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Abstract
We investigate the effect of inverse magnetic catalysis (IMC) on charged � meson
condensation at finite temperature in the framework of the Nambu–Jona-Lasinio
model, where mesons are calculated to the leading order of 1/𝑁𝑐 expansion by
summing over infinite quark loops. The IMC effect on chiral condensate has been
considered in three different ways, i.e., fitting Lattice data, using the running
coupling constant, and introducing the chiral chemical potential, respectively.
It is observed that, without including the IMC effect, the critical magnetic field
𝑒𝐵𝑐 for charged � condensation increases monotonically with temperature. How-
ever, including IMC substantially affects the polarized charged � condensation
around the critical temperature 𝑇𝑐 of the chiral phase transition; the critical
magnetic field 𝑒𝐵𝑐 for charged � condensation first decreases with temperature,
reaches a minimum value around 𝑇𝑐, and then increases with temperature. Our
calculations indicate that charged � condensation can exist in the temperature
region of 1 − 1.5𝑇𝑐 with a critical magnetic field 𝑒𝐵𝑐 ∼ 0.15 − 0.3GeV2, which
suggests that high temperature superconductors might be created through non-
central heavy ion collisions at LHC energies. We also show that the growing
electric conductivity in the early stage of non-central heavy-ion collisions sub-
stantially delays the decay of the strong magnetic field, which facilitates the
formation of the high temperature superconductor.

Full Text
Preamble
We investigate the effect of inverse magnetic catalysis (IMC) on charged � me-
son condensation at finite temperature within the framework of the Nambu–
Jona-Lasinio model, where mesons are calculated to leading order in the 1/Nc
expansion by summing infinite quark loops. IMC for the chiral condensate has
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been considered through three different approaches: fitting lattice data, using
a running coupling constant, and introducing a chiral chemical potential. It is
observed that, without including the IMC effect, the critical magnetic field eBc
for charged � condensation increases monotonically with temperature. However,
including IMC substantially affects the polarized charged � condensation around
the critical temperature Tc of the chiral phase transition: the critical magnetic
field eBc for charged � condensation first decreases with temperature, reaches a
minimum value around Tc, and then increases with temperature. Our calcula-
tion indicates that charged � condensation can exist in the temperature region of
1–1.5Tc with critical magnetic field eBc � 0.3 GeV², which suggests that a high-
temperature superconductor might be created through non-central heavy-ion
collisions at LHC energies. We also show that growing electric conductivity in
the early stage of non-central heavy-ion collisions substantially delays the decay
of strong magnetic fields, which is helpful for the formation of high-temperature
superconductors.

Introduction
Quantum Chromodynamics (QCD) is widely believed to be the fundamental
theory of strong interactions. Investigations of its rich vacuum structure and
how the QCD vacuum can be modified in extreme environments represent major
theoretical challenges in modern physics. Such extreme environments include
high temperature, finite baryonic chemical potential, and, more recently, strong
magnetic fields [1–3]. On the surface of magnetars, magnetic fields can reach 10¹�
G, and in the inner core of magnetars they could be as high as 10¹� G [4]. Strong
magnetic fields with strength of 10¹�–10²� G [corresponding to eB � (1.0 GeV)²]
can be generated in the laboratory through non-central heavy-ion collisions [5,
6] at the Relativistic Heavy Ion Collider (RHIC) and the Large Hadron Collider
(LHC). Hence, heavy-ion collision experiments provide an excellent platform
to investigate QCD vacuum and matter under strong magnetic fields. Strong
magnetic fields cause many interesting effects on quark matter properties, such
as the chiral magnetic effect (CME) [7–9], chiral vortical effect (CVE) [10],
magnetic catalysis (MC) [11–13] and inverse magnetic catalysis (IMC) [14–16],
and the formation of vacuum superconductors [17, 18].

Spontaneous breaking of chiral symmetry is one of the most important prop-
erties of strong interactions. It is well known that at zero chemical potential,
chiral symmetry is broken in the low-temperature phase of QCD and restored
at high temperature. The influence of external magnetic fields on chiral sym-
metry breaking and restoration has been a subject of intensive study for several
years. At low temperature, background magnetic fields are known to enhance
chiral symmetry breaking by increasing the value of the chiral condensate [11–
13]. This phenomenon, known as magnetic catalysis, has been confirmed in var-
ious effective low-energy models of QCD [11–13, 19–30] as well as in numerical
simulations of lattice QCD [31–35]. Since at low temperature the background
magnetic field and thermal fluctuations have opposite effects on chiral symmetry
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—respectively increasing and decreasing the chiral condensate—one might natu-
rally assume that increasing the background magnetic field should lead to an
increase in the critical temperature Tc of chiral symmetry restoration. Early
analytical calculations in the simplest effective QCD models [22–30] and lattice
simulations with heavy quarks [31, 34] suggested that magnetic catalysis should
also be realized at high temperature. However, detailed QCD calculations with
realistic quark masses have revealed that the chiral transition temperature Tc
is, unexpectedly, a decreasing function of the background magnetic field [14–
16]. This phenomenon is now known as inverse magnetic catalysis (IMC).

Theoretical understanding of the IMC mechanism has sparked significant ac-
tivity and further controversies. At present, there is no unified consensus on
the physical mechanism underlying IMC. For example, in Ref. [36] IMC was
suggested to be caused by a magnetic inhibition effect related to the anisotropy
of neutral meson propagation. In Ref. [37], however, magnetic inhibition was
shown to be ineffective for explaining IMC, and it was recently demonstrated
in [38] that IMC might be induced by neutral pion fluctuations if Pauli-Villars
regularization is used. In Ref. [39] IMC was proposed to be related to par-
ticularities of infrared contributions to the quark mass gap, while in Ref. [40]
IMC is explained by different effects of the magnetic field on low quark modes—
responsible for chiral symmetry breaking—coming from valence and sea quarks.
Alternatively, functional renormalization group studies in Ref. [41] have shown
that the physics underlying IMC at high temperature cannot be captured by the
standard Nambu–Jona-Lasinio (NJL) model, which is one of the most successful
models of the chiral sector of low-energy QCD. IMC may, however, be repro-
duced if one introduces a phenomenological dependence of the NJL coupling on
the magnetic field [42].

Another interesting opportunity to explain IMC comes from the fact that the
theory of strong interactions has a nontrivial topological structure due to the
existence of certain gluon configurations: instantons [43–45] and their ther-
mal cousins, sphalerons [46–51], which describe transitions of the QCD vac-
uum between different topological sectors. The chirality imbalance induced by
sphaleron transitions [52] or instanton-anti-instanton molecule pairing [53] can
be invoked to explain IMC around high temperature. In continuation of these
studies, the effect of the chiral chemical potential µ�—which characterizes (local)
imbalance between fermions with different chirality—on the chiral phase transi-
tion in the NJL model with different regularization schemes was investigated in
Ref. [54].

Another interesting effect that may be realized in strong magnetic fields is the
electromagnetic superconductivity of the QCD vacuum [17, 18]. The idea is
based on the simple fact that the energy levels of a free pointlike charged particle
in a static uniform external magnetic field B are �² = p_z² + m² + (2n + s_z
+ 1)|qB|, where q is the electric charge of the particle, n � 0 is the nonnegative
integer characterizing Landau levels, s_z is the projection of the particle’s spin
on the magnetic field axis z, and p_z is the particle’s momentum along the
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magnetic field. The ground-state mass of a charged �± meson with unit spin s
= 1 corresponds to the lowest energy level with quantum numbers p_z = 0, n
= 0 and s_z = sign(q). As the magnetic field increases, the �± mass decreases
to zero, implying instability of the ground state toward condensation of charged
� mesons at the critical magnetic field eBc = m²_�.

The idea of magnetic-field-induced vacuum superconductivity remains under
debate as different approaches yield controversial results. The NJL model ap-
proach [18, 55, 56] and independent non-perturbative holographic AdS/QCD
techniques [57, 58] indicate that the mass of the �-meson excitation should in-
deed vanish at a certain value of the magnetic field. On the other hand, rela-
tivistic Hamiltonian techniques [59] and Dyson-Schwinger equations [60] lead to
the conclusion that the mass of charged � mesons decreases at small magnetic
fields and then increases as the magnetic field becomes larger, never dropping
to zero. Another approach based on hidden local symmetry [61] at O(p²) and
O(p�) orders favors the vanishing of the �-meson mass, supporting the conclusion
obtained in �-meson electrodynamics [17], while O(p�) results are inconclusive.
In contrast, existing numerical calculations in quenched lattice QCD without
dynamical quarks [62, 63] show that the mass of �± does not vanish, while calcu-
lations in lattice QCD with light dynamical quarks have not yet been performed.

In Ref. [63] it was argued that �-meson condensation is forbidden by the Vafa-
Witten (VW) theorem because the VW theorem implies the absence of any
massless Nambu-Goldstone (NG) bosons in QCD except for pions (the latter
are associated with chiral symmetry breaking). According to Ref. [63], if �-
mesons were condensed in QCD they would lead to appearance of an NG boson,
which is forbidden by the VW theorem. This argument was refuted in Ref. [64],
where it was demonstrated that �-meson condensation in an external magnetic
field takes place not in QCD but in QCD�QED, and consequently the would-be
NG bosons associated with �-meson condensation are absorbed into the longitu-
dinal component of the electromagnetic gauge field in a Higgs-like mechanism.
Consequently, no NG bosons appear due to �-meson condensation, in agreement
with the VW theorem. A similar conclusion about the consistency of � conden-
sation with the VW theorem was put forward in Ref. [65]. Moreover, � mass
calculations in quenched lattice QCD [62, 63] are consistent with a crossover
transition to the superconducting phase [66].

In Ref. [56], by calculating the � meson polarization function to leading order in
the 1/Nc expansion in the NJL model, we obtained the critical magnetic field
eBc � 0.2 GeV², which is only 1/3 of the results from the point-particle calculation
in [17]. Furthermore, in Ref. [67] it was observed that in the temperature range
0.2–0.6 GeV, the critical magnetic field for charged � condensation is in the
range of 0.2–0.6 GeV², which indicates that a high-temperature electromagnetic
superconductor could be created at the LHC. However, in Ref. [67] we used MC
for the chiral condensate to produce the constituent quark mass. In this work,
we consider the effect of IMC on the charged � meson condensate.

This paper is organized as follows: In Sec. II, by taking the quark propagator
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in the Landau level representation, we provide a general description of the two-
flavor NJL model including the effective four-quark interaction in the vector
channel, and derive the vector meson mass under magnetic fields at finite tem-
perature and chemical potential. We introduce three different mechanisms for
IMC in Sec. III and investigate how IMC affects charged � meson condensation.
In Sec. IV, we show the effect of large electric conductivity of high-temperature
conductors on the decay of strong magnetic fields. Sec. V presents discussion
and conclusions.

II. NJL Model and � Meson Construction
A. The SU(2) Magnetized NJL Model

We investigate charged � meson condensation in a magnetic field background
at nonzero temperature within the framework of a two-flavor NJL model. The
Lagrangian density of the NJL model takes the following form [68–73]:

ℒ = ̄𝜓(𝑖𝛾𝜇𝐷𝜇−𝑚̂)𝜓+𝐺𝑆[( ̄𝜓𝜓)2+( ̄𝜓𝑖𝛾5 ⃗𝜏𝜓)2]−𝐺𝑉 [( ̄𝜓𝛾𝜇𝜏𝑎𝜓)2+( ̄𝜓𝛾𝜇𝛾5𝜏𝑎𝜓)2]−1
4𝐹𝜇𝜈𝐹 𝜇𝜈,

where 𝜓 = (𝑢, 𝑑)𝑇 is the doublet of the two light quark flavors 𝑢 and 𝑑 with
masses given by the diagonal current mass matrix 𝑚̂ = diag(𝑚𝑢, 𝑚𝑑) and 𝜏𝑎 =
(𝐼, ⃗𝜏) with ⃗𝜏 = (𝜏1, 𝜏2, 𝜏3) are the isospin Pauli matrices. 𝐺𝑆 and 𝐺𝑉 are the
coupling constants for scalar (pseudoscalar) and vector (axial-vector) channels,
respectively. The covariant derivative 𝐷𝜇 = 𝜕𝜇 − 𝑖𝑞𝑓𝐴ext

𝜇 couples quarks to
an external magnetic field B = (0, 0, 𝐵) along the positive 𝑧 direction via a
background field 𝐴ext

𝜇 = (0, 0, 𝐵𝑥1, 0). The electric charges of the (𝑢, 𝑑) quark
fields are 𝑞𝑓 = (2𝑒/3, −𝑒/3) and the field strength tensor is 𝐹𝜇𝜈 = 𝜕[𝜇𝐴ext

𝜈] .

The four-point interactions in Eq. (1) can be semi-bosonized via Gaussian
transformations, and the NJL Lagrangian can be rewritten as:

ℒ𝑠𝑏 = ̄𝜓(𝑥)(𝑖𝛾𝜇𝐷𝜇−𝑚̂)𝜓(𝑥)− ̄𝜓(𝜎+𝑖𝛾5 ⃗𝜏 ⋅ ⃗𝜋+𝛾𝜇𝑉 𝑎
𝜇 𝜏𝑎+𝛾𝜇𝛾5𝐴𝑎

𝜇𝜏𝑎)𝜓−𝜎2 + ⃗𝜋2

4𝐺𝑆
−𝑉 𝑎

𝜇 𝑉 𝜇𝑎 + 𝐴𝑎
𝜇𝐴𝜇𝑎

4𝐺𝑉
,

where the Euler-Lagrange equations of motion for the auxiliary fields lead to
the constraints:

𝜎(𝑥) = −2𝐺𝑆⟨ ̄𝜓(𝑥)𝜓(𝑥)⟩,
⃗𝜋(𝑥) = −2𝐺𝑆⟨ ̄𝜓(𝑥)𝑖𝛾5 ⃗𝜏𝜓(𝑥)⟩,

𝑉 𝑎
𝜇 (𝑥) = −2𝐺𝑉 ⟨ ̄𝜓(𝑥)𝛾𝜇𝜏𝑎𝜓(𝑥)⟩,

𝐴𝑎
𝜇(𝑥) = −2𝐺𝑉 ⟨ ̄𝜓(𝑥)𝛾𝜇𝛾5𝜏𝑎𝜓(𝑥)⟩.
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Assuming the masses of 𝑢 and 𝑑 quarks are equal (𝑚𝑢 = 𝑚𝑑 = 𝑚0), the con-
stituent quark mass 𝑀 of these light quarks is given by:

𝑀 = 𝑚0 − 2𝐺𝑆⟨ ̄𝜓𝜓⟩.

In the NJL model, at least in the mean-field approximation, the chiral con-
densate increases with magnetic field at zero temperature as well as at finite
temperature. We will introduce inverse magnetic catalysis for the quark con-
densate around the critical temperature through three different approaches in
Sec. III.

B. Charged � Meson Construction Using the Landau Level Represen-
tation

In the NJL model framework, the � meson can be expressed as an infinite sum
of quark-loop chains using the random phase approximation. The �-meson prop-
agator 𝐷𝑎𝑏

𝜇𝜈(𝑞2) can be obtained from the one-quark-loop polarization function
Π𝑎𝑏

𝜇𝜈(𝑞2) via the Schwinger-Dyson equation:

𝐷𝑎𝑏
𝜇𝜈(𝑞2) = [−2𝑖𝐺𝑉 𝛿𝑎𝑏𝑔𝜇𝜈] + [−2𝑖𝐺𝑉 𝛿𝑎𝑐𝑔𝜇𝜆][𝑖Π𝜆𝜎,𝑐𝑑(𝑞2)][𝐷𝑑𝑏

𝜎𝜈(𝑞2)],

where 𝑎, 𝑏, 𝑐, 𝑑 are isospin indices and 𝜇, 𝜈, 𝜆, 𝜎 are Lorentz indices. The one-
quark-loop polarization function is given by:

Π𝑎𝑏
𝜇𝜈(𝑥, 𝑥′) = 𝑖Tr[𝛾𝜇𝜏𝑎𝑆𝑄(𝑥, 𝑥′)𝛾𝜈𝜏𝑏𝑆𝑄(𝑥′, 𝑥)].

Here we use the Landau level representation of the quark propagator 𝑆𝑄(𝑥, 𝑥′)
[13, 75]:

𝑆𝑄(𝑥, 𝑦) = exp [𝑖Φ(𝑥⟂, 𝑦⟂)] ∫ 𝑑4𝑘
(2𝜋)4 𝑒−𝑖𝑘(𝑥−𝑦) ̃𝑆𝑄(𝑘),

with the Fourier transform:

̃𝑆𝑄(𝑘) = 𝑖 exp (− 𝑘2
⟂

|𝑄𝑒𝐵|)
∞

∑
𝑛=0

𝐷𝑛(𝑄𝑒𝐵, 𝑘)
𝑘2

0 − 𝑘2
3 − 𝑀2 − 2𝑛|𝑄𝑒𝐵| + 𝑖𝜖 ,

where:

𝐷𝑛(𝑄𝑒𝐵, 𝑘) = (𝑘0𝛾0−𝑘3𝛾3+𝑀)[(1+𝑖𝛾1𝛾2sign(𝑄𝑒𝐵))𝐿𝑛(2𝑘2
⟂/|𝑄𝑒𝐵|)−(1−𝑖𝛾1𝛾2sign(𝑄𝑒𝐵))𝐿𝑛−1(2𝑘2

⟂/|𝑄𝑒𝐵|)]+4(𝑘1𝛾1+𝑘2𝛾2)𝐿1
𝑛(2𝑘2

⟂/|𝑄𝑒𝐵|),

and 𝐿𝛼
𝑛 are generalized Laguerre polynomials with 𝐿𝑛 ≡ 𝐿0

𝑛 and 𝐿−1 = 0. Note
that 𝑄 is the diagonal matrix in flavor space.
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For charged mesons, the magnetic field violates Lorentz invariance, so Π𝑎𝑏
𝜇𝜈(𝑥, 𝑥′)

should be written as:

Π𝑎𝑏
𝜇𝜈(𝑥, 𝑥′) = 𝑒𝑖Φ(𝑥⟂,𝑥′

⟂) ∫ 𝑑4𝑞
(2𝜋)4 𝑒−𝑖𝑞(𝑥−𝑥′)Π𝑎𝑏

𝜇𝜈(𝑞∥, 𝑞⟂),

where Φ(𝑥⟂, 𝑥′
⟂) is the Schwinger phase. If we consider the gauge 𝐴ext

𝜇 = 𝛿𝜇1𝐵𝑥2
and assume 𝑒𝐵 > 0, the Schwinger phase is:

Φ(𝑥⟂, 𝑥′
⟂) = −𝑞𝐵

2 (𝑥1 + 𝑥′
1)(𝑥2 − 𝑥′

2).

The isospin Pauli matrices 𝜏𝑎 = 𝜏± and 𝜏𝑏 = 𝜏∓ represent the charged �±
mesons respectively, with 𝜏± = (𝜏1 ± 𝑖𝜏2)/2 and 𝑞 is the electric charge of the
meson. Equation (6) can thus be rewritten as:

Π𝜌±
𝜇𝜈(𝑥, 𝑥′) = 𝑖Tr[𝛾𝜇𝜏±𝑆𝑄(𝑥, 𝑥′)𝛾𝜈𝜏∓𝑆𝑄(𝑥′, 𝑥)].

Considering momentum conservation (𝑝 = 𝑘 + 𝑞), we can present this in mo-
mentum space:

Π𝜌±
𝜇𝜈(𝑞∥, 𝑞⟂) = 𝑁𝑐 ∫ 𝑑4𝑘

(2𝜋)4 trcs[𝑆(𝑘 + 𝑞)𝛾𝜇𝑆(𝑘)𝛾𝜈],

where the trace is over color and spinor indices.

In the rest frame of the �± meson, we can decompose Π𝜇𝜈 in Lorentz indices as:

Π𝜌±
𝜇𝜈(𝑞) = Π𝑇 (𝑞2)𝑃 𝑇

𝜇𝜈 + Π𝐿(𝑞2)𝐿𝜇𝜈 + Π00(𝑞2)𝑢𝜇𝑢𝜈,

where 𝑢𝜇 = (1, 0, 0, 0) is the 4-velocity in the rest frame. The operators 𝑃 𝑇
𝜇𝜈 and

𝐿𝜇𝜈 are spin-projection operators on the polarization states of � mesons with
projections 𝑠𝑧 = ±1 and 𝑠𝑧 = 0, respectively:

𝑃 𝑇
𝜇𝜈 = ∑

𝑠𝑧=±1
𝜖(𝑠𝑧)

𝜇 𝜖(𝑠𝑧)∗
𝜈 , 𝐿𝜇𝜈 = 𝑏𝜇𝑏𝜈,

where 𝑏𝜇 = (0, 0, 0, 1) is a unit vector along the external magnetic field axis, and
𝜖(1)

𝜇 = (0, 1, 𝑖, 0)/
√

2 and 𝜖(2)
𝜇 = (0, 1, −𝑖, 0)/

√
2 are the right- and left-handed

polarization vectors.

Consequently, the � meson propagator takes the form:
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𝐷𝑎𝑏
𝜇𝜈(𝑞) = [ 𝑃 𝑇

𝜇𝜈
1 + 2𝐺𝑉 Π𝑇 (𝑞2) + 𝐿𝜇𝜈

1 + 2𝐺𝑉 Π𝐿(𝑞2) + 𝑢𝜇𝑢𝜈
1 + 2𝐺𝑉 Π00(𝑞2)] 𝛿𝑎𝑏.

The poles of these propagators give the gap equations:

1 + 2𝐺𝑉 Π𝑇 (𝑀2
𝜌±) = 0,

1 + 2𝐺𝑉 Π𝐿(𝑀2
𝜌±) = 0,

which determine the masses of � mesons with corresponding spin projections.

In the rest frame of the �± meson, the matrix elements are given by:

Π11 = Π22 = 𝑎, Π12 = −Π21 = 𝑖𝑏, Π33 = 𝑐.

The relationship between these matrix elements and Π𝑖 is:

Π𝑇 = 𝑎 + 𝑏
2 , Π𝐿 = 𝑐, Π00 = 𝑎 − 𝑏

2 .

The matrix elements Π11 and Π12 in Eq. (14) were calculated in vacuum for
the �� meson in Ref. [56]. At finite temperature, these become:

Π11 = 𝑖𝑁𝑐𝑁𝑓 ∑
𝑝,𝑘

∫ 𝑑3𝑘
(2𝜋)3 exp (−𝑘2

⟂ + 𝑝2
⟂

|𝑞𝑓𝑒𝐵| ) 1
𝜔𝑢,𝑘𝜔𝑑,𝑝

×[(𝐼1 + 𝐼′
1) (𝐿0

𝑝𝐿0
𝑘 + 𝐿0

𝑝−1𝐿0
𝑘−1) + 𝐼2 (𝐿0

𝑝𝐿0
𝑘−1 + 𝐿0

𝑝−1𝐿0
𝑘)] ,

Π12 = 𝑖𝑁𝑐𝑁𝑓 ∑
𝑝,𝑘

∫ 𝑑3𝑘
(2𝜋)3 exp (−𝑘2

⟂ + 𝑝2
⟂

|𝑞𝑓𝑒𝐵| ) 1
𝜔𝑢,𝑘𝜔𝑑,𝑝

×[(𝐼1 + 𝐼′
1) (𝐿0

𝑝𝐿0
𝑘 − 𝐿0

𝑝−1𝐿0
𝑘−1) + 𝐼2 (𝐿0

𝑝𝐿0
𝑘−1 − 𝐿0

𝑝−1𝐿0
𝑘)] ,

where 𝐼1, 𝐼′
1, and 𝐼2 are given by Matsubara summation, and 𝜔𝑢,𝑘 =

√𝑘2
3 + 𝑀2 + 2𝑘|𝑞𝑢𝑒𝐵|, 𝜔𝑑,𝑝 = √𝑝2

3 + 𝑀2 + 2𝑝|𝑞𝑑𝑒𝐵|.

III. The Effect of IMC on Charged � Condensation
In Ref. [67], we used MC for the chiral condensate to produce the constituent
quark mass. In this section, we consider the effect of IMC on charged � meson
condensation. We introduce three different mechanisms for IMC: fitting lat-
tice data, using a running coupling constant 𝐺𝑆(𝑒𝐵), and introducing a chiral
chemical potential 𝜇5(𝑒𝐵) = 0.5

√
𝑒𝐵.
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For numerical calculations, we use the soft cutoff function [78]:

Λ(𝑘) = Λ10/(Λ10 + 𝑘10) for 𝐵 = 0,
Λ𝑒𝐵(𝑘) = Λ10/(Λ10 + (𝑘2

3 + 2|𝑞𝑓𝑒𝐵|𝑘)5) for 𝐵 ≠ 0.

We sum up to 30 Landau levels and the results are saturated. As in Ref. [74],
we obtain the parameters Λ = 582 MeV, 𝐺𝑆Λ2 = 2.388, and 𝐺𝑉 Λ2 = 1.73 by
reproducing the pion decay constant 𝑓𝜋 = 95 MeV, pion mass 𝑚𝜋 = 140 MeV,
and � mass 𝑀𝜌 = 768 MeV in vacuum. The vacuum quark mass is 𝑀 = 458
MeV and the current quark mass is 𝑚0 = 5 MeV.

A. Fitting the Lattice Data

In Refs. [14, 15], the lattice group confirmed magnetic catalysis at low
temperature as predicted by most QCD model calculations. Moreover,
they first observed inverse magnetic catalysis around the critical tem-
perature 𝑇𝑐 of chiral symmetry restoration. The dimensionless quantity
Σ𝑢,𝑑(𝐵, 𝑇 ) = [⟨ ̄𝜓𝜓⟩𝑢,𝑑(𝐵, 𝑇 )/⟨ ̄𝜓𝜓⟩𝑢,𝑑(0, 0)] + 1 was defined in Ref. [15]. We
combine the lattice data for (Σ𝑢 + Σ𝑑)/2 and Σ𝑢 − Σ𝑑 with different 𝑇 and
𝑒𝐵 from [15] and our parameters to reproduce the quark condensation. The
magnetic field dependence of quark condensation is shown in Fig. 1 [Figure 1:
see original paper]. In Fig. 2 [Figure 2: see original paper], we present the 𝑒𝐵
dependence of critical temperature 𝑇𝑐 from lattice calculations, demonstrating
that the IMC scenario around 𝑇𝑐 has been reproduced.

Using the quark condensation from Fig. 1 and solving the gap equation Eq.
(22), we obtain the critical magnetic field 𝑒𝐵𝑐 for polarized charged �± meson
condensation. The temperature dependence of 𝑒𝐵𝑐 is shown in Fig. 3 [Figure 3:
see original paper]. At zero temperature, 𝑒𝐵𝑐 for polarized charged �± meson
condensation with IMC effect from fitting lattice data is slightly larger than
its value without IMC, because the quark condensate at zero temperature from
lattice calculations is slightly larger than in the NJL model [67]. As shown by
the dashed line, if no IMC mechanism is included, the critical magnetic field 𝑒𝐵𝑐
for charged � condensation increases monotonically with 𝑇 . However, when IMC
is considered (shown by dots), 𝑒𝐵𝑐 first decreases with temperature 𝑇 , reaches
a minimum around 𝑇𝑐, then increases with 𝑇 . The IMC substantially affects
polarized charged � condensation around 𝑇𝑐. With IMC, the critical magnetic
field 𝑒𝐵𝑐 for charged � condensation drops to 0.13 GeV² at 𝑇𝑐, and 𝑒𝐵𝑐 in the
temperature region 𝑇 < 1.3𝑇𝑐 is smaller than its value at 𝑇 = 0.

B. Using the Running Coupling Constant 𝐺𝑆(𝑒𝐵)
In this approach, we introduce a running scalar coupling constant 𝐺𝑆(𝑒𝐵) into
the NJL model to calculate the constituent quark mass. Following Ref. [42], we
fit 𝐺𝑆(𝑒𝐵) to reproduce 𝑇𝑐/𝑇𝑐(𝑒𝐵 = 0) obtained in Ref. [14].
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We present the critical temperature used to fit 𝐺𝑆(𝑒𝐵) in Fig. 4 [Figure 4: see
original paper]. We assume:

𝐺𝑆(𝜉)
𝐺𝑆(0) = 1 + 𝑎𝜉2 + 𝑏𝜉3

1 + 𝑐𝜉2 + 𝑑𝜉4 ,

where 𝐺𝑆(0) = 𝐺𝑆, 𝜉 = 𝑒𝐵/Λ2
QCD, and ΛQCD = 300 MeV. The fitted function

𝐺𝑆(𝑒𝐵) is shown in Fig. 5 [Figure 5: see original paper] with parameters
𝑎 = 0.014056, 𝑏 = 0.00532074, 𝑐 = 0.0281766, 𝑑 = 0.00161148. The fitted
function 𝐺𝑆(𝑒𝐵) must decrease with magnetic field to produce IMC.

We then solve for the dynamical quark mass in the NJL model with the running
coupling constant 𝐺𝑆(𝑒𝐵). The one-loop effective potential is:

Ω = (𝑀 − 𝑚0)2

4𝐺𝑆(𝑒𝐵) −𝑁𝑐 ∑
𝑓

|𝑞𝑓𝑒𝐵|
2𝜋

∞
∑
𝑝=0

𝛼𝑝 ∫ 𝑑𝑘3
2𝜋 [𝐸𝑞 + 1

𝛽 ln(1 + 𝑒−𝛽(𝐸𝑞+𝜇)) + 1
𝛽 ln(1 + 𝑒−𝛽(𝐸𝑞−𝜇))] ,

where 𝛽 = 1/𝑇 and 𝛼𝑝 = 2 − 𝛿𝑝0 is the spin degeneracy factor. Minimizing
the effective potential determines the dynamical quark mass. Using Eq. (3), we
obtain the quark condensation shown in Fig. 6 [Figure 6: see original paper]
and the critical magnetic field 𝑒𝐵𝑐(𝑇 ) in Fig. 7 [Figure 7: see original paper].

The critical magnetic field as a function of temperature 𝑒𝐵𝑐(𝑇 ) shows similar
behavior to the previous subsection. IMC substantially affects polarized charged
� condensation around 𝑇𝑐. Without IMC, 𝑒𝐵𝑐 increases monotonically with 𝑇
(dashed line). With IMC, 𝑒𝐵𝑐 first decreases with 𝑇 , reaches a minimum around
𝑇𝑐, then increases. With IMC, 𝑒𝐵𝑐 drops to 0.17 GeV² around 𝑇𝑐, and 𝑒𝐵𝑐 in
the region 𝑇 < 1.3𝑇𝑐 is smaller than when no IMC is considered. Notably, 𝑒𝐵𝑐
with IMC below 1.2𝑇𝑐 is lower than in the original NJL model [67] without IMC,
because the coupling constant decreases with magnetic field (Fig. 5).

C. Introducing the Chiral Chemical Potential 𝜇5(𝑒𝐵) = 0.5
√

𝑒𝐵
In Refs. [52, 53], a chiral chemical potential 𝜇5(𝑒𝐵) is introduced to reproduce
IMC. We use 𝜇5(𝑒𝐵) = 0.5

√
𝑒𝐵 to produce IMC and the corresponding quark

mass. The 𝑒𝐵 dependence of quark condensation is shown in Fig. 8 [Figure 8:
see original paper] and the critical temperature as a function of 𝑒𝐵 is shown in
Fig. 9 [Figure 9: see original paper], clearly reproducing IMC around 𝑇𝑐.

We then solve for the critical magnetic field 𝑒𝐵𝑐 for charged � condensation using
gap equation Eq. (22), with 𝑒𝐵𝑐(𝑇 ) shown in Fig. 10 [Figure 10: see original
paper]. The behavior is similar to the previous cases: IMC substantially affects
polarized charged � condensation around 𝑇𝑐. Without IMC, 𝑒𝐵𝑐 increases mono-
tonically with 𝑇 (dashed line). With IMC, 𝑒𝐵𝑐 first decreases with 𝑇 , reaches
a minimum of 0.16 GeV² around 𝑇𝑐, then increases. The critical magnetic field
in the region 𝑇 < 1.3𝑇𝑐 is smaller than when no IMC is considered.

chinarxiv.org/items/chinaxiv-201609.00026 Machine Translation

https://chinarxiv.org/items/chinaxiv-201609.00026


IV. The Decay of the Strong Magnetic Field
In the previous section, we investigated the temperature dependence of 𝑒𝐵𝑐 by
considering inverse magnetic catalysis for the chiral condensate. Using three dif-
ferent IMC mechanisms, we find that 𝑒𝐵𝑐(𝑇 ) shows the same behavior around
𝑇𝑐: 𝑒𝐵𝑐 decreases with temperature, drops to its minimum around 𝑇𝑐, then
increases with temperature. Notably, in the region 𝑇 < 1.3𝑇𝑐, the critical
magnetic field 𝑒𝐵𝑐 is smaller than when no IMC is considered. Our calculation
shows that charged � condensation can exist in the temperature region of 1–1.5𝑇𝑐
with critical magnetic field 𝑒𝐵𝑐 ∼ 0.3 GeV², suggesting that a high-temperature
superconductor might be created in non-central heavy-ion collisions at LHC en-
ergies. We also show that growing electric conductivity in the early stage of
non-central heavy-ion collisions substantially delays the decay of strong mag-
netic fields, which is helpful for forming high-temperature superconductors.

If a high-temperature superconductor is formed in the early stage of non-central
heavy-ion collisions at LHC energies, it should have rather large electric conduc-
tivity. It has been shown in Refs. [79, 80] that finite electric conductivity
substantially delays the decay of strong magnetic fields. Therefore, we investi-
gate how high-temperature superconductors affect the decay of strong magnetic
fields created in non-central heavy-ion collisions.

Following Ref. [79], we estimate the magnetic field in the center-of-mass frame.
The 𝑦-component of the magnetic field is:

𝑒𝐵𝑦(𝜏, 𝜂, 𝑥⟂, 𝜙) = 𝛼 sinh(𝑌𝑏) ∫ 𝑑2𝑥′ (𝑥 − 𝑥′) sinh(𝑌𝑏 − 𝜂) − Δ cos 𝜙′

[(𝑥 − 𝑥′)2 + Δ2]3/2 𝜎𝐸(𝜏, 𝜂, 𝑥′
⟂),

where 𝜎𝐸 is electric conductivity, 𝛼 = 𝑒2/(4𝜋) is the electromagnetic coupling,
𝑌𝑏 = arctanh(𝛽) is the rapidity, and Δ = 𝜏 sinh(𝑌𝑏 −𝜂)+𝑥′ sinh(𝑌𝑏)

√
Δ cos(𝜙−

𝜙′).
Since high-temperature superconductors, if formed, are created after the non-
central collision, we assume the electrical conductivity of the QGP 𝜎𝐸 is time-
dependent:

𝜎𝐸(𝜏) = {𝜎max(1 − 𝑒−𝑘𝜏) 𝜏 < 𝜏form
𝜎max 𝜏 ≥ 𝜏form

where 𝑘 is the growth rate and 𝜏form = 𝜎max/𝑘 gives the formation time for the
high-temperature superconductor.

With a simple assumption about proton distribution, the total magnetic field
produced by all spectators in a collision with impact parameter 𝑏 is:

𝑒𝐵𝑦,𝑠 = 𝑒𝐵−
𝑦 (𝜏, 𝜂, 𝑥⟂, 𝜙) + 𝑒𝐵+

𝑦 (𝜏, 𝜂, 𝑥⟂, 𝜙),
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where 𝑒𝐵±
𝑦 are defined by integration over crescent-shaped regions containing

only positive- or negative-moving spectators.

At LHC energies, assuming 𝑌𝑏 = 𝑌0 = 8, 𝑅 = 7 fm, 𝑏 = 7 fm, 𝜙 = 0, 𝜂 = 0,
and 𝑍 = 82, a strong magnetic field with magnitude 𝑒𝐵𝑦 ∼ 0.4 GeV² is created.
Numerical results for the decay of 𝑒𝐵𝑦(𝜏) with different 𝜎max are shown in Fig.
11 [Figure 11: see original paper].

With the time-dependent electric conductivity assumption, we find that a con-
ducting medium with 𝜎𝐸 effectively delays magnetic field decay. At later stages,
larger 𝜎𝐸 leads to slower decay. Notably, if one chooses constant 𝜎𝐸 starting
from 𝜏 = 0 as in [79], even small conductivity makes the magnetic field at 𝜏 = 0
drop to a small value. Our results suggest that growing electric conductivity
starting from zero at 𝜏 = 0 substantially delays magnetic field decay, which is
helpful for high-temperature superconductor formation.

V. Conclusion
In this paper, we have investigated charged � condensation in an external mag-
netic field at finite temperature in the NJL model. When the � mass decreases
with magnetic field and becomes zero, it indicates charged � condensation exists.
The magnetic field at which charged � becomes massless is called the critical
magnetic field 𝑒𝐵𝑐.

In the NJL model, mesons are constructed as an infinite sum of quark-loop
chains using the random phase approximation, and we calculate to leading order
in the 1/Nc expansion for the � meson.

We studied the temperature dependence of 𝑒𝐵𝑐 by considering IMC for the quark
chiral condensate. We used three different approaches to reproduce IMC: fitting
lattice data, using a running scalar coupling constant 𝐺𝑆(𝑒𝐵), and considering
chirality imbalance 𝜇5(𝑒𝐵) = 0.5

√
𝑒𝐵. In all three cases, IMC substantially af-

fects polarized charged � condensation around the critical temperature 𝑇𝑐 of the
chiral phase transition. Without IMC, 𝑒𝐵𝑐 for charged � condensation increases
monotonically with temperature. However, with IMC, 𝑒𝐵𝑐 first decreases with
temperature, reaches a minimum around 𝑇𝑐, then increases. The critical mag-
netic field with IMC in the region 𝑇 < 1.2𝑇𝑐 is smaller than without IMC.
Our calculation shows that charged � condensation can exist in the temperature
region of 1–1.5𝑇𝑐 with critical magnetic field 𝑒𝐵𝑐 ∼ 0.3 GeV², which can be
regarded as a high-temperature superconductor that might form in non-central
heavy-ion collisions at LHC energies. We also show that growing electric conduc-
tivity in the early stage of non-central heavy-ion collisions substantially delays
strong magnetic field decay, which is helpful for high-temperature superconduc-
tor formation.

It is worth mentioning that our research was done in a background without �
condensation. It would be interesting to investigate the conductivity of charged
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� condensation by introducing the charged polarized �± condensate in the La-
grangian in future work.
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