hop distance distribution satisfies: Z;:g“ fo,() =n, f,(0) =1, wherel,,,, is the
farthest hop distance from node v on the network. When nodes are uniformly
distributed in the ID space, we can naturally obtain f,(I) = ©(1%"1), for any
[, where d is the dimension of the underlying topology network. For example,
on a ring network based on ring distance, f,(I) = ©(1), l,,,,.. = ©(n). In a
d-dimensional torus network based on Manhattan distance, f,(I) = ©(1¢"1). Tt
should be noted that in an underlying topology network, all nodes v have the
same hop distribution function, i.e., f,(I) = f(1). If the network’s f(I) = O(1¢1),
then [,,,, = O(n'/%).

The virtual ring model mainly includes four properties characterizing the un-
derlying topology network, and provides corresponding long-link construction
methods for different network topologies.

Property 1: When network nodes uniformly partition the ID space I (the
ratio between the largest interval and the average interval size is bounded by a
constant), the distance d(v, ) in I between two nodes v and u with the largest
hop distance d, (v, u) is also the largest, and the deviation from the average
value can be expected not to exceed the logarithmic level O(logn).

This property can be used to analyze whether the ID space I of an underlying
topology network is uniformly partitioned. Uniformly partitioning the ID space
can help better analyze the constructed structured peer-to-peer network. How-
ever, this does not mean that strict uniform partitioning is required. We will
introduce non-uniform distribution cases later.

We first introduce the specific definition of the virtual ring. For a given node v,
its virtual ring is a ring network abstracted from the underlying network. In this
virtual ring network, the first node is v, while other nodes consist of virtual nodes.
Define S, (1) = {uld,(v,u) = [} as the set of all network nodes at hop distance
from node v, i.e., nodes on a virtual ring. This set satisfies |S,(I)| = f(I). Then
node v s virtual ring can be defined as a triple: vV R = (I,,,V'S,,d,;,,), where
I, is a real interval [0, L,,,,] in node space I, L, .. represents the maximum
distance in node space I according to distance metric d, and set V'S, consists
of 1,4 Virtual nodes arranged in increasing order of distance from node v as:

Sp(1),8,(2); s 8y (linaz)- dring 18 the ring distance on interval I,. For later

discussion, we define set B, (l) = Ué:o S, (1), i.e., the set of all nodes whose hop
distance from node w is less than /.

A virtual ring has [, ., virtual nodes, but we don’t actually know the [,,, . value.
The size of 1,,,, depends on the actual number of network nodes. However, we
can predefine L,,,... According to Property 1, when nodes uniformly partition
the ID space, virtual nodes S,(!) can also uniformly partition I,,. This ensures
we can apply the method from the previous section to add long links on the
virtual ring network. It should be noted that each actual network node has
a corresponding virtual ring network. Since we previously assumed all nodes
share the same distance distribution f,, we will only discuss in one virtual ring
later, using vV R to denote node v’ s virtual ring network.
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Greedy routing starting from node v in the underlying network g can be viewed
as greedy routing on vV R. One hop in vV R may correspond to multiple hops in
the actual network, because one hop in the actual network does not necessarily
reduce the hop distance to the target node. Similarly, one hop between virtual
nodes in the virtual network does not necessarily reduce the hop distance to
the target node in the actual network. To analyze the network’ s routability
properties, we present Property 2:

Property 2: Consider any node v and a given target node u € g. Let ¢, be the
set of direct neighbor nodes of v, and w € ¢, be a node in the direct neighbor
set closest to u. Then d (w,u) < dy(v,u). If dj(w,u) < dy(v,u), then the
maximum hop distance on the network is less than [,,,...

Property 2 indicates that any underlying network topology can be divided into
the above two cases. Therefore, for these two classes of underlying topologies,
we consider their link construction methods and respectively define Class A and
Class B underlying topologies and their corresponding properties.

Definition 1: Class A Underlying Topology. In this class of underlying
network topology, given a node v, for a target node u, if d (v, u) = [, then there
exists at least one node w € S,(I — 1) such that d (w,u) =1 — 1.

In this case, we can apply the ring network method from the previous section
to add k& = O(logL,,,,) long links for each virtual node in vV R. That is,
we can use an integer L,,,. to generate LINK IDs. Assuming node v adds a
long link to virtual node S, (1), the routing hops in vV R can reach O(log L,,,,..)-
This long link actually corresponds to selecting one or several actual network
nodes from set S,(!) to link (determined by the actual network topology and
distance distribution). Each node v corresponds to its own vV R. The long link
from S,(I) to S,(I—1) in vV R actually corresponds to the link added by node
u € S,(Il —1) in its ring virtual network uV R to the virtual node at distance
I — 1. Therefore, although we say we add k long links for each virtual node in
vV R, we actually only need to consider the first virtual node.

For a given target node u, the long link from v may not necessarily help reduce
the distance from the query message to the target node. Assume a virtual link
of length [ randomly selects an actual node from S, (1). According to Theorem 1
and Theorem 2, a virtual link can halve the distance to the target node (in the
virtual network). However, in the actual network, it does not necessarily halve
the actual network distance. The following Property 3 explains under what
conditions long links on the virtual ring can be effective in the actual network.

Property 3: In a Class A underlying network topology, for any two nodes v

and u, let h (1) = W. If it satisfies:

hb(D >, Vi e [L lmaa:]

where 0 < ¢ <1 is a real number independent of [, then by adding O(log L

max )
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long links per node, O(logn) routing efficiency can be achieved (proof see [37]).

Property 3 not only provides a method to analyze whether a Class A underlying
topology can be extended into a routable small-world peer-to-peer network by
adding long links, but also provides a framework for long-link construction.
The key is h,. That is, if analysis proves that k. is a sufficiently large real
number independent of I (less than or equal to 1), then we can build a routable
structured peer-to-peer network by adding long links. For example, in ring
networks based on ring distance, h, = ©(1); in d-dimensional torus networks
based on Manhattan distance, h, = ©(1). In De Bruijn graphs, h, is not
independent of [ but decreases exponentially with [. Therefore, De Bruijn graphs
do not satisfy Property 3. We cannot improve the network’s routing efficiency by
adding long links (in fact, De Bruijn graphs already achieve O(logn) routing).
We will introduce in Section 5 how to use Property 3 to build long links in
d-dimensional torus networks.

Definition 2: Class B Underlying Topology. In this class of underlying
topology, given a pair of nodes u and v, all nodes w € S,(1) satisfy d (w,u) =
dgy(v,u) (see the right side of Figure 2).

In Class B underlying topologies, direct neighbor nodes can no longer be used
as the next hop for greedy routing. That is, we cannot reduce the hop distance
by 1 by entering a direct neighbor node. However, if the underlying network
topology satisfies the following Property 4, we can still build a routable network.

Property 4: Given a node v and a target node u, for any node w € S,(I),
if there always exists a node z such that d (z,u) < d,(v,u) — 1 and d(v,2) <
d(v,w), then by adding long links from v to a node in Ui:l S, (1), O(logn)
routing hops can be achieved. Here m(l) is a transformation on the integer
interval [0,1,,,,.]- Note that in the right half of Figure 2, 7(l) =1 — 1.

Y 'mazx

Like Property 3, Property 4 shows what kind of Class B underlying topology
can be transformed into a routable network. In such networks, there always
exists a set of nodes whose distance to the target node is one less than v s
distance to the target node. Thus, we can add a long link from node v to a
node in this set to support greedy routing. We will discuss in Section 6 how to
use Property 4 to build long links on ring networks based on hierarchical tree
distance to support greedy routing.

5. Building Long Links in d-dimensional Torus CAN Net-
works Based on Manhattan Distance

In a d-dimensional CAN [26] peer-to-peer network, each node is represented
by a d-dimensional vector x = (1, %y, ..., 4), Where x, is generated from the
real interval [0, H], with H > 1. The first node is responsible for the entire
d-dimensional Cartesian coordinate space D = [0, H]?. Subsequently joining
nodes select an existing node on the network and partition one dimension of
the interval responsible by that node in half. The dimension to be partitioned
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is selected in a round-robin fashion. That is, starting from the first dimension,
a newly joining node partitions the interval of an existing node along the i-
th coordinate axis in half, where ¢ = (s + 1) mod d, and s is the dimension
selected by the existing node in its last partition (or when partitioning other
nodes). Data objects are also represented by d-dimensional vectors in D and
stored in nodes responsible for those coordinate vectors. To uniformly partition
the d-dimensional space, joining nodes first randomly generate an ID uniformly
distributed in [0, H]?. The node then locates v on the network through an
existing node, and finally partitions the interval of the node responsible for
that ID using the round-robin dimension partition method. The joining node
uses the center point coordinates of its responsible interval as its node ID. Each
node establishes short links with adjacent nodes in each dimension. Nodes at the
boundary of a dimension in space D connect to boundary nodes at the other end
of that dimension, forming a loop. When nodes randomly select IDs and join
using the round-robin dimension partition method, they approximately form
a d-dimensional torus topology. Each node in the CAN peer-to-peer network
maintains O(d) short links, and routing hops can reach O(dn'/?).

5.1 Using Virtual Ring Model to Build Long Links

In the d-dimensional ID space D of CAN peer-to-peer networks, Manhattan
distance is defined as d,,,,,, (v, u) = 25:1 min{|z; —y;|, H—|z; —y;|} to evaluate
the distance between two points x = (21, 2Zq,...,24) and y = (¥1,Ys, .., Yyg) in
the space, where:

min{|z; —y,|, H — |z; —y,|}

is defined as the coordinate distance in dimension i. Since the maximum coor-
dinate distance in each dimension is H /2, the maximum Manhattan distance
L isd-H/2.

max

In node v’ s neighbors, there are always some nodes that can help reduce the
distance to the target node. Therefore, the d-dimensional torus CAN peer-to-
peer network belongs to Class A underlying topology, and we can use the one-
dimensional virtual ring method to add long links. Figure 3 shows an example
of mapping a two-dimensional CAN network to node v’ s virtual ring network
vV R. The squares in Figure 3(a) represent nodes at distances I, l,, and [ from
node v. These nodes are mapped to virtual nodes S,(l;), S,(l5), and S, (I3) in
vV R (Figure 3(b)). In an m-node d-dimensional CAN, the expected value of
IS, (1)] is O(1%1). Therefore, 1,,,, = O(n'/?), and there are O(dn'/?) virtual
nodes corresponding to vV R.

When building long links, node v first generates k real numbers ry,ry, ...,
in the interval [0, L,,,,] according to a harmonic distribution, i.e., generates
long links in vV R (the selection of constant k& will be discussed in Section 5.2).
Then for each r;, it generates a vector point y = (y;,¥s, ..., y4) such that its
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Manhattan distance from node v is r;. y is used as the LINK ID to build v’ s
long link in the actual network. That is, node v looks up the node responsible
for LINK ID y on CAN, adds it to its routing table as a long link, thereby
mapping the links in vV R to the actual network.

First, generate in the interval [0, L,,,.]. The method used is similar to the LINK
ID generation method in ring networks from Section 3, i.e.:

Ty = Lmax/eri (2)

where z; is a real number randomly selected from the interval [0, d In H].

Equation (2) differs from equation (1) in that we do not directly incorporate
node v’ s ID, because node IDs are vectors that cannot be simply added with
numerical distances. r; is merely the length of the long link, i.e., the distance
from the remote node to v.

Given a distance r;, there can be multiple candidate LINK IDs y in the actual
network. We randomly select one satisfying the condition. To do this, we
randomly generate a real vector s = (sy, S, ..., $4) such that the distance from
point s to v is 7; (the sum value loops back within [0, H]). To generate s;, we

initialize s = 0 and repeat the following steps to obtain s;:

a. Randomly select a real number from I as s;;
b. Randomly assign a sign, positive or negative, to s; with probability 1 /2;

c. If ZZ:1 |s;| > r;, the program ends (all s; have been obtained);

Finally, node v looks up the remote node responsible for y on the network and
adds it to its routing table.

Routing must consider the size of the interval each node is responsible for in each

dimension. Let Z, = ([27,2]],[23,23], ..., (24, 2;]) denote the d-dimensional

interval currently responsible by node v, where [z;, z;] is the one-dimensional

interval occupied by v in dimension i. Define the interval Manhattan distance
from v to target y as:

d

dinter’ual (Zva y) = Z dinterval (’Zi7 yz)

i—1

(2

where d;,,;0r001 (24 y;) 1S the interval distance on coordinate axis i. If y; € [2;, 2],
then dinterval(ziayi) = O? otherwise, dinterval(zivyi> = mln{|y1 - Z;|’ |yz - Z’j_‘}
When d,,,10rva1(Zy, t) = 0, it means target point t falls within node v* s interval.
In each hop of routing, the node selects from its routing table links the link
with the shortest interval Manhattan distance to the target node as the next
hop, until the interval Manhattan distance becomes zero, i.e., the target node

is found.
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5.2 Routing Efficiency of CAN Long Links

Different numbers of LINK IDs generate different routing table sizes and routing
hops. At the same time, the dimension d of the space partitioned by CAN also
affects the routing table and routing efficiency. When k& = O(log V), each node
will add O(logn) different remote nodes as long links, and routing hops can
reach O(logn). We can derive Theorem 3 from Lemma 1 and the topological
properties of the grid, with the help of Property 3. The key is the probability
that a long link halves the distance. Figure 4 shows the basic proof idea.

Theorem 3. Assume on a d-dimensional CAN, n nodes uniformly partition the
d-dimensional ID space using the round-robin dimension partition method, and
each node uses k LINK IDs to build long links. Let N be a large integer constant,
and N¢ > n. Then the expected number of different long links added per node
is O(k). The expected routing hops are O(logn), and with high probability the
maximum greedy routing hops can be O(logn).

Theorem 3 shows that we need to ensure N% > n to obtain an effective routing
table. Assume we select a large integer N such that N¢ > Mn > n, then
k = O(log N) = O(logn). Therefore, we set k = O(log N) LINK IDs to add
long links.

5.3 Building Long Links in High-dimensional CAN Networks

When d increases, using 2¢ LINK IDs to build long links is almost impossible.
Fortunately, in most cases we can use O(logn) LINK IDs to add long links,
and routing hops can reach O(logn). Moreover, when d = O(logn), CAN can
achieve O(logn) routing hops without adding long links.

Lemma 2. If the expected longest path of an n-node d;-dimensional CAN
underlying network ¢, is smaller than that of an n-node d,-dimensional CAN
underlying network g,, where d; < d, and both networks are built using the
round-robin dimension partition method, then after adding links based on the
virtual ring model to ¢g; and g, respectively using the same number of LINK
IDs, the expected longest path of g; will still not be greater than that of g, (see
example in Figure 5 [Figure 5: see original paper]).

Lemma 2 shows that we can achieve the same routing efficiency in high-
dimensional CAN networks with fewer long links as in low-dimensional CAN
networks, thus avoiding the problem of exponential increase in long links.
However, this depends on the number of nodes and the dimension of the
network. The longest path length of a d-dimensional CAN is O(dn'/?), so
the path length of a d;-dimensional CAN network is smaller than that of a
d,-dimensional CAN with the same number of nodes. Considering dy = d; + 1,
there exists a specific n such that when n > n,, the path length of the
d;-dimensional network is smaller than that of the d,-dimensional network.
It can be shown that n, is relatively small. Figure 6 Figure 6: see original
paper shows the curve of function t(n,d) changing with d. Therefore, when
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the network node count n is sufficiently large, using O(logn) LINK IDs can
achieve routing efficiency no worse than the two-dimensional case.

Theorem 4. When using the round-robin dimension partition method to par-
tition d-dimensional space and d > logn, each node has at most 2logn direct
neighbors. Each node uses O(loglogn) LINK IDs to add long links (N > n),
and routing hops are O(logn).

When d > logn, network nodes actually have at most 2logn direct neighbor
nodes. At this point, the maximum number of virtual nodes L,,,, = 2logn.
That is, each node has one neighbor node in each of its first 2logn dimensions.
Without long links, routing can only proceed along direct neighbor nodes. A
query requires at most one hop in each dimension, O(logn) hops to reach the
target node. Using O(loglogn) LINK IDs to build long links, since there are
only 2 long links of length r in vV R, the probability of helping reduce one hop
to the target distance is 1/2'. O(loglogn) long links can help reduce at most a
constant number of routing hops. Therefore, routing hops remain O(logn).

In summary, in high-dimensional CAN networks, we don’ t need to use 2¢ LINK
IDs. Each node builds O(logn) links in total, and queries can achieve O(logn)
routing efficiency. When d > logn, the d-dimensional CAN network topology
can be viewed as a CAN network structure with dimension 2logn. In this
case, the function ¢ ;(d) can be transformed into a function of n by substituting
2logn for d. Figure 6(b) shows the curve of function t¢4(n). Even when n is
large, t f(n) remains small. Therefore, in most high-dimensional networks, we
can use O(logn) LINK IDs to add long links to achieve routing efficiency that
grows logarithmically with network scale.

It should be noted that although O(logn) routing efficiency can be achieved
in networks with dimension d = O(logn) without adding long links, it is still
difficult to achieve O(logn) routing hops by adding more long links. Only when
using O(logn) links, with each node linking to almost all other nodes on the
network, can O(logn) hops be achieved. Moreover, when d > logn, each node
is responsible for a larger interval, i.e., responsible for all data on dimensions
that have not been split, causing the actual search space to become larger. Lit-
erature [31] proposed a Rolling Index data structure to solve the problem of
data retrieval in high-dimensional space. Its main method is to merge multiple
dimensional coordinates into one coordinate, thereby reducing space dimension-
ality. eCAN [12] improves routing efficiency on CAN networks by building long
links, achieving O(logn) hops [34]. eCAN dynamically tracks the node split-
ting process to build and adjust long links. In [35], the authors use the node
splitting tree path formed during CAN construction as node IDs and data IDs,
forming a ring network on which they build a Skip Graph index structure to
support range location queries for data. To set node IDs, nodes need to record
the dimensions they have split and the dimensional coordinates of split points.
Since node departure and joining change the splitting tree structure, causing
corresponding node ID changes, the dimensional coordinates of split points are
no longer accurate, and the relationship determining target data IDs and node
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IDs also changes due to splitting tree changes. If network topology maintenance
cannot accurately reflect these changes, routing cannot be guaranteed to always
converge. The process of building long links on CAN based on the virtual ring
model can be performed after the entire CAN topology is completed, or can
be added along with CAN construction, and is easy to maintain. Each node
records incoming links, and when a node leaves, it moves the incoming links
to the corresponding neighbor nodes, ensuring the correctness of routing tables
without recalculating LINK IDs to generate long links.

Under uniform partitioning of d-dimensional space, long links added based on
the virtual ring model can effectively support routing. Uniform partitioning
means each node is responsible for intervals of the same size in space. For
example, in an extreme case where all nodes only split along a fixed dimensional
coordinate, forming a ring network topology, the method for adding long links
does not need to change, and the routing table built through the virtual ring
model naturally degenerates to long links in ring networks. The virtual ring
model is also suitable for other regularly partitioned multi-dimensional space
underlying network topologies, such as Delaunay graphs.

When supporting range queries, distributed hash tables cannot be used to hash
data into multi-dimensional ID space; data can only be published according to
its original values. At this time, the load distribution in multi-dimensional space
will be very uneven. Static load balancing methods can be used to uniformly
partition the data space, or dynamic load balancing methods can be used to
reduce the load of overloaded nodes during runtime. Static load balancing
means that when the data distribution is known in advance, the interval size
is partitioned according to the data distribution, and the data space is evenly
divided while building the network to achieve load balancing. At the same
time, the network topology can remain regular, and the virtual ring model can
be applied to add long links. In dynamic cases, the global data distribution
usually cannot be obtained in advance. At this time, nodes or data can be
moved according to local load distribution information to reduce the load of
overloaded nodes. When moving nodes, nodes with lighter load on the network
can be selected to move to overloaded intervals to share the load of overloaded
nodes. However, moving nodes in multi-dimensional space will cause the node
density in overloaded intervals to be greater than that in intervals with smaller
load, resulting in the underlying network topology no longer being regular and
routing efficiency decreasing. At this time, although long links added using
the virtual ring model can still guarantee routing efficiency to a certain extent,
they will cause some nodes responsible for larger spaces (but with less actual
load) to have too many incoming links. At the same time, in extreme cases,
such as when data continuously accumulates in a very small interval, routing
efficiency will decrease. Moving data can also achieve load balancing. In multi-
dimensional CAN, load balancing can be achieved by changing node boundaries
and only moving data between direct neighbor nodes, without storing additional
data pointers, while keeping the original network topology unchanged. However,
the convergence speed of load balancing only between neighbor nodes is slower,
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usually related to the network diameter or expansion ratio. In high-dimensional
CAN, the network diameter reaches O(logn), so load balancing can converge
quickly. In two-dimensional networks, an O(y/n) network diameter can also be
achieved.

6. Building Long Links in Ring Networks with Hierarchical
Tree Distance

Kleinberg extended the small-world model on two-dimensional grid networks
to networks with hierarchical tree distances in [15], building long links based
on harmonic distribution to support deterministic greedy routing on networks
based on hierarchical tree distances. In networks based on hierarchical tree
distances, node IDs are path IDs from the root node to leaf nodes, represented
by a b-ary string. The distance between nodes is prefix distance, i.e., the length
of the shared prefix of two node IDs. The probability of node v linking to a
remote node u is inversely proportional to their prefix distance. Each node
independently selects O(logn) remote nodes as long links based on harmonic
distribution in the network, and routing hops can reach O(logn). Similar to
two-dimensional grid networks, Kleinberg’ s hierarchical tree network model
still requires knowledge of the entire network size to determine the normalization
parameter of the harmonic distribution. Below we briefly introduce how to use
the virtual ring model to analyze and build long links on ring networks based
on hierarchical tree distances.

In networks based on hierarchical tree distances, node IDs are represented by
b-ary strings of length h, and the tree distance between two nodes v and u is
defined as the length of the shared prefix of their node IDs. For simplicity, we
assume N = b". Like in ring networks and CAN networks, we need to ensure
N is greater than the actual number of network nodes O(logn). Therefore,
h = O(log,n). When n nodes randomly select node IDs, the maximum node
distance in the actual network is I,,,, = O(log,n). We use the virtual ring
model to map the hierarchical tree network to the virtual ring network vV R.
However, hierarchical tree networks belong to Class B virtual rings (their virtual
ring construction method is shown in Figure 7 [Figure 7: see original paper]).
In a hierarchical tree network, given a query initiated from node v with target
node u at distance | = td(v,u), we know [15]:

1. A long link can reduce the distance to the target node by at least 1 step
if and only if it points to a subtree of height [ that contains u, where
I<h-—1;

2. Except for the subtree of height [ where v is located, there are b — 1 such
subtrees, and only one of them contains u;

3. If each hop in the network can reduce the distance to the target node by
one step, after h hops, the distance to the target node is at most 1. If
nodes in subtrees of height 1 are linked together, when the distance to the
target node is reduced to 1 (i.e., falling into a subtree of height 1), at most
b more hops are needed to locate the target node.
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The hierarchical tree network model belongs to Class B virtual rings. From (1)
we can get m(I) =1 — 1. Assume a query in vV R starts from node v; (i.e., the
starting node v) with target virtual node vy, at distance [,,,,, from v, requiring
traversal of log, n virtual nodes vy, vy, ...,v;. Let r(v) be a long link of node v.
If r(v) = p;, then at the i-th hop of the query, the distance to the target node is
dg, (p;;u) = l—i+1. To ensure the routing hops in the actual network are log, n,
a simple method is to set p; = v, for all <. That is, node v at distance [ from
target u should have a long link pointing to virtual node S, (1) in vV R. Since
the possible distances between v and target node u are 0,1, ..., h, node v needs
to add log, n long links in vV R. The i-th longest link is at distance ¢ from wv.
The virtual node S,(7) in vV R corresponds to the root nodes of b — 1 subtrees
of height 7 in the actual network, and target node u may fall into any of these
subtrees. Therefore, a long link in the virtual network needs to correspond to
the root nodes of each subtree, i.e., correspond to (b — 1) long links of length ¢
in the actual network.

The method for obtaining routing tables in hierarchical tree distance space using
the virtual ring model actually has the same characteristics as Tapestry and
Pastry. Both also use prefix-length-based routing methods, and routing tables
are also built based on the prefix length of node IDs, thus having the same
structure as routing tables in hierarchical tree distance space. Kleinberg’ s tree
network model does not emphasize what topology the underlying network uses
to connect all nodes. Therefore, O(logn) links need to be added to ensure
network connectivity.

We specifically designed and verified a routing table structure based on hier-
archical tree distance on a ring network to support greedy routing based on
hierarchical tree distance. For simplicity, in an n-node network, we use random
characters of length h in a b-ary string as node IDs, i.e., ensuring N = b* > n.
The strings are linearly ordered by one-dimensional string dictionary order to
form a ring network ¢g. Node id, is responsible for nodes whose IDs fall in the
interval (id,_;,id;] according to dictionary order. The distance between two
points is the length of the shared prefix of IDs. Assuming node v’ s ID is a b-ary
string id; of length h, for I = 1,2, ..., h, each node randomly generates (b — 1)
LINK IDs of length h at distance ! from v. A LINK ID at distance [ shares a
prefix of length ! with id;, with remaining characters randomly generated. Af-
ter generating all (h(b — 1)) LINK IDs, node v looks up the nodes responsible
for these LINK IDs on the ring network and adds them to its routing table as
routing links. Since h = O(log, n) and nodes randomly select IDs, the number
of actual long links in the routing table is O(logn).

The query tries its best to reduce the distance between the predecessor node
and the target node on the network. Since nodes are actually responsible for
an interval of IDs, routing must consider the size of the interval the node is
responsible for to ensure routing convergence. Given a query issued from node
v with target node t, let rid be a long link in node v s routing table. The
distance between the node pointed to by the long link and node v is defined
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as d,4(rid, t), where id,,;;_; is the ID of node rid’ s direct predecessor. During
routing, node v selects the long link rid with the smallest distance d,;(rid,t)
as the next hop node. Since d,4(id;,t) > d;;(id;.q,t), for d;,(id;, t) > d;q(w, ),
routing convergence can be guaranteed. Similar to Pastry and Tapestry, when
nodes uniformly partition the ID space, routing hops are O(logn).

7. Simulation Experiments

To verify the network routing efficiency after adding long links using the vir-
tual ring model, we conducted simulation experiments on ring networks with
ring distance, CAN networks with d-dimensional Manhattan distance, and ring
networks with hierarchical tree distance. The main experimental metrics are
average routing hops, maximum routing hops, and average routing table size.
Unless otherwise specified, routing table size only refers to the number of long
links. To evaluate routing efficiency, n queries are issued from a fixed node
on an n-node network, with each node on the network accessed once to collect
statistics on average and maximum routing hops.

First, we tested routing characteristics in ring networks. We compared the
routing hop distributions on two 1024-node ring networks. We strictly followed
Kleinberg’ s model method to add one long link per node on a ring network
(represented by Kleinberg in Figure 8 [Figure 8: see original paper]). That
is, each node could obtain the exact normalization parameter T and add each
long link with probability proportional to the inverse of its distance from the
node (after normalization) by traversing the entire network. Then, we used the
virtual ring model method to add long links on the ring network using & LINK
IDs to build a structured small-world network. From Figure 8, we can see that
nodes in the pure Kleinberg small-world network are regularly distributed, thus
having relatively short average routing hops. In the approximately constructed
small-world ring network, nodes are randomly distributed and do not strictly
uniformly partition the network ID space.

Figure 9 [Figure 9: see original paper] shows the relationship between the pre-
defined integer N and routing table size and routing efficiency in ring networks.
When N = 162, both routing table size and average routing hops can reach
O(logn). In Figure 9(b), we set N = 102, smaller than the actual network
size. It can be seen that the routing table size remains stable at this time, not
increasing with the number of network nodes, while routing hops increase faster.
The experiments show that selecting a large integer N to generate LINK IDs
can ensure the effectiveness of long links in routing tables.

Furthermore, we tested the routing efficiency of CAN after adding long links
based on the virtual ring model. For convenience, we call the CAN network
after adding long links using the virtual ring model SCAN.

Figure 10 [Figure 10: see original paper| shows the routing hops and routing
table size on SCAN networks with dimensions 2, 3, and 4. To make routing
hops reach O(logn), each node uses k = O(log N) LINK IDs to build long links.
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All network routing table constructions use M = 202. For easy comparison, we
provide theoretical upper bounds for maximum routing hops, average routing
hops, and average routing table size in the figures. Since all theoretical upper
bounds are O(logn), we use C'log N to represent them, where C' represents
integer values 1, 2, 8, 32, and 128. d,,,,, , represents maximum routing hops,
dyyg qr TEPTesents average routing hops, and d,,,, ,, represents average routing
table size, where d is the number 2, 3, and 4. Figure 10 shows that the upper
bound for maximum routing hops is O(logn), the upper bound for average
routing table size is O(logn), and the upper bound for average routing hops is
also O(logn), thus verifying the conclusion of Theorem 3.

Next, we verify the conclusion of Lemma 2, that using a smaller number of
LINK IDs can achieve O(logn) routing hops. In the verification, we tested the
maximum and average routing hops in SCAN networks with dimensions 2, 3, 4,
and 5, with node count n ranging from 2° to 2'*. First, we used k = 8log, N
LINK IDs to build long links, with M = 202. Figure 11 Figure 11: see original
paper shows that SCAN networks with dimensions 2, 3, 4, and 5 can achieve
almost the same average routing hops and maximum routing hops, with O(logn)
as the upper bound. When using k = 4log, N LINK IDs to build long links,
the routing hops of all networks are still very close. When using ¥ = 1 LINK
ID, Figure 11(c) shows that the routing hops of high-dimensional networks are
smaller than those of low-dimensional networks. The experiments show that
we can use O(logn) LINK IDs to add long links in high-dimensional SCAN
networks to achieve O(logn) routing efficiency. When d = O(logn), CAN can
achieve O(logn) routing hops without adding long links.

To further verify that using a limited number of LINK IDs to build long links
can achieve effective routing hops, we tested the trend of routing table size and
routing hops with node count n on CAN and SCAN networks with dimension
d = log,n. Figure 12 [Figure 12: see original paper] shows the average rout-
ing table size of CAN networks with N = 202 and dimension d from 2 to 20.
Figure 12(b) shows that when d > 10, the average routing table size of CAN
networks no longer increases (CAN routing table size is represented by direct
neighbor count). When using O(loglogn) LINK IDs to add long links, the aver-
age number of long links (represented by SCAN_{avg} in Figure 12(a)) has an
upper bound of O(loglogn) (represented by 4loglog N in Figure 12(a)). When
n = 1024, no long links are added (represented by LOG in the figure), where
N =202, d = 2,3, ..., average routing hops (SCAN_ {avg} in Figure 12(b)) and
maximum routing hops (SCAN_ {max} in Figure 12(b)) are both bounded by
O(logn) (represented by LOG in Figure 12(b)). Using O(loglogn) LINK IDs
to build long links, the maximum routing hops (SCAN_{max}) decrease. The
above experiments show that using O(loglogn) LINK IDs, each node maintains
O(logn) connections (including long and short links), and queries can achieve
O(log n) routing efficiency.

Finally, we simulated and tested the effect of adding long links in hierarchical
tree distance space using the virtual ring model on a ring network. Figure 13
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[Figure 13: see original paper| shows the trend of routing table size and routing
hops with network node count. In Figure 13(a), 2-20_¢r indicates that the
network’ s ID space consists of b-ary strings of length A = 20, b = 2. 10-6_gr
indicates h = 6, b = 10. It can be seen that the routing hops have an upper
bound of O(logn) (LOG10 and LOG2 in Figure 13 represent theoretical upper
bounds O(log,,n) and O(log, n) respectively). Figure 13(b) shows the routing
table sizes in two cases: b = 2, h = 20 (represented by 2-20_rt) and b = 10,
h = 6 (represented by 10-6_rt). It can be seen that both have an upper bound
of O(logn).

8. Conclusion

The virtual ring model, for specific distance metrics and underlying network
topologies, builds long links on the basis of structured peer-to-peer networks
based on Kleinberg’ s small-world model, forming structured small-world net-
works that support deterministic greedy routing. Applying this method to d-
dimensional CAN with Manhattan distance, using O(logn) LINK IDs, we can
achieve O(logn) routing hops. In high-dimensional CAN, we can use O(log logn)
LINK IDs to achieve O(logn) routing efficiency. In hierarchical tree distance
space, we use the virtual ring model to analyze and design a ring topology
network that can effectively support greedy routing based on hierarchical tree
distance and prefix distance. Using O(logn) LINK IDs, each node adds O(logn)
links, and we can achieve O(logn) routing hops. The virtual ring model consid-
ers both network topology and measurement methods in data space, has good
generality and practicality, and can serve as a general framework for routable
small-world models, as well as a design and analysis framework for structured
peer-to-peer networks, with good operability and scalability.

This work was funded by the 973 “Semantic Grid and Knowledge Grid” project
(No. 2003CB317000).
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