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Abstract

5D UED is not automatically minimally flavor violating due to flavor asymmet-
ric counter-terms required on the branes. Additionally, higher dimensional op-
erators likely contribute directly to flavor observables. We document a mostly
unsuccessful attempt at utilizing localization in a flat extra dimension to re-
solve these flavor constraints while maintaining KK-parity as a good quantum
number. The attempt is unsuccessful insofar as we seem forced to add brane
operators that precisely mimic the effects of a double throat warped extra di-
mension. In the course of our efforts, we encounter and present solutions to a
problem common to many extra dimensional models in which fields are “doubly
localized” : ultra-light modes. Under scrutiny, this issue appears tied to an
intrinsic tension between maintaining Kaluza-Klein parity and resolving mass
hierarchies via localization.

Introduction

Extra dimensions have found many uses over the past decade. One interesting
possibility is to use fermion wave function overlaps along the extra dimension to
explain the fermion masses and mixing angle hierarchies. While such construc-
tions were originally proposed for large extra dimensional models [1], they have
proven most useful in the context of warped extra dimensions [2-4]. Another im-
portant development was the realization that there could be a geometric origin
for the stability of a weakly interacting massive particle (WIMP) dark matter
via Kaluza-Klein (KK) parity [5, 6]. This Z symmetry is implemented as a
reflection around the midpoint of the extra dimension and is a remnant of 5D
translational invariance, which is broken by the appearance of the end points of
the interval (equivalently the orbifold fixed points in the orbifold language).

KK parity has been the basic ingredient of the construction called Universal
Extra Dimensions (UED), where all the Standard Model (SM) fields live in a flat
extra dimension, and all SM wave functions are flat [7]. The main consequence
of UED is that due to the unbroken KK parity, the lightest KK odd particle
(LKP) is a stable DM candidate [5, 6] (usually it is the lightest KK mode of
the U(1) gauge boson, B ), and electroweak precision constraints are greatly
reduced, allowing the KK scale to be even below the TeV scale [7]. UED is
usually also considered to be an example of minimal flavor violation (MFV),
since the only source of flavor violation are the Yukawa couplings [8, 9]. We
should emphasize, however, that many of the nice properties of UED (sub-
TeV EW precision bounds, MFV) are not a consequence of KK-parity, but
rather of complete KK-number conservation at tree level, which follows from
the assumption of completely flat wave functions and no localized terms.

While flat wave function profiles seem essential for the sub-TeV EWP bounds
and MFV, only KK-parity is necessary for the DM candidate. One may then
wonder whether a non-trivial flavor structure would be possible along the lines
of split fermions [1, 10], while maintaining KK-parity. The main question we
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address in this paper is whether a successful flavor model could possibly be based
on a flat extra dimension with KK-parity, in analogy with those constructed in
a warped geometry [11-18]. In this case, a KK-parity odd mass term for the
fermions must be added [19-23], which can be thought of as a consequence of
a domain wall inside the extra dimension [24]. If we then want hierarchical
fermion wave functions, there are two possibilities: the fermions could either
be peaked at the center or at the boundaries. However, we find that there are
always light modes trapped at the domain wall in the center, so only the second
possibility can be realized. This yields another problem: if the fermions are in
the center, the Higgs needs to be close to the boundaries to generate the flavor
hierarchies from wave function overlaps. There are extra spontaneously broken
approximate global symmetries in this “doubly-localized” scenario, leading to
extra KK-parity odd pseudo-Goldstone bosons. We explain how to circumvent
this problem through the 5D top-quark contribution to the Coleman-Weinberg
potential [25].

The paper is organized as follows. In Section 2 we present the setup with a
flat extra dimension with KK-parity and exponential non-trivial fermion wave
functions, and explain in detail the origin of the ultra-light fermions. In Sec-
tion 3 we explain the origin and properties of pseudo-Goldstone bosons with a
boundary localized Higgs, and show how loop effects lift these Goldstone bosons.
In Section 4 we analyze the flavor constraints of this model and show that re-
alistic setups are basically low-energy effective theory versions of a two-throat
warped model. We explain in detail how to establish the proper correspondence.
Finally, we analyze indirect constraints on the model in Section 5 and conclude
in Section 6. Details of the calculation of the fermion spectrum are given in Ap-
pendix A. In Appendix B we show how to construct an alternative model with
a flat Higgs wave function, avoiding tension with electroweak precision bounds.

2 Localizing Fermions with KK-parity

Let us consider a bulk 5D fermion with a varying bulk mass. The geometry
of the extra dimension is flat, and the extra dimensional coordinate, y, varies
between two endpoints, -L./2 and +L/2, with the action:

+L)2 L -
S = /d41’/ dy [i‘I’FM@M‘I’ + m5(y)\IJ\I/]
L2

where W, ¥ = U9,V — (9,,¥)¥ and the gamma matrices are M = (%, iy®).
We introduce a y-dependent fermion mass which is a step-function that changes
sign at the midpoint of the extra-dimension:

—p, y<0
mg(y) = pe(y) = {+u >0
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Naively, this violates KK-parity, as the fermion mass changes sign across the
midpoint of the extra dimension. However, the intrinsic KK-parity of the 5D
Dirac fermion compensates for the sign flip of the bulk mass under a KK-parity
transformation. Constant (or in general, even under KK-parity) fermion bulk
masses which are sterile under KK-parity are forbidden for this reason [19].

2.1 Zero mass and ultralight Modes

The details of the equations of motion and the mass spectrum are given in
Appendix A. For n = 0, there are massless solutions, or zero modes, with wave
functions:

foly) = V/2pe il go(y) = \/2petrE et

where f, denotes the right-handed (RH) and g, the left-handed (LH) solution.
The wave functions of these zero modes are governed by the boundary conditions
(which determine whether the zero mode is LH or RH) and the sign of y. For
example, if 4 > 0 and the zero mode is RH, f, is peaked towards the mid-point
of the extra dimension (y = 0). There are four possible cases, which we display
in Table 1 .

As we discuss in further detail below, the localization of the zero mode deter-
mines the mass of the first KK-mode. We note in particular that in each case
where there is a zero mode which is “doubly-localized” (where the wave function
is sharply peaked towards each of the end-points of the extra dimension), there
is a KK-mode whose mass is highly suppressed compared with the inverse size
of the extra dimension.

The boundary conditions and bulk equations of motion allow for at most one
non-zero mass eigenvalue with a mass smaller than u, determined by:

L
m? = p? (1 — tanh® (%)) ~ 4peHb

for RH/LH zero mode boundary conditions, where the sign is set by the bound-
ary conditions, allowing for either a RH or LH zero mode. This equation only
has solutions for ¢ > 0. Under this assumption, and if 4L > 1, the correspond-
ing mass eigenvalue is then given by m? ~ 4u?e *L. For L™! ~ 1 TeV and
uL ~ 10, these light modes would have masses in the ~ 1 GeV range, which
would be problematic. Therefore, we choose boundary conditions to avoid them
in our attempt to build a model of UED flavor.

The complete mass spectrum is derived in Appendix A. The dependence of the
spectrum on g is shown in Figure 1 [Figure 1: see original paper], where a LH
zero mode is assumed. For negative u, the LH zero mode is localized towards
the center of the extra dimension, at the kink in the bulk mass. However, when
W is positive, this zero mode is localized towards the endpoints. In this latter
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case, there is also an “ultra-light” mode whose mass is exponentially suppressed,
as derived above. Some of these ultralight modes will be lifted by electroweak
symmetry breaking (EWSB), as explained in Appendix A.3. Nevertheless, there
will always remain ultra-light fermions in the spectrum when the zero mode is
localized in the center of the extra dimension.

Physical explanation of the ultra-light mode: It is relatively easy to un-
derstand the presence or absence of the light first KK-mode. It is essentially due
to the usual domain wall trapping of chiral modes, a mechanism which functions
regardless of the choice of boundary conditions in a finite extra dimension.

To elaborate, let us assume that we are looking at a bulk mass mg(y) = pe(y),
where 1 > 0. In the case of a doubly infinite extra dimension (the limit L —
00), this domain wall traps a right-handed field. This right-handed field is
massless, since its corresponding left-handed partner is not normalizable. If
we now compactify this extra dimension, we must impose boundary conditions.
These boundary conditions can in principle allow for either a left- or right-
handed zero mode, that a priori has nothing to do with the mode that is trapped
at the domain wall. In the discussion that follows, we track the fate of the
trapped RH domain wall fermion when L is taken to be finite.

First, let us assume that we impose boundary conditions that allow for a right-
handed zero mode, i.e., g,[,_.7» = 0. In this case, the zero mode allowed
by the boundary conditions is precisely the trapped mode of the infinite extra
dimension: f,(y) ~ e #¥. In this case, the spectrum contains no other low-lying
modes.

If we instead impose boundary conditions that permit only a left-handed zero
mode, i.e., f,l,_.r» = 0, the true zero mode is gy(y) ~ etHvl (localized at
the boundaries) and all other modes get a mass. The “would-be zero mode”
f(y) ~ e #¥l localized on the domain wall in the infinite L limit, is exponentially
close to satisfying the required boundary conditions that give the LH zero mode.
Hence the first KK-mode is made out of a right-handed “trapped” mode (and
an associated left-handed mode, which is localized towards the boundaries but
has a KK-odd wave-function). The mass of this Dirac fermion is exponentially
suppressed by e #L/2. In the large L limit, both the LH zero mode and the
LH component of the light KK mode become non-normalizable, and the RH
trapped mode becomes the lowest lying physical excitation, the usual trapped
chiral mode in large extra dimensions.

Some of these ultralight modes are actually lifted by the Higgs mechanism, as
we explain in Appendix A.3. However, for each SM fermion, there is still a
remaining light KK-odd mode with mass lower than that of its SM partner.

3 Boundary localized Higgs and ultra-light scalars

As we saw in the previous section, we require that the fermions be localized in
the middle of the extra dimension to avoid light fermionic modes. One way to

chinarxiv.org/items/chinaxiv-201607.00017 Machine Translation


https://chinarxiv.org/items/chinaxiv-201607.00017

ChinaRxiv [$X]

achieve the hierarchical overlap with the Higgs required to naturally generate
the hierarchy of fermion masses is to localize the Higgs in a KK-parity symmetric
way on the endpoints of the interval. In this section we show that such a scenario
generates new ultralight KK-odd scalar fields, which are lifted by a one-loop
Coleman-Weinberg potential generated by 5D fermion and gauge boson loops.

3.1 Higgs Model Setup

We start with a complex scalar field ® living in the bulk with a bulk potential
and two identical boundary potentials which respect KK parity. This model
has been studied previously in [26], and we summarize the results. The scalar
action is given by:

L2 1

S = /d41‘/ dy{
—L/2 2

We take the bulk potential to consist of a positive mass-squared term, while we
assume boundary localized potentials which can lead to the development of a
VEV (the two potentials are identical in order to respect KK-parity):

V(®) =m?®T®, V. (D)= 2((1)“13 —v3)?

The bulk equations of motion for the radial and Goldstone modes and the asso-
ciated boundary conditions follow from the variation of this action with respect
to the Higgs scalar field.

The Higgs VEV: The general solution for the VEV of the neutral component
of H is (H) = v(y)/v/2 = Acosh(my) + Bsinh(my), where the coefficients are
determined by the boundary conditions. There are multiple extrema; however,
the global minimum, or true vacuum, corresponds to a VEV profile which is KK-
even. The coefficients corresponding to this solution are A = vy+/2m/ sinh(mL)
and B = 0, where ch = cosh(mL/2) and sh = sinh(mL/2). We note that the
KK-odd local minimum becomes degenerate with the KK-even vacuum in the
limit as m — 0. Obtaining the correct W+ and Z boson masses from this VEV
fixes v, in terms of m and L.

Light scalar spectrum: Since the bulk equation of motion is linear, the
fluctuations about the VEV obey the same bulk equation of motion as the
VEV, and therefore the general form of the solution is the same: 70(y) =
A, cosh(k,y) + B,, sinh(k,y), where k,, = \/m? + m2. Imposing the boundary
conditions enforced by the brane-localized potentials, we find that the mass
eigenvalues are given by:

ko tanh(koL/2) = 3mtanh(mL/2) (KK-even SM Higgs)
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kq tanh(k,;L/2) = 3mtanh(mL/2) (KK-odd partner)

This will allow for a light KK-even Higgs mode if the bulk mass and the boundary
mass are chosen appropriately. We note that obtaining a weak-scale Higgs
mechanism from a TeV~! size extra dimension requires tuning of the boundary
potential negative mass-squared against the positive bulk mass-squared. There
is also a light KK-odd solution which is degenerate with the KK-even Higgs in
the limit mL <« 1.

While the possibility of a weak-scale KK-odd Higgs field is quite interesting for
phenomenological reasons, we find that there are also ultralight physical KK-
odd Goldstone fluctuations which are dangerous from the perspective of various
constraints on such modes. The spectrum of Goldstone fluctuations is given by:

my =0 (KK-even zero mode)

tanh(k,L/2) = mtanh(mL/2) (ultra-light KK-odd mode)

For exponential localization, all light modes obey m,, < L~!. For large mL > 1,
we can again expand the tanh to obtain an approximate formula m? ~ 8m?2e ™%,
To obtain the observed fermion mass hierarchy, we would require mL ~ 10,
pushing this mass down into the ~ 10 eV range. In the next section, we provide
a geometric origin for these light modes and describe how quantum effects lift
them above the weak scale.

In the case of a Higgs electroweak doublet, the KK-even Goldstone bosons are
the ones which become the longitudinal polarizations of the SM W#* and Z
bosons, while the KK-odd modes are physical light scalar degrees of freedom in
the low energy theory. There are three such scalar fields in this model, II* and
II°. The Z boson would decay rather efficiently to the IITTI~ channel should
there be available phase space (there is no coupling of the Z to two II” s, as
these fields all correspond to U(1) generators). The ultralight I1° is also quite
dangerous. It is in thermal equilibrium at weak-scale temperatures, but has no
way to annihilate efficiently, as it is less massive (at tree level) than any particle
in the SM except the photon and neutrinos. We soon show that such dangerous
modes are lifted well above the weak scale, avoiding such problems.

We explain in the next section that the charged KK-odd pseudo-Goldstones
are naturally lifted by the SM gauge and Yukawa interactions, which explicitly
break the global symmetries protecting them. While Yukawa interactions break
all the extra global symmetries, gauge interactions preserve one global U(1)
symmetry, resulting in a splitting between the charged and neutral KK-odd
Goldstone bosons.

3.2 KK-odd (pseudo-)Goldstone bosons

A symmetry argument for their origin: The origin of the light scalar modes
is easiest to understand in the language of a deconstructed extra dimension. For
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our purposes, we require only a two-site model. On each of these two sites, we
place Higgs fields H; and H,. We do not add any terms in the Lagrangian
which contain both H; and H, (analogous to requiring 5D locality). This is
an appropriate simplified picture of the model in which the Higgs is strongly
localized on the boundaries. Before adding any gauge interactions, this setup has
an extended global symmetry structure of one SU(2) x U(1) global symmetry
on each site, which is broken spontaneously by the VEVs of each Higgs field
to U(1). The actual global symmetry breaking pattern is SO(4) and perhaps
more clear to consider SU(2) x SU(2) custodial, but it is sufficient to consider
SU(2) x U(1), as this is the part that will be gauged, breaking the full SO(3) x
SU(2) x U(1) — U(1){gauged} x SU(2) x U(1) — U(1){EM}$, where the
gauged groups are placed in brackets. When the two Higgs fields acquire VEVs,
they break their own global symmetries down to one U(1) each, resulting in six
Goldstone bosons. These are most conveniently grouped into three KK-even and
three KK-odd Goldstone bosons (symmetric and anti-symmetric combinations,
respectively, of the Goldstone bosons from each site).

In usual deconstruction, gauge groups reside at each site, with sigma fields link-
ing them. These sigma fields acquire VEVs, spontaneously breaking each pair
of sites to the diagonal subgroup. In our case, it is sufficient to imagine the
VEV of this sigma field being taken to infinity, decoupling the antisymmetric
combination of the gauge fields completely. The full picture of our toy model is
then to gauge only the diagonal subgroup of the global symmetries on the two
sites, furnishing the SM gauge group. We illustrate the complete setup in Fig-
ure 2 [Figure 2: see original paper]. Now when the Higgs fields acquire VEVs,
the gauge group is broken to U(1),,,, and three of the six Goldstone bosons
must be eaten, leaving three physical massless scalar fields. Adding exponen-
tially suppressed mass mixing terms between H; and H, mimics the exponential
suppression of the wave function in the middle of the extra dimension, and explic-
itly breaks the anti-symmetric combination of the global symmetry generators.
This leads to exponentially small masses for the (now pseudo-)Goldstone bosons
corresponding to those generators. These pseudo-Goldstone bosons are to be
identified with the ultralight fields of the previous section.

Explicit breaking - masses through quantum effects: Gauging the diag-
onal subgroup of the [SU(2) x U(1)]? global symmetry group breaks some of
these global symmetries explicitly. Specifically, the antisymmetric combination
of the two sets of SU(2) generators does not form a full SU(2) group. The
original SU(2) x SU(2) global symmetry is thus broken to the diagonal vector
subgroup, the gauged SM SU(2) . Due to the triviality of U(1) symmetries, the
antisymmetric combination of U(1)" s is not broken by gauging the diagonal
subgroup. Taking into account the explicit breaking, the electroweak symmetry
breaking pattern is now:

[SU2), x U(1), x U(1),] = [U(1)

em]
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where the gauged groups are placed in brackets. We see that there will be
three eaten Goldstone bosons corresponding to the gauged generators, and one
remaining neutral KK-odd physical Goldstone from the breaking of the KK-odd
global U(1) . The two charged KK-odd Goldstone bosons have been lifted by
gauging the diagonal subgroup of the full set of global symmetries. Explicitly,
loops involving SU(2) gauge bosons will generate masses for the charged pseudo-
Goldstone bosons. In the unbroken phase, the symmetry breaking operator is
quartic in the Higgs doublets, and the diagram is logarithmically divergent in
the effective theory (and cutoff by the KK-scale in the full 5D theory).

Fortunately, Yukawa couplings further reduce the symmetry, breaking the global
U(1) as well. If one includes, in the low energy effective theory, a @); doublet
and tp singlet with gauge invariant and KK-parity symmetric Yukawa cou-
plings with the two Higgs fields, the complete set of anti-symmetric generators
is broken. This is easy to see from the form of the Yukawas in our low energy
construction:

Liop = Mtp(Hy + Hy)Tit?Q, + h.c.

Such an interaction can only be invariant under transformations that are iden-
tical for H; and H, (the diagonal subgroup of the full [SU(2) x U(1)]?). In the
unbroken phase, quantum effects involving the top-quark generate the following
terms in the one-loop effective potential:

Vitoop = —MF(H{Hy + H}Hy) — N3(H{H, + H}H,)

We distinguish the cutoffs for the two different types of terms since they have
different meanings in the 5D picture that UV completes our simple model. The
first terms are local in 5D, in that they involve the Higgs field only on one brane.
These quantum effects are the precursor to renormalization of the 5D mass term.
The second set of terms, however, are non-local. In the full extra dimension,
such loops cannot be divergent, and are expected to be cutoff at the inverse size
of the extra dimension. When we expand the operators that mix H; and H,,
we find mass terms for the KK-odd Goldstone bosons.

Figure 3 [Figure 3: see original paper| shows diagrams contributing to the two-
point function for the KK-(odd) even (pseudo)-Goldstone bosons. For the KK-
even Goldstone, which is eaten by the Z-boson, the two diagrams precisely
cancel, while for the KK-odd pseudo-Goldstone boson, only the second diagram
contributes, giving a positive contribution to the mass?.

These mass? terms are positive, as there is a sign arising in the expansion of the
Higgs field about its vev that cancels the minus sign due to fermion statistics.
In the broken phase, the origin of the positive mass? for the KK-odd pseudo-
Goldstone boson is from a quadratically divergent diagram, and the sign is easy
to see from a simple symmetry argument. In calculating the two-point function
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of an exact Goldstone boson, a cancellation occurs between two separate dia-
grams, as shown in Figure 3. The first diagram is negative, while the second
is positive, manifesting the cancellation. For the KK-odd pseudo-Goldstone,
only the second of these two diagrams contributes, giving a positive uncanceled
contribution to its mass.

Calculating the full 5D effect, assuming the light Higgs is completely localized
on the branes and that the top-quark has a flat wave-function, we find masses
for the KK-odd pseudo-Goldstone bosons:

2
Lo 60(3) 1 TeV
T (400 GeV)2 L

well in line with the expectation that A; , ~ L™

4 Flavor constraints

Now that we have developed a UED model which accomplishes the zeroth-order
goal of producing the hierarchy of SM fermion masses in a natural way, we set
out to study the bounds imposed on this model by flavor physics. Specifically,
it has been shown that warped geometry provides an automatic built-in GIM
mechanism which suppresses tree-level flavor changing neutral currents [11-18].
Since this mechanism is due to the geometric warping in RS models, it should
come as little surprise that flavor physics imposes rather strong constraints on
this flat-space model, as we show in this section.

4.1 Flavor hierarchy and the CKM matrix

In our model, the light fermions are constructed from LH and RH zero modes
which are localized at the center of the extra dimension, on the domain wall. In
this arrangement, there are no ultra-light states since the zero modes are not
doubly localized. We arrange the 5D bulk fermions in terms of gauge eigenstates
which carry flavor quantum numbers: Vg, = (Qy, Qs, Q3), ¥, = (uy,u, u3) and
U, = (dy,d,,ds). Boundary conditions for these 5D Dirac fermions are chosen
such that the (); contain LH zero modes, and the u; and d; contain RH zero
modes. Rewriting the bulk masses in units of the inverse size of the extra
dimension, the zero mode wave functions are given by:

2c 2c
O () = 1/ —ZCB__ —enlul/Z-1/2) 00 () = ]/ —2CL__pen(ul/L-1/2)
fPy) T o2en® " » 9(y) e 16"

where ¢; < 0 and ¢ > 0. We have also introduced a “flavor function” f(c),
given by:
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Note that this flavor function is identical to the one obtained in RS flavor models

(see e.g., [15]): frs(c) = /(2crg — 1)knr,/(eRers—Dkrre — 1) = f(¢), where r,
is the RS radius, k is the curvature of the warped extra dimension, and we have
defined ¢ = (2c¢pg — 1)kmr,.

For the purposes of our flavor study, we assume that the Higgs VEV is com-
pletely localized, in the form of delta-functions on the boundaries. This is
reasonable, given the amount of localization necessary to achieve the fermion
mass hierarchy:

+L/2 B B
SY ukawa = d4a:/ dy [\Iquu\I'u + 0, Y, ¥, + h.c.] [6(y+L/2)+6(y—L/2)]
—L/2

Inserting the zero mode profiles for the fermions yields the SM fermion mass
matrices in terms of the brane-localized Yukawa couplings and the flavor func-
tions:

Mu = quufu7 Md = qudfd

where we used the shorthand f, = diag[f(c,;), f(cy2), f(c,3)] and similarly for
fu and f;. We now diagonalize the up and down mass matrices, as usual, by
unitary rotations M, ; = Urfimd s where m¥%y, are diagonal. Rotating

the fermion fields into this basis yields the CKM matrix Vi = U}jT U¢. Since
we take the f,” s to be hierarchical, one can check by explicit calculation that

the eigenvalues are of the form (mg’]@)“ ~ (Y a)ii fqifui ai» Wwith diagonalization
matrices having elements of order:

fui,di

I(UZ’d)ijl ~ ‘(U;é’d)iﬂ ~ fori<j

fuj,dj

This implies that (Vogar)i; ~ fgi/fy;- Inputting the hierarchical structure of
the CKM matrix then fixes the spectrum of the left-handed f s as:

fq2/fq3~A220'057 fql/,fqg’VAS:O.Ol

where A &~ 0.22 functions as sinf, ~ A [27]. The fermion mass hierarchy then
determines the right-handed wave functions evaluated on the branes at y =
+L/2. The corresponding f,; 5;’ s are fixed to:
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fua)fuz ~ A2 =0.05,  fu1/fus ~ A3 =0.01
fao/faz ~ A =022, fg1/fa3 ~ A =0.01

The strategy in the lepton sector is similar, although we do not attempt here
to generate the PMNS structure. Ignoring the mechanism of neutrino mass
generation and assuming the left-handed charged leptons are flat (providing
the best-case scenario for electroweak precision fits), we then obtain the flavor
functions for the right-handed lepton sector:

fe2/feSN0'O77 fel/f63N3X10_5

4.2 Contributions to FCNC’ s

Generating the fermion mass hierarchy comes with a steep price. As described
above, the spectrum of fermion masses arises from fermion wave function over-
laps with the brane-localized Yukawa couplings. However, the necessary varia-
tion in the fermion wave functions across generations leads to non-universality in
the couplings of gauge-boson KK-modes to SM fermions in the gauge basis. The
diagonalization of these fermions to the mass basis then generates off-diagonal
(in flavor-space) couplings of the KK-even gauge KK-modes with SM fermions.
The constraints on such couplings are very stringent and put severe limits on
models of UED flavor.

As the KK-gluons couple most strongly to light fermions, we focus on the flavor-
violating couplings of these fields. There are similar, albeit somewhat weaker,
constraints from exchange of SU(2); and U(1)y gauge boson KK-modes. Due
to KK-parity, only the KK-even modes contribute at tree-level. Their wave
functions, for n > 0, are G y,)(y) = \/2/Lcos(2mny/L). In the original gauge
eigenstate basis, before diagonalization to the mass basis, the couplings of the
2nth KK-mode to a fermion zero mode with bulk mass ¢/L are:

Yion)(c) = 94pV2 [1 + CW’(zm]

where the function 7y, is defined to be:

1+ (me/2n)?
Yem) =7 (re/2n)?

Note that this function is 1 for ¢ = 0 and quickly becomes large, approaching
n2e¢/c3 already for small ¢ of order 5-10. We will see that it is this behavior,
Yeen) > 1, that will lead to unsuppressed flavor violation.

Since the g(¢)’ s are non-degenerate, we will find flavor off-diagonal couplings
once we rotate to the mass basis:
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Lou,d Jdf d  Rud
Yo = UL 9om UL Yigny

(2n)

At w,d pru,d
— Up™gist UL

The off-diagonal elements will be of order:

u,d”N fqi) ) (fqg) ‘
(gL )7,] ; (qu )‘zk: qu )\jk

where A\, = +1 for n < k and —1 for n > k, and we have again assumed a
hierarchy in the f functions. There are similar formulae for (g%),; and (9%)

Z]'
To compare these off-diagonal couplings to constraints on generic operators
which contribute to flavor changing neutral currents, we write down the ef-
fective Hamiltonian which arises at low energies after integrating out the KK-
gluons. We then calculate the coefficients of these operators and compare to
experimental results. Integrating out the KK gluon and performing some Fierz
rearrangements of the operators yields the effective Hamiltonian for four-fermion
interactions [15]:

Hepr = Cr(Me)(@Gar Y CGar)rpr Y @ipr) +CsMe) (Giar9jar) Qs @isr) +C5 (M) (@iar9i5r) (ks Giar)

where «, 8 are color indices.

The coefficient CF (M), as measured in the Kaon system, has the strongest
bound on contributions from new physics. We thus use this variable as a rough
check to see whether the UED flavor model is immediately ruled out. In terms of
our flavor functions f and couplings g, the operator coefficient CK (M) arising
from the exchange of a single level 2n KK-gluon with mass M is given by:

(Mgt Agigi*)?  (Agly™ - Mg

K ~
MO0 YT gy

where Aggw = 9(2n)(¢;) = gi2n)(c;). If we plug in the values of the c-parameters
for the left-handed and right-handed fermions required to match both the CKM
structure and the fermion mass hierarchy, we find that £ ~ 94, and:

2
OK o (500 Gev>
4 M
KK

The limits on the new-physics flavor scale are ReCK < (10° TeV) 2 and ImCE <
(10* TeV)~2. These bounds, assuming there is no relative suppression of the
imaginary part of this operator, imply that L= > 500 TeV. This is the main
challenge for a successful model of flavor in TeV-scale UED.
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4.3 Center “Brane” localized kinetic terms

In trying to bring the flat space model into accord with flavor bounds, we first
consult the relatively successful models of flavor that can be built in the RS
geometry. We then import the key features of the RS geometry flavor solution
into our flat space model.

It is possible to reduce a warped space geometry to an approximately flat extra
dimension by integrating out a large slice of the warped extra dimension. The
remaining warping is minimal, and it is clear that this “almost-flat-space” model
will describe exactly the same physics as the complete warped extra dimension,
encapsulating the RS-GIM mechanism in terms of brane localized operators
which contain all effects of the modes which have been integrated out. KK-parity
can be realized in this scenario by beginning with a double warped throat [28,
29] with an imposed discrete symmetry which interchanges the two throats. We
then integrate out the interior portion of this geometry, as illustrated in Figure
4 [Figure 4: see original paper]. Using this model as a guide, we find the set
of operators that must be added in the flat-space model to suppress dangerous
contributions to low-energy flavor observables.

4.3.1 Brane-localized operators in 5D UED We attempt to rectify the
flat space UED model of flavor by adding kinetic terms for the 5D fermions
on the domain wall in the center of the extra dimension. It is intuitively clear
that the addition of kinetic terms will alleviate the flavor bounds. The addi-
tion of large fermion kinetic terms localized on the discontinuity will cause the
zero-mode fermion couplings to gauge boson KK-modes to be more universal,
suppressing the off-diagonal couplings in the fermion mass basis.

The operators we add are of the form:

+L)2 L
Sfermion = /d41’ /L/2 dy [qujruaﬂ\:[f] 5(y)

As we are only interested in zero mode fermions, the derivation of the wave
functions is especially easy since m, = 0. The strength of the BLKO, xy,
appears only in the normalization of the fermion wave functions and in the
expression for the effective gauge coupling. The flavor functions f(c) in the
presence of a brane kinetic term are replaced by:

fle,k) = 6202761(1 + cK)

As before, we derive the coupling of the second KK-gluon to the SM fermions:

Yion)(c, k) = 91pV?2 [1 + CK + CY(2n)
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where 7(9) is the same as given in eq. (4.28). Tt is now a matter of feeding
this relation into eq. (4.32) to obtain the flavor bounds in the presence of these
kinetic terms.

In Figure 5 [Figure 5: see original paper], we plot the dependence of the allowed
KK-scale as a function of the different x’ s that may be added for the different
fermions. It can be seen that the flavor bounds are greatly improved for larger
values of . This is a result of the fact that including very large r,; ~ v/m;
mimics the RS GIM mechanism: the brane kinetic term contributes a universal
part to the couplings of gauge KK-modes to the fermion, and simultaneously
suppresses the non-universal contribution by diluting the fermion wave function
in the remainder of the bulk. In RS, the gauge boson KK-modes are basically
flat throughout most of the bulk of the extra dimension, varying mainly in
the region of the IR brane. Integrating out the region in the vicinity of the
UV brane then creates (after canonical normalization of the zero modes) flavor
universal brane localized gauge-covariant kinetic terms. The remaining non-
universal pieces arise only near the IR brane, where the fermion wave functions
are exponentially suppressed. This is the essence of the natural RS GIM, which
we have just shown can be forced in a rather unnatural way into a flat extra
dimension to obtain the same effect.

This behavior can also be seen more explicitly: for large «, a smaller c¢ is required
to obtain a light fermion mass, which leads to a smaller value of 7y from eq.
(4.28). From eq. (4.31) we see that the off-diagonal couplings are given by:

9ij ~ \/Egsfifj

For 7o) ~ O(1), this results in an effective suppression of the KK-gluon FCNC
contribution:

2
My

fqlfq2fdlfd2

As anticipated, this is the same relation that is obtained in RS models [15].

We note that we have been forced to reintroduce the same flavor problem present
in original UED, with flat wave-functions. In the absence of an underlying flavor
symmetry, the gauge-covariant brane kinetic terms that we add at y = 0 can be
misaligned in flavor space. If such terms are also added on the endpoints with
similar magnitude, they will create disastrously large contributions to FCNC’
s. This is a key conclusion of this paper: UED does not seem to admit simulta-
neously a natural mechanism for generating the fermion mass hierarchy while
avoiding bounds on observables sensitive to flavor.
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5.1 Electroweak precision bounds

In the original UED model, a flat Higgs VEV leads to vanishing contributions to
electroweak precision observables (S, T, and U parameters) at tree-level. Our
setup, however, employs a Higgs that is localized at the two boundaries of the
extra dimension. This will lead to sizable corrections that constrain our model.

We estimate the size of shifts in electroweak precision observables due to the
localization of the Higgs at the boundaries. For simplicity we assume that the
Higgs is completely localized on branes at y = +L/2. The terms in the 5D
Lagrangian relevant to EWP are:

TEET 0 e 0% e g 99'v* (s
£EWP:/d4x/ dy[ 0 wiY +TWL> + B2 — W})BM} S(y+L/2)
—L/2

After expanding this in terms of the KK-modes, we keep only terms which yield
a mass mixing between the SM mode and the higher KK-modes:

2 2 2.2 /2
g-v (1 1 g-v 3 3 gg v 3
Lo = / d%}j[ Cwiwi e L w9 WéJBz} Sy+L/2)

The diagrams involving heavy charged W exchange cancel in calculating II;,,
so we need only calculate the diagrams mixing the heavy B with W) for II,.
The overlap integrals for the mixing terms are given by:

7,2 /0y2
, gg'v gg'v 1 neven
iz — X [14+ (=1)"] = .
B 42L [+ (=17 2v2L {0 n odd
Therefore, the diagrams contributing to a shift in electroweak precision observ-
ables evaluate to:

2(H T ) B g2g/2L2v4 B g2g’2L2’U4
9 3377 = 8n2r2 4872

where we have used the fact that the masses of the hypercharge gauge boson
KK-modes are approximately given by m,, = nw/L. Ap is then given by:

2
1272,2 -1
g “L°v 1 TeV
Ap=aTl = g*(I;; —1Il33) = 1872 ~ ( I

Depending on the exact value of the compactification scale L, this can be in
agreement with the EWP bound of Ap < 1073 [30, 31]. A more detailed study
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including a full electroweak fit is necessary to find the true limits on the size of
the extra dimension, but is beyond the scope of this paper. We do, however,
propose a solution to protect this model against EWP bounds in Appendix B:
by gauging an extra U(1) symmetry in the bulk, Yukawa couplings are only
allowed on the boundaries. This allows one to obtain fermion hierarchies (and
flavor bounds) as we did in Section 4, while at the same time maintaining a flat
Higgs VEV profile. With a flat Higgs profile, the contributions to electroweak
precision are vanishing at tree level, as in original 5D UED [7].

5.2 Bounds from four-fermion contact interactions

In the case that flavor and EWP bounds are satisfied, there are still tree-level
contributions to 4-fermi operators which are tightly constrained [32-34]. In the
original UED model, these vanish at tree-level due to KK-number conservation,
but this is not the case in our construction, in which the SM fermions are
localized on a domain wall in the center of the extra dimension.

The most stringent bounds come from electron-quark contact interactions, pa-
rameterized by the following effective Lagrangian:

Leg = Z i€V €i457,,4;
i.j=L,R

where e; and g; are left or right-handed Weyl spinors.

The extra-dimensional excitations which contribute most strongly to such op-
erators are the level-2 SU(2) and U(1) gauge bosons (it is sufficient to work in
the electroweak symmetric phase as the Higgs VEV only produces small mixing
between the massive KK states). The coefficients are not difficult to compute in
terms of the electroweak quantum numbers of the SM fermions and the fermion
wave functions. We have already calculated the overall strength of the couplings
in the presence of fermion kinetic terms on the domain wall. The contribution
to the éLVHGLCZLWMdL operator (the one with tightest bounds) is given by:

e d
N 929

Looe dpd, ® WéLWeLdL%dL

where the coupling constants gg; and géﬁ are given in eq. (4.36). In the limit of
large k’ s, the region in parameter space where flavor bounds may be satisfied,
these are simply g(eQLVgEiQI; = g4p/V2. Taking into account SU(2); and U(1)y
quantum numbers in the 4D coupling, we find that bounds on such operators
constrain M, > 3.3 TeV, or L1 > (530 GeV) L.
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6 Conclusions

We have explored the potential of a 5D flat geometry model with all SM fields
propagating in the bulk for generating the observed fermion mass hierarchy while
respecting low-energy flavor physics bounds and preserving KK-parity. This is
non-trivial, as standard UED is not automatically minimally flavor violating,
contrary to claims in earlier literature.

While it is not very difficult to generate the fermion mass hierarchy utilizing
wave-function localization in the extra dimension, the resulting tension from
flavor physics bounds renders the model rather implausible. The effects of the
Randall-Sundrum GIM mechanism can be mimicked in this construction, but
at the price of reintroducing what is essentially the same tuning that is required
in the original UED models. While UED remains an interesting “straw man”
from the perspective of model discrimination at the LHC, it has so far resisted
implementation as a theoretically well-motivated competitor with TeV-scale su-
persymmetry, strongly coupled theories of electroweak symmetry breaking, or
warped extra dimensions.
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Appendix A: The fermion mass spectrum

In this appendix we show the details of calculation for the fermion mass spec-
trum. We have a bulk 5D fermion with a varying bulk mass. The geometry
of the extra dimension is flat, and the extra dimensional coordinate, y, varies
between two endpoints, —L/2 and +L/2, with the action:

+L/2 B . B
S = / d*z / dy [(WTM 5y, W + mg (y) V|
—L/2

where W, ¥ = U9,,¥ — (9,,¥)¥ and the gamma matrices are M = (y#,iy®).
We introduce a y-dependent fermion mass which is a step-function that changes
sign at the midpoint of the extra-dimension:
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Due to the intrinsic KK-parity of the 5D Dirac fermion, this mass term is indeed
KK-parity invariant, unlike a constant (or in general, even under KK-parity)
fermion bulk mass [19]. After decomposing the Dirac fermion into its left- and
right-handed chiral components, we obtain the equations of motion:

io"0,x + 050 +mys(y)Y =0

i0"9,0h — 5x + ms(y)x =0

Plugging the Kaluza-Klein decomposition of these fields into the equations of
motion yields the following set of coupled first-order differential equations for
fermion wave functions:

My, [, (Y) — 059, (y) +m5(y)g,(y) =0

We obtain a chiral 4D spectrum by projecting out one chirality using bound-
ary conditions: either g,[,_, /2 = 0 to obtain a right-handed zero mode, or
Foly—sr /2 = 0 to get a left-handed zero mode. Imposing the bulk equations
of motion on the wave functions then gives us the boundary condition for the
other chirality.

A.1 Zero Modes

For n = 0, there are massless solutions to these equations of motion, or zero
modes, with wave functions:

Foly) = VEETEC I, gy(y) = /e

The wave functions of these zero modes are governed by the boundary conditions
(which determine whether the zero mode is LH or RH) and the sign of p. For
example, if © > 0 and the zero mode is RH, f, is peaked towards the mid-point
of the extra dimension (y = 0). There are four possible cases, which we display
in Table 1 .

As we discuss in further detail below, the localization of the zero mode deter-
mines the mass of the first KK-mode. We note in particular that in each case
where there is a zero mode which is “doubly-localized” (where the wave function
is sharply peaked towards each of the end-points of the extra dimension), there
is a KK-mode whose mass is highly suppressed compared with the inverse size
of the extra dimension.
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A.2 KK modes

In the bulk we can decouple the first-order equations for the LH and RH wave
functions in the usual way, obtaining identical second-order equations of motion
for the f,” s and g, s:

2 fn(y) + A% f,(y)

0
929,(y) + AZg,(y) =0

with A2 = m2 — u?. Depending on the sign of A2, the solutions will be either
sines and cosines or hyperbolic sines and cosines. In principle, the bulk second-
order equation of motion contains a delta function contribution from the y-
derivative acting on the bulk mass term. We take this into account by separately
solving the equations of motion in the two regions to the left and right of the
discontinuity in the bulk mass, and matching the solutions at the discontinuity
appropriately.

Case AZ = k2 > 0: The wave functions are given by:

fnly) = A, cos(k,y) + B, sin(k,y)
gn(y) = C,, cos(k,y) + D, sin(k,y)

where there are separate coefficients for the wave functions in the regions y < 0
and y > 0. Imposing the first-order bulk equations of motion on these solutions
eliminates four of the eight undetermined coefficients. The rest are eliminated
by imposing the boundary conditions and continuity condition for the wave func-
tions across the jump in bulk mass. These also determine the mass eigenvalues
to be:

k, = T forn=2,4,...
k, = % forn=1,3,...

The brackets for the n = 1 mode are supposed to indicate that this heavy mode
with m; > u does not always exist, depending on the sign of p and the imposed
boundary conditions.

Case A2 = —x2 < 0: In this case, the wave functions are given by:

fny) = a,, cosh(k,y) + B, sinh(k,,y)
9n(y) = 7y, cosh(k,y) + 4, sinh(k,y)

The boundary conditions and bulk equations of motion allow for at most one
mass eigenvalue in this regime, determined by:
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L
K, = ptanh (%) for RH/LH zero mode boundary conditions

This equation only has solutions for ¢ > 0. Under this assumption, and if
pL > 1, the corresponding mass eigenvalue is then given by m? ~ 4u2e #E.
For L™ ~ 1 TeV and uL ~ 10, these light modes would be problematic, and
we choose boundary conditions to avoid them in our attempt to build a model
of UED flavor.

The dependence of the spectrum on p is shown in Figure 1 [Figure 1: see original
paper], where a RH zero mode is assumed. For negative i, the RH zero mode
is localized towards the center of the extra dimension, at the kink in the bulk
mass. However, when p is positive, this zero mode is localized towards the
endpoints. In this latter case, there is also an “ultra-light” mode whose mass is
exponentially suppressed, as derived above.

A.3 Ultra-light modes after EWSB

The spectrum of light modes is modified in the presence of a Higgs mechanism.
Consider, for example, a model where the Higgs VEV is localized in the center of
the extra dimension, on the domain wall. The SM fermion mass hierarchy could
be generated by utilizing doubly-localized zero modes, which have exponentially
small overlap with the center-localized Higgs. For each SM doubly-localized
zero mode, there is one ultralight Dirac fermion, so for each massive SM fermion,
there are two ultralight modes, or four approximately chiral modes. Two of these
have large overlap with the Higgs VEV and are lifted, while the remaining two
have only small overlap with the Higgs VEV and remain light. This remaining
light mode is phenomenologically not viable, and we thus prefer to have the SM
fermions localized at the center of the extra dimension, avoiding all ultra-light
modes. A diagram showing the pairing of modes is shown in Figure 6 [Figure
6: see original paper].

Appendix B: Mass Hierarchies from UED with a flat Higgs
profile

It might be desirable to have a model in which the light KK-odd scalar modes
are not only lifted by quantum loops, but get a mass already at tree-level. Ad-
ditionally, it may be necessary to avoid EWP constraints to have a flat Higgs
profile. The purpose of this appendix is to provide a modified setup that realizes
this goal. This modified setup closely resembles that of [35].

Introducing a new gauged U(1)y in the bulk

A different way to achieve the fermion mass hierarchy is to find a way to forbid
the SM Yukawa couplings to the Higgs in the bulk. This would require gauging
a symmetry which forbids Yukawa couplings in the extra dimension, and then
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breaking it on the endpoints to allow brane-localized Yukawa couplings. The
easiest possibility is to gauge a U(1)y symmetry with gauge fields B, in the
bulk. The complete 5D gauge group is now:

SU@3), xSU12), xU(1)y xU(1)x

The Higgs carries charge Q x(H) = 1, while the fermions are not charged, and
Yukawa couplings are clearly forbidden by the U(1)y gauge symmetry.

However, the U(1)x is broken by boundary conditions:

B,(z=xL/2)=0, 0;B5(z==+L/2)=0

This means that U(1)y is only a global symmetry on the boundaries, and as
such can be explicitly broken by adding Yukawa couplings on the boundary:

Ly = [HY,Y, ¥, + H*\Dqu\Ild]y:j:L/Z + h.c.
The fermion wave functions (which are suppressed on the boundaries by localiza-
tion) will create the necessary hierarchy, even though the Higgs is not localized
at the boundaries.

With a flat Higgs profile, the additional global symmetries discussed in Section
3.2 are strongly broken at tree level, avoiding any extra light KK-odd Goldstone
bosons from the Higgs scalars. An additional attractive feature of this model is
that electroweak precision constraints will be reduced, as the W and Z boson
wave functions will not be deformed by a flat VEV profile.

However, we have added an extra light degree of freedom, a KK-odd light scalar
field, bringing back the problem we sought to avoid. Taking into account elec-
troweak symmetry breaking, this massless mode is a mixture of the neutral
pseudoscalar in the Higgs doublet and the By. The origin of this Goldstone
boson can be traced to a residual shift symmetry from the original 5D U(1)y
that remains after gauge fixing.

We can get a mass term for this light mode without introducing extra light
degrees of freedom by introducing a two Higgs doublet model (2HDM), with
both Higgses charged as Qx(H, ;) = 1. Yukawa couplings are still forbidden in
the bulk, and so is the p-term HZ (it,)H,, but we can add this explicit U(1) y
breaking on the boundaries:

Ly = mHL(im)Hyly— i g + hec.

which will give the Goldstones a tree-level mass. The details of this calculation
can be found in [35].
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It is also the case that top-quark loops will generate a mass for this mode in
the case of just one Higgs doublet. The B; mixes with the neutral pseudo-
Goldstone, and the Coleman-Weinberg potential generates a mass suppressed
by the mixing angle:

1
Mogq ~ @M?(K(ggﬂ%y
where gy is the 5D gauge coupling, and v is the electroweak VEV.
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