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Abstract

The spectra and wave functions of heavy-light mesons are calculated within a
relativistic quark model, which is derived from the instantaneous Bethe-Salpeter
equation by applying the Foldy-Wouthuysen transformation on the heavy quark.
The kernel we choose is based on scalar confining and vector Coulomb potentials.
The Hamiltonian for heavy-light quark-antiquark system is calculated up to or-
der 1/m2Q. The results are in good agreement with available experimental data
except for the masses of the anomalous D*s0(2317) and Ds1(2460) states. The
newly observed charmed meson states can be accommodated successfully in the
relativistic model and their assignments are presented, the DxsJ(2860) can be
interpreted as the [13/2D1 and |15/2D3 states being the JP=1— and 3— mem-
bers of the 1D family in our model.
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The spectra and wave functions of heavy-light mesons are calculated within a
relativistic quark model derived from the instantaneous Bethe-Salpeter equation
by applying the Foldy-Wouthuysen transformation on the heavy quark. The
kernel we choose is based on scalar confining and vector Coulomb potentials.
The Hamiltonian for the heavy-light quark-antiquark system is calculated up to
order 1/m? Q. The results are in good agreement with available experimental data
except for the masses of the anomalous D{s0}(2317) and D{s1}(2460) states.
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The newly observed charmed meson states can be accommodated successfully
in the relativistic model, and their assignments are presented: the D{sJ}(2860)
can be interpreted as the [13/,D; and [1°5/,D5 states being the J°P = 1~ and
37 members of the 1D family in our model.

PACS numbers: 12.39.Pn, 14.40.Lb, 14.40.Nd
#+ 1 Introduction

Great experimental progress has been achieved in studying the spectroscopy
of heavy-light mesons in the last decades, especially in the charm sector [1-
8]. Several new excited charmed meson states were discovered in addition to
the low-lying states. For D_J mesons, the resonances D(2740)°, D(2760)°,*
[1], D(2650) and D*(3000) [2] were observed, while for D {sJ} mesons, the
resonances DT {sJ}(2700) [5] and D" {sJ}(3040) [6] were established. As for
the b-flavored meson sector, several higher excitation states were studied in
experiment as well as the ground states of B and B_s mesons [9]. The heavy-
light Qg system plays an important role in understanding the strong interactions
between quark and antiquark, while the spectroscopy provides a powerful test
of the theoretical predictions based on the quark model in the standard model.

Heavy-light mesons have been investigated extensively in relativistic potential
models in Refs. [10-16], where many relativistic potential models are con-
structed by modifying or relativizing nonrelativistic quark potential models. For
heavy-light systems, one needs a model that can include the relativistic effects
of the light quark. In this work we resort to the Bethe-Salpeter equation, which
is originally relativistic. Many studies of mesons were carried out in the Bethe-
Salpeter approach [17-22]. It is very difficult to solve the Bethe-Salpeter equa-
tion, especially when we consider states with large angular momentum number.
In order to study mesons systematically, we need to reduce the Bethe-Salpeter
equation.

In previous work [23], we applied the instantaneous approximation and derived
an equation equivalent to the Bethe-Salpeter equation. The Hamiltonian for the
heavy-light quark-antiquark system was expanded to order 1/m_Q by Foldy-
Wouthuysen transformation on the heavy quark. We found that the leading
Hamiltonian is actually not Dirac-like. The interactions we obtain by reduc-
ing the equivalent equation are essentially different from the Breit interaction,
which is widely used in studying quark-antiquark systems as a nonrelativistic
or semirelativistic model [24-26].

In this paper we extend and improve our study of the heavy-light meson spectra.
The running coupling constant is considered. Moreover, 1/m?_Q correction is
calculated. We find that the 1 /m27Q correction to the mass of the mesons is
about 50 to 100 MeV. The correction is too large to be ignored if we are to obtain
reliable spectra. The parameters in the equations are determined by fitting the
spectra of the heavy-light meson states presented in the Particle Data Group [9].
The large discrepancy from experimental data in the previous work is decreased,
and our results are more consistent with experiments. The assignments of the
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newly observed heavy-light charmed meson states are presented based on the
theoretical results.

This paper is organized as follows. In Section II we derive the effective Hamil-
tonian for the heavy-light quark-antiquark system. Section III presents the
solution of the relativistic wave equation, and Section IV the perturbative cor-
rections. Section V contains the numerical results and discussion. In Section
VI we provide a brief summary.

#+# 11 The Model

The Bethe-Salpeter Equation for the quark-antiquark system can be written as
[27):

($r — my)x () (s + ) = (21 / Ko, Px(@), (1)

where the total momentum P (in the center-of-mass reference, P = (F,0)) and
the relative momentum p are defined as:

m;

P =p, +ps, =Py — QAopy, o, =——— =172
P1 P2 P 1D2 2P1 LTy +my
Here we choose the kernel in a form that can be reduced to the effective Hamil-
tonian used in Ref. [16]. The kernel is based on scalar confining potential and
vector Coulomb potential which includes the transverse interaction of the gluon
exchange. The kernel can be written as:

K(p,p', P) = 4y 21V, (k) + V,(k?),

where k is the transferred four-momentum, k = p — p’. By taking the instan-
taneous approximation, we can perform the integration over p, and the wave
function of the instantaneous Bethe-Salpeter equation decouples from the time
coordinate. Now we can transform the instantaneous Bethe-Salpeter equation
into coordinate space by Fourier transformation. Details of this derivation can
be found in Refs. [28-31].

In previous work [23], we derived that the instantaneous Bethe-Salpeter equation
is equivalent to the following equation:

wy +wy + (hy + hy)U(hy + hy)dp = 0, (7)

where w; = \/p?2+m?, h;, = palltBlmy o 9, V,(r) and V,(r) are the

w’L
Fourier transformations of V, (k?) and V,(k?), respectively.

The instantaneous Bethe-Salpeter equation as an integral equation is now equiv-
alent to a less complicated differential equation as in Eq. (7), but still it is hard
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to solve. The wave function ¢(r) has two spinor indices, i.e., 4 x 4 = 16 compo-
nents, making it difficult to solve an eigenequation with so many components.

For heavy-light systems, since the heavy quark @ is sufficiently heavy compared
to the light antiquark g, it is reasonable to consider the nonrelativistic expansion
of the heavy quark, i.e., the 1/ mg, expansion, and one can reduce the eigenequa-
tion by calculating the interactions of the heavy-light quark-antiquark systems
order by order. The reduction can be achieved in a systematic way by using the
Foldy-Wouthuysen transformation [32, 33].

Here we designate the index 1 and 2 in Eq. (7) as the heavy quark @ and
the light antiquark g, respectively. Thus we perform the transformation on the
heavy quark with the superscript “1” . The representation of the Dirac matrix
we choose to reduce the Hamiltonian is the Dirac representation, where

(0 o (T 0 (0T
a=1, 0) #=lo 1) %=1 o)

If the original Hamiltonian is written in the form H = 8m + £ + O, where O is
the “odd” operator (typical examples are the matrices @ and ), while £ is the
“even” operator (examples of this class of operators are 1, § and ¥). According
to the Foldy-Wouthuysen transformation, the transformed Hamiltonian reads

~ 1 1 1
-1 2 4

8m

Now we return to the reduction of the Hamiltonian for the heavy-light system.
Eq. (7) can be written as (the wave function in the equation is omitted):

hiE + Aw; + wy + (hy + hy)U(hy + hy) =0, (17)

where Aw; = w; — E. Now we consider performing the Foldy-Wouthuysen
transformation on Eq. (17); the left side of it can be rewritten as (1+ H’)¢ = 0,
where H' is the transformed Hamiltonian. (The reason is explained in detail in
the next section.) Then we get:

H =H, + HémE,
where

7 BYE + Aw, + wy + (hy + hy)U(hy + hy)

a

Wi

and
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i BYE + Aw, + wy + (hy + ho)U(hy + hy)
BUE = w0 .

The odd and even operators in the above equation are:

Vet p B by

h h h.c. 20
o o 1 +hy) +he, (20)

BYE + Aw; + w, N BY + h, U BY + h,
Wi w1 ' Wi

E= +h.c, (21)

where h.c. stands for Hermitian conjugate.

By applying the new form of Eq. (16)

b

SE2 [[075]70] + oy

~ 1
H = &+ —BO?
Bm+ &+ 3 Eﬂ +
we insert the odd and even operators in Egs. (21) and (20) into Eq. (22) and
expand Eq. (17) to order (1/E)2. After the simplification of the Hamiltonian,
we take the substitution 8) — 1 in the Foldy-Wouthuysen transformation if
B appears on the left or right side of the Hamiltonian, then we obtain:

A, i
where
ﬁo = wy +wy + (14 ho)U; (1 + hy). (25)

The perturbative term H’ consists of many different terms of order 1/m, and

1/ m% Since the corrections are calculated as a perturbation to ﬁo, we can take
the substitution h, — 1 if h, appears on the left or right side of U; and U,:

Uy(r) = V,(r) + BHBPV,(r),

Uy(r) = 2 a® + (V- P)(@® - HIV,(1).

We can reduce the above equations by inserting (v5)? = 1 between two odd
operators of the heavy quark. By using the relations {5, 8} = 0, [v5,0] = 0,
Vs = X, and the substitutions Y = 1, a¥ — ¢ we obtain the final
Hamiltonian:
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Hy = wy +wy + (1+hy)Uy (1 + hy), (30)
Hj, = ={o" p,U,} +he, (31)
/mq " 2m,
H),,. = H, + H,

where U; and U, are defined as:

Uy (r) =V, (r) + BV, (r),

Uy(r) = [0V - a® + (¢ - 7)(a® - D)V, (r).

The zeroth order Hamiltonian H, we obtain for the heavy-light quark-antiquark
system in Eq. (30) is not Dirac-like as in Refs. [34, 35]. Its form is more like the
form used in relativized quark models [16, 36, 37]. As for double-heavy systems,
we have hy, — 1 and 82 — 1, then H,, can be reduced to:

Hy = wy +wy + V,,(r) + Vi(r),
which is the Schrodinger formalism extensively used in nonrelativistic or semirel-
ativistic quark models.
#+# 111 Solution of the Wave Equation

In this section, we solve the eigenequation of the zeroth order Hamiltonian H,
in Eq. (30). Before doing this, we would like to discuss the properties of the
solution of the eigenequation associated with H,,.

The eigenequation of H, can be written as:

w1 +wy + (14 hy)Uy (1 4 hy)yp = 0. (39)

The above equation is equivalent to:

wy +wy + (14 hy)Uy (1 + hy)yp =0, (40)

and it is easy to verify that the eigenfunction set of the new Hamiltonian includes
both subsets: hy1) = 9 and hyt) = —1), where the subset hyt) = 1 is identical to
the eigenfunction set associated with the original Hamiltonian H, in Eq. (39).

Now we turn to solving the eigenequation associated with the new Hamiltonian
Hy, that is:
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wy + wy + {hy, Uy }1p = 0. (41)

It is easy to verify that the operators {42, 4., K, S, } are a set of mutually commut-
ing operators which commute with the new Hamiltonian H,, where j = L+ S@),
S = %0(1). Then the eigenstates of H, can be labeled by the corresponding
set of quantum numbers {n, 7, m;, k, s}. The eigenequation associated with H|
can be written as:

Hyw')

n,k,j,m;,s

(r) = B} 0 (r), (46)

n.k,j,m;,s

where

w (r)—( o111 (6:0) ) (50)

nk.j,m,s if,1,5(1)Y5.25-1(0:0)
and yj7y is the spherical spinor. For j =14 1/2, we have:

l+m+1/2ym—1/2
m o + 20+1 Y,
Yir = Fmt1/2ymt1/2 )7

20+1 l

where Y is the spherical harmonics. For k = +(j+1/2), the eigenfunction set
of Hy is NOT complete.

A complete set is needed to construct the identity operator 1 = }_.[i)(i[ in
order to calculate the perturbative correction of H’. Thus we construct a new
Hamiltonian. Inspired by the relation hyty = 9, we transform the potential term
in Eq. (39) as:

1 1 1 1
(1+hy)Uy (14 hy) = §{h2a Ut + i[hza U] + §U1h2 + §h2U1~
Then the new Hamiltonian we construct can be written as:
Hy = w; +wy +{hy, Uy }. (46)

The normalization condition of Eq. (50) is:

/drr2( ,2171,]4 +g,217l,j) =1. (54)

For a state with quantum number j, the operator K can have two opposite
eigenvalues +(j + 1/2). With Hy = w; + wy + {hy, U; }, we have:

chinarxiv.org/items/chinaxiv-201609.00060 Machine Translation


https://chinarxiv.org/items/chinaxiv-201609.00060

K\IJS))k]m s( )_k‘llnf]kjm s(r)

where the quantum number % is defined as k = £(j + 1/2).
We rewrite the spinor part of Eq. (50) as

S

where the superscripts “A” and “B” stand for the upper and lower parts of Eq.
(57). By using the formula (here ¢ stands for o(?)):

(0 1 o-L
A
we have:
o k+1
py(r )yle—Z<aT " )g( Y50,
, (0 k-1 )
prY, =i (5 ) £},
where the relations o - ry lB —y; l' and o - ryjl —y; l' are used.

Inserting Eq. (8) and (10) into Eq. (46), we can rewrite H,, in the matrix form:

H _ wl +CU2+Ha Hb
0= H, wytw,+H, )’
where
=V, + V),
H, = (V,=V,),
HC = (V’U+VS>7
Hy=(V,=V,).
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For a bound state of two particles, when the separation between them is large
enough, the wave function drops dramatically. The wave function will effectively
vanish at a typically large distance L, and the quark and antiquark can be
treated as if they are restricted in a limited space, 0 < r < L. Thus the
unsolved functions f(r) and g(r) can be expanded in terms of the spherical
Bessel function in the limited space. We write the basis as:

w?(’r‘) = Nnle (kn’r)}/lAm(r;:)?

’(/}g(r) = Nnle (knT)leBm(?)’

with k, = a,/L, where a, is the n-th root of the spherical Bessel function
Ji(x) = 0. N, is added in accordance with the normalization condition in Eq.
(54). In the limited space, the momentum k is discrete, and we can have the
relevance p — k.

The eigenfunction of H, can be expanded in the orthonormalized basis {11, )2}.
In the numerical calculation, the infinite summation can be truncated at a large
integer N:

N N
Wy = Zgﬂﬁfa Vp= Z fotf. (72)
i=1 a=1

According to Eq. (63), we can rewrite the eigenequation of H,, in the represen-
tation of {1,192}, In this representation, the operator H, can be written in
its matrix form:

H. — ( (Wi +wa)i+ (Hy)ij  {wy +wa)ig + (Hy)ig ) T he.
0 (Wi +wa)a; + (He)oj (W1 +wa)ap+ (Hy)op ’

where the matrix elements of H, can be calculated by applying Eq. (59), Eq.
(60) and the eigenequation of Q(p), which is derived in the previous work [23]:

where Q(p) is a pseudo-differential operator function and (k) is a normal func-
tion, p and k stand for the modules of momentum operator p and momentum
k, respectively.

With the normalization condition Eq. (53), we can get the matrix elements of
H, easily:

(wy +wq)j = /dr TQjIA(kiT)(wl (p) +wo(p))dy,, (k1) = (wy(k;) + wa(k;))d;,
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<wl + w2>a/ﬂ = (wl<ka> + w2(ka))6aﬂ'

Here we define a symbolic notation:

(Ditijip = /dTTZJlA(kiT)¢( )du, (k7).

Then we have:

1
<Hb>¢/3 = m«vu - Vs»i,lA;ﬂJB’

1

(H.)oj = m(‘é - Vv>a,lB;j,lA7
(o = oLV, + V)
dlaB — sz(ka) v sla,lpg;B,lg”

Diagonalizing the Hermitian matrix of H,, we can get the eigenenergy of H, and
the coefficients g,, f,,, which are defined in Eq. (72). Then the eigenequation
associated with H, is solved and the eigenfunction is obtained.

## TV 1/m?_Q Correction

Now we discuss the perturbative corrections of H’. The perturbative term H’
does not commute with any of the operators introduced in solving the eigenequa-
tion of H,, but still it commutes with {.J2,J,, P}, where J = j+ S and P is the
parity operator. Thus the eigenstates of the total Hamiltonian H = H, + H’
can be labeled by the set of quantum numbers {n, J, M;, P}.

With the help of Clebsch-Gordan coefficients, we can compose the basis states
with the quantum numbers set {n, k, j, J, M ;} by combining the eigenstates of
Hy:

]JVIJ (0)
\I/n NN MJ § : C 1/2 s n k:,j,mj,s(r)’

then calculate the corrections and mixings in the new basis.

The 1/mq and 1/mg, perturbative terms are given in Egs. (32)-(34). Due to the
properties of the eigenfunction of Hy, the (14 h,)/2 term on both left and right
sides of H’ can be taken to 1 in this work. The properties of the eigenfunctions
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can be of great help in calculating the perturbative correction of the 1/ m2Q term
H; in Eq. (34), which can be rewritten as:

, 1
H, = 2m, E(0) [

1+ h,
2

Lt by, 1
1

_h2
2 2 Ui

+ h.c.} . (81)

From Eq. (81), the correction of Hj for ¢} can be written as:

m) (YU |¢n) +hec.

(b) _ 1 n 1 Jr hy
el = Lo S
15nil,; ™

z Anm mn?
2m1 nl] ™

where

1+h 1—h
= (¥} 2U1 2

|9

_ 1+h

The formulas for calculating 1 /mQ correction have been given in the earlier
work [23], where the mixing between states with j =14 1/2 is considered. Here
we focus on the 1/ m% corrections. With the wave function solved in the last

section we can calculate the 1 /mg2 corrections by applying the above formulas.
For different J* states, the 1/ m% corrections are given below:

(1) JP = 07: Only state with j = 1/2, I = 0 can construct the J¥ = 0~ state.
We have:

SESy a0 = [ dr (Ve VWP +40f 1+ 29’ +19") + (V, = VR f(2f + )] dr

A, = /dri(Vv — V)2 fgdr,

By = / dri(V, + Vrff+rff + 925 +rg)) dr,

where f and g stand for fn,071/2 and 9n0,1/2> and fand g stand for fm71)1/2 and
Im,1,1/2> reSpectively.
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(2) J¥ =0*: Only state with j = 1/2, I = 1 can construct the J¥ = 0% state.
We have:

wﬂym=/WM%+%Wf+ﬂﬂ+m@%H¢»H%—nWﬂwwwﬂﬂm

where f and g stand for f, ; ;5 and g,, 1 1/2. The matrix A and B for 6E£Lb,>1,1/270

are the Hermitian conjugate of A in Eq. (86) and B in Eq. (87), respectively.

(3) JP =17: Both states with j =1/2,1 =0 and j = 3/2, | = 2 can construct
the J© = 1~ state.

For J¥ = 1~ state with j = 1/2, [ = 0, we have:
a /2 / va / /2 / /A%
OB\ 1o = /dr [(V, + V) (AF? +3r2g"" + g(2¢' +19") + (V, = V) (62 + 4rff + 3r(rf”” + rf(2f +1f")

Am=/wmﬂﬁ+wmm

Bun = [ dr (V, + Vr2s F v + g2+ 1) dr,
where f and g stand for f, o/, and g, ¢ 1/2, and fand g stand for Jm,1,1/2 and

9m,1,1/2> Tespectively.

For JP = 1~ state with j = 3/2, | = 2, we have:
a ’ 2 ’ ’ ”
Sy aaa = [ dr [V, + VLR + 1867 + 100 4 30(ef" + 3Gy + 7' + 9(29' + rg")) + (V, = V,) 6

&m=/W%Wﬁ+w®M

an=/drw;+mwwﬁﬂ+ff+gwa+3mnm

where f and g stand for fn,2,3/2 and In,2,3/2> and f and g stand for fm,1,3/2 and
9m,1,3/2> Tespectively.

(4) J¥ = 17: Both states with j =1/2, /=1 and j = 3/2, [ = 1 can construct
the J = 17 state.
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For J¥ = 17 state with j = 1/2, [ = 1, we have:

n)

where f and g stand for f, ; ;5 and g,, 1 1/o. The matrix A and B for 6E£Lb7>1,1/2’1
are the Hermitian conjugate of A in Eq. (90) and B in Eq. (91), respectively.

For JP = 17 state with j = 3/2, [ = 1, we have:

OB\ 1o = /dr [(V, + Vo)(69% + 302 + 3rg(2g' +rg")) + (V, — V.)(4g® + drgg’ + rf(2f +r"))] dr,

OB 421 = /dr [(V, 4+ V(2712 + 692 + 180 f [/ + 372 "% + rg/ (10g + 3rg’) + 3rg(2g’ +rg")) + (V, — V) (13

where f and g stand for f, ; 3/» and g,, 1 3/. The matrix A and B for 6E£Lb’>1,3/271

are the Hermitian conjugate of A in Eq. (93) and B in Eq. (94), respectively.

(5) JP =27: Both states with j = 3/2, 1 =2 and j = 5/2, | = 2 can construct
the J = 27 state.

For J¥ = 27 state with j = 3/2, | = 2, we have:
where f and g stand for f, 5 35 and g,, 5 3/5. The matrix A and B for 6E7(Lb>2 3/2,2

are the Hermitian conjugate of A in Eq. (98) and B in Eq. (99), respectively.
For J¥ = 27 state with j = 5/2, | = 2, we have:

A, = / dr V(29 + £3) dr,

By = [ dr(V,+ Ve Ff +4£F 4 900 + 1) dr.

where f and g stand for f, 5 5,5 and g, 5 5/, and f and § stand for Fms5/2 and
Im.3,5/2 respectively.
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(6) J¥ = 2T: Both states with j =3/2, 1 =1 and j = 5/2, [ = 3 can construct
the JI = 2% state.

For J¥ = 2% state with j = 3/2, [ = 1, we have:

n!

OB\ 400 = / dr [(V, + V.)(2Lf2 4+ 10g2 + 5027 + 1g/ (5’ +29) + 5rg(2g’ +1g")) + (V, — V) (302 + 32

where f and g stand for f, ; 3/5 and g,, 1 3/. The matrix A and B for §E£le)1,3/2,2
are the Hermitian conjugate of A in Eq. (98) and B in Eq. (99), respectively.

For J¥ = 2% state with j = 5/2, | = 3, we have:

OB snn = / dr [(V, + V,)(44% + 60g% + 287 f ' + 512 f* + B(dg + rg)? + 5rg(2g' +1g")) + (V, — V,)(30f

where f and g stand for f, 5 5,5 and g,, 3 5/5. The matrix A and B for §E£Lb,)3,5/2’2
are the Hermitian conjugate of A in Eq. (101) and B in Eq. (102), respectively.

(7) J¥ = 37: Both states with j = 5/2, I = 2 and j = 7/2, [ = 4 can construct
the J¥ = 3~ state.

For JP = 3~ state with j = 5/2, [ = 2, we have:
OB\ 5 ns = / dr [(V, + V,) (6412 + 420 + 40 ff + T2 f° + T(rg’ + 59)% + Trg(2g’ +rg")) + (V, — V,)(84f

A, = / drV,r2(3fg + 573) dr,

By = [ dr (V4 VOrteFs + 347+ g + 3) .
where f and g stand for f, 5 55 and g, 5 5/, and fand g stand for Jm,3,5/2 and

9m,3,5/2> respectively.

For JP = 3~ state with j = 7/2, | = 4, we have:

OB, s = /dr [(V, + V) (111f2 + 140 + 5dr ff + T2 £ + T(rg’ + 59)% + Trg(2g' +1¢")) + (V, — V,)(8

Ay = / dr V,r2(3Fg + 5) dr,
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By, = / dr (V, + Vor(rff' + 37 + g(rf +5§)) dr,

where f and g stand for f,, 4 7o and g,, 4 7/2, and f and § stand for Fm 372 and
9m,3,7/2, respectively.

(8) J¥ = 3": Both states with j =5/2, I = 3 and j = 7/2, [ = 3 can construct
the J¥ = 3* state.

For JP = 3" state with j = 5/2, | = 3, we have:

OBy 505 = / dr [(V, + V,)(28/2 + 849 + 280 [ [/ + Tr2f* 4 rg/ (Trg’ +29) + Trg(2g' +1g")) + (V, — V) (4

where f and g stand for f, 5 5,5 and g,, 3 5/5. The matrix A and B for (5E£Lb’)3ﬁ5/273
are the Hermitian conjugate of A in Eq. (106) and B in Eq. (107), respectively.

For J¥ = 3% state with j = 7/2, [ = 3, we have:

OBy 25 = / dr [(V, + V) (1752 + 84g> + T0rf 1 + Tr2f"* + g/ (Trg +29) +Trg(2g’ +rg")) + (V, = V)(

n’

where f and g stand for f, 57/, and g,, 3 7/. The matrix A and B for 5E7<Lb’)3’7/2’3
are the Hermitian conjugate of A in Eq. (109) and B in Eq. (110), respectively.

#+# V Numerical Result and Discussion

The vector and scalar potentials we choose have the simple form:

v, = 2%, (113)
Vi(r) =br+ec. (114)

The potentials are chosen to have a Coulombic behavior at short distance and
a linear confining behavior at long distance.

The running coupling constant a,(r) in Eq. (113) is obtained from the coupling
constant in momentum space a,(Q?) after the Fourier transformation. It can
be written in a more convenient form [16]:

3 e T

o= o, (115)

i-1 r
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where o; and +; are free parameters which can be fitted according to the behavior
of the running coupling constant at short distance predicted by QCD. In this
work, a; = 0.15, ap, = 0.15, a3 = 0.20, and v, = 1/2, v, = V10/2, 3 =
v/1000/2 [15].

All the other parameters have the same values as in the previous paper [23],
except for the masses of the light quarks u, d and s. The quark masses are
m, = my = 0.280 GeV, m, = 0.460 GeV, m, = 1.478 GeV, m; = 4.865 GeV.
The parameters of the linear potential in this work are quite different from the
values in usual quark models. As discussed in the previous paper, the parameter
b is responsible for the energy levels of states with higher quantum numbers n or
[, but unlike the Dirac-like Hamiltonian, the influence of the confining potential
V,(r) weakens as the mass of light quark decreases in H,. In other words, the
energy level is also sensitive to the mass of light quark. It suggests that the
parameter b may depend on the masses of the quark or antiquark, especially
the light quark or antiquark. With the above considerations, our fitting gives
the following values: b = 0.350 GeV? for (cq,bq), b = 0.260 GeV? for (c3,bs),
c = —0.320 GeV.

Numerical calculation shows that the solution of the wave equation is stable
when L > 5 fm, N > 35. Here we take L = 10 fm, N = 50. The spectra
of the heavy-light D, D,, B, B, mesons are fitted mainly based on the meson
states presented in PDG [9]. The numerical results for the spectra of heavy-light
mesons are presented in two tables. Table I is for D, D, mesons and Table II
for B, B, mesons. The obtained spectra are in reasonable agreement with the
experimental measurements.

Our results are compared to the results of two other relativistic models [35, 38],
one derived by quasipotential approach and the other obtained by reducing the
Bethe-Salpeter vertex function. In the previous work, we had mp = 167 GeV,
mp = 161 GeV, while in this work we have mp = 136 GeV, mp = 141 GeV.
The discrepancy from experimental data is decreased for D, D*f D, and D;
states as well as other states.

Theoretical deviations from experimental data mainly occur in the D, meson sec-
tor, specifically for the D%;(2317)° and D, (2460) resonances. Our calculations
for the two resonances are about 90 GeV higher than their masses measured in
experiment. The discrepancy may be ascribed to the instantaneous approxima-
tion, the naive assumption of the kernel and the o?(r) contributions, i.e., the
loop corrections, but it is more likely to be explained beyond the naive quark
model [39]. (Both models we cite in Table I cannot give the right masses.) As
the mass difference between D7, and D} is about 0.6 GeV, the masses of the
two resonances cannot be accounted for simultaneously in conventional quark
models if their difference in the model is merely their light quark masses m,
and m,, 4. In this work the confinement parameter b is taken to be dependent
on the light quark, but still it is not capable of explaining the discrepancy.

As the D7 lies just below the DK threshold, while the D, lies just below the
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DK*, the authors in Ref. [40] have suggested that the two resonances may be
D%, (DK) and D, (DK*) molecular states, while in Refs. [41-43], the D%, and
D, are considered as cs states which are heavily renormalized by mixing with
the DK and DK* continua. In Ref. [44], the authors suggest that the discrep-
ancy of the calculated masses in quark models can be qualitatively understood
as a consequence of self-energy effects due to strong coupled channels. In Refs.
[45-47], the interpretation of the heavy J (0", 1%) spin multiplet as the parity
partner of the groundstate (0™, 17) multiplet is proposed. Both theoretical and
experimental efforts are required in order to fully understand the nature of the
anomalous D%,(2317) and D, (2460) states.

The highly excited meson states are also calculated in the spectra, and the newly
observed charmed meson states are identified in our model. As for D mesons,
several resonances are observed by the LHCb collaboration in the mass region
between 2500 and 3000 MeV. We list their measured masses as follows [2]:

M(D,(2580)°) = 2579.5 + 3.8 MeV,
M(D%(2650)°) = 2649.2 + 3.5 4+ 3.5 MV,
M(D,;(2740)°) = 2737.0 + 3.5 4 11.2 MeV,
M (D%(2760)°) = 2760.1 + 1.1 + 3.7 MV,

M(D%(2760)*) = 2771.7 + 7.2 MeV,

M(D,(3000)°) = 2971.8 + 8.7 MeV,

M (D%(3000)°) = 3008.1 + 4.0 MeV,

M (D%(3000)") = 3008.1 MeV.

The assignments of the above observed states are listed in Table I, where the
resonances D ;(2740), D*%(2760), D;(3000) are identified as n = 1 states and
the resonances D ;(2580), D*(2650), D%(3000) are identified as radially excited
states with n = 2.

In the calculated spectrum of D meson, D ;(2740) and D*(2760) are identified as
the 15/2D2 state with J* = 2~ and the 15/2D3 state with J¥ = 37, respectively,
which agrees with Ref. [48]. D ;(3000) favors the natural parity and D%(3000)
the unnatural parity, thus we assign D ;(3000) as the 17/2F; state with J© = 3*
and D*(3000) as the 1%/2F, state with J© = 2%, although our calculations
for the two resonances are about 40 MeV lower than experimental data. The
last two resonances D ;(2580) and D¥(2650) are identified as 21728, and 2725,
respectively.

As for D, mesons, several new D, meson states have been observed
besides the low-lying states; their masses and identifications are pre-
sented in Table I. Recently, the LHCb collaboration identified the reso-
nance D ;(2860) as an admixture of spin-1 and spin-3 resonances [7, 8],
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with measured masses M (D%,(2860)7) = 2859 4+ 12 + 6 £+ 23 MeV and
M(D?%5(2860)") = 2860.5 £ 2.6 £ 2.5+ 6.0 MeV. In Refs. [35, 38] cited in Table
I, their predictions do not favor this identification, with calculations generally
60 MeV higher than the measured masses. While our predictions for the masses
of the 13/2D1 and 15/2D3 states are around 2860 MeV, our model appears to
be able to interpret the two states as the J© = 1~ and 3~ members of the 1D
family. Thus we assign D*;(2860) as the 1%/2D; state and D?;(2860)" as the
1°/2 D, state.

The resonances D, ;(2632), D%,(2710) and D, ;(3040) are identified as radially
excited states with n = 2 in our model. The D, ;(2632) was first observed in
Ref. [3] at a mass of 2632.5 + 1.7 MeV; it can be assigned as the 21/25 state
with J¥ = 07. For the D*(2710), it is measured to be 27081, MeV [5]; the
JP =1~ assignment is proposed in Refs. [49, 50]. Comparing the experimental
mass of the D*,(2710) with our calculation for the 21/25, state, our prediction
favors this assignment. The D, ;(3040) resonance is observed by the BABAR
Collaboration in the D*K mass spectrum at a mass of 304472° MeV [6]. The
assignment of this resonance is discussed in detail in Ref. [51]. Here we assign
it as the 23/2P, state with J” = 17 in the mass spectrum for D, meson.

As for the b-flavored meson sector, the calculated mass spectra in Table II
are in good agreement with experimental results. Although experimental data
for b-flavored mesons is limited for now, the predictions for the highly excited
b-flavored meson states can be tested in further experiments.

Finally, the wave function of each bound state can be obtained simultaneously
when solving the wave equation. The radial wave functions g,, , ;(r) and f,, ; ;(r)
for physical and unphysical D meson states are depicted as an example in Fig.
1 [Figure 1: see original paper| and Fig. 2 [Figure 2: see original paper], re-
spectively. We stress that the solution of the eigenequation associated with the
original Hamiltonian H,, in Eq. (30) gives only the wavefunctions for physical
states depicted in Fig. 1; our model is free from unphysical states problems. In
Section IIT we constructed a new H, for heavy-light systems in Eq. (30), and
the unphysical states depicted in Fig. 2 are due to the new Hamiltonian H,, for
which the original Hamiltonian is substituted.

## VI Summary

We restudy the spectra of heavy-light mesons in a relativistic model derived by
reducing the instantaneous Bethe-Salpeter equation. The kernel we choose is
based on scalar confining and vector Coulomb potentials, and it shows a Coulom-
bic behavior at short distance and a linear confining behavior at long distance.
The Hamiltonian for the heavy-light quark-antiquark system is calculated up to
order 1/ mé. We find that the parameter b in the confinement potential may
depend on the masses of the quarks in the framework of the instantaneous Bethe-
Salpeter equation. The spectra of D, D, B and B, mesons are calculated in the
relativistic model. Our results are in reasonable agreement with experimental
measurements. Theoretical deviations from experimental data mainly appear
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in the D, meson sector, especially for the D?*;(2317)° and D, (2460) resonances.
The discrepancy may be ascribed to the naive assumption of the kernel; kernels
with different spin structure can be studied in further research. The predictions
of the spectra and the assignments for the newly observed charmed mesons are
presented. Our prediction favors the identification of the resonance D7 ;(2860)
as an admixture of spin-1 and spin-3 resonances. The wave functions can be
obtained when solving the wave equation and can be used in the study of B and
D decays.
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